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IJlLMXiX t>UJLiiji2iU'j2i, v^iiJuxixvjLuurJD 


Jffjuchd’s Elements of Geometry, the First Six JBooL, 
and the portions of iAe Eleven^ and Twelfth Bools reat 
at JJanibridqe^ with Nbtea^ Questions, and OeomelnooUi 
Exercises.^ from, the Senate Souse and Gollege Examination 
Papers^ with Sints, <Sx By B POTTS, MM , Trinity 
College^ Cambridge 

The University Edition., the Second, improved, SwoJ 
cloth, IO5 I 

The School Edition^ the Fifth V^mo roan., 5s * 
Cloth, 4:8. 6d Boohs I — IV. 3s Boohs I — III. 

2s. 6d. . Boohs I, II Is. 6c?. Book I. Is- 
The Bnunciations of Euclid, Qd. 


L Medal has beeu awarded to “R Potts for the excellence ol 
ms wo^ on Geometry” by the Jurors of the Intematronal 
Exhibition, 1862 —Juri/ Awards, p 313 

“ Mr Potts’ Euclid is in use at Oxford and Cambridge, and in thi 
Principal Grammar Schools It is supplied “bt reduced cost fo 
'rational Education from the Depositories of the National Society 
IVestminster, and of the ConOTerational Board of Education, Homer 
on College It may he added, that the Council of Education a 
Calcutta were pleased to order, in the year 1863, the introduction o 
these Editions of Euclid’s Elements into the Schools and CoUega 
under their control in BengaL” 

Critical Remarks on the Editions of Euohd. 

a valuable addition to Geometrical literatur 
" Elementa "—IT irhmell, D D .Slaattr of Trmxiy Oallegi 

n.^mnTiW SJ" ^1* publlBbed works in promoting the study o 

o/Sl Catharmift College. (1848 ) 
Edition of Eu&hTm arc characterijc^ by a dao apprcciatio 

of the spim and exactncu of the Greek Geometry, and an acqnnlntancc with Its his 
vD ’ ® knowledge of the modem extensions of the Science Th 

elements are given in snoh a form os to preserve entirely the spirit of the ancien 
“tensively used In Colleges and Public Schools, canno 
r m ^"Plnp “P tke study of Geometry In Ito original purity 

inalm^AyofdaoA^Ioed^T Sxpenmental ^Mosoph 

gcnctally oflcd in both onr tJniveraltiea and II 
®re appended to it shew great research, and ar 
a student lo a thorough knowledge of Geometnea 
-Peosoci, OJD , loumdean FrofeeiorofirathematU 

ean.if *^®*S ^1' Potts has done very great swrice to th 

f “ tke text-book for m 

time bM^ln'^Lfin tee 9®’*"® ““ 

M A “ u® » "0^ Edition of Enolld’s Elements, by Mr Sobei 

the extene ’at least. which is likely to supersede most others, t 

tag tee Demonstration’/ thu Published Prom the manner of arrang 

.Sit tee s^m^tta^ t*>® BymbdUcal form, and 

” edition of *teii^i\iS-® obJeoUone to which that form Is open Th 

s from ‘•’® Six Books of EnoUd, wit 



' PREFACE TO THE THIRD EDITION. 


SoHJE time afte^ the pubbcahon of an Octavo Edition of Enclin’is 
Elements -with Geometncal Esercises, &c., designed for the use of 
Academical Students , at the request of some schoolmasters of emi> 
nence, a duodecimo Edition of the Six Books nas put forth on the 
same plan for the use of Schools. Soon after its appearance. Pro- 
lessor Christie, the Secretary of the B^yal Society, in the Preface to 
w Treatise on Descnptive Geometry'for the use of the Royal Slilitary 
Academy, yas pleased to notice these ■works in the following terms — 
" "When the greater Portion of this Part of the Course ■was printed, 
and had for some tune been in use in the Academy, a new B^bon of 
Euchd’s Elements, by 3Ir. Robert Potts, ir.A., of Tnmty College, 
Camhndge, which is hkely to supersede most others, to the extent, at 
least, of the Six Books, was published. Prom the manner of arrang* 
ing the Demonstrabons, this edibon has the advantages of the 
^rmhobcal form; and it i® at the «ame bme free from the manifold 
chjecbons to which that form is open The duodecimo edition of this 
VTcwk, comprising only the first, Six^ooks of Eucbd, with Deducbons 
from them, havipg been mtroduced at this Xnsbtnbon as a textfbock, 
aoir renders any other Treatise on Plane Geometry unnecessat) in 
our course of 3rathematics " 

. For the very favourahle recepbon which both Edibons have met 
wif^ the Editri^s grateful acknowledgements are due It has been h.8 
desire in putting forth a revised Edibon of the School Euclid, to render 
the work in some degree mo-« Tcorthj of the favour which Ine former 
edibons have received. In the present Edibon several errors and 
o-^ersights have been corrected and some addibons made to ♦!« nqtA 
the quesbons on each book bar® been considerably augmented^ a 
better arrangement of the Geometrical Exercises has been attempted, 
and lastly, some Hnts and remarks on them have been given to assist 
the learner addibons made to the present Edibon amount to 
more than fifty pages, and, it is hoped, that they will render the work 
more useful to the learner. 

And here an occas-on may be taken to quote the opinion^ of some 

eble men respectmg the use ana importance of the Maihemabcd 
Sciences 

On the subject of Education in its mo<;t extensi-e 8en-«e, an ancient 
^ter «,Ws the aspimnt after excellente to commence with the' 

to proceed next to logic; next to Jlathej 

r SlT*® Theology." Another writer! 

on Edacabon would place Mathematics before Logic, which* fho 

remarks) « seems preTerahle course for 6v practising itself m Sa 




PREFACE 


former, the mind becomes stored with distinctions , the faculties ol 
constancy and firmness are established, and its rule is always to dis< 
tmgmsh between cavillmg and uiTestigation— between close reasoning 
and cross reasoning , for the contrary of all which habits, those are foi 
the most part noted, who npply themselves to Logic without studjmg 
in some department of Mathematics , taking noise and wrangling for 
proficiency, and thinking refutation accomplished by the instancinij 
of a doubt. This will explain the inscription placed by Plato over the 
door of his house ' ■\\Tioso knows not Geometry, let him not entei 
here ’ On the precedence of Moral Culture, however, to all the othei 
Sciences, the acknowledgement is general, and the agreement entire * 
rhe same writer recommends the study of the Mathematics, for the 
cure of "compound ignorance ” “ Of this,” he proceeds to say, " the 
essence IB opinion not agreeable to fact, and it necessarily involvei 
another opinion, namely, that we are already possessed of knowledge 
So that besides not knowing, we know not that we know not , and 
hence its designation of compound ignorance In like manner, as jl 
many chronic complaints and established maladies, no cure can be 
effected by physicians of the body of thjs, no cure can bo effected by 
physicians of the mind for with a pre supposal of knowledge in om 
onn regard, the pursuit and acquirement of further knowledge is not 
to be looked for The approximate cure, and one from which in the 
main much benefit may be anticipated, is to engage the patient in tH 
study of measures (Geometry, computation, d.c ) , for in such pursuits 
the true and the false are separated by the clearest interval, and no 
room IS left for the intrusions of fancy From these the mind may 
discover the delight of certainty , and when, on returning to his own 
opinions. It finds m them no such sort of repose and gratification, it 
may discover theur erroneous character, its ignorance may become 
simple, and a capacity for the acquirement of truth and virtue bo 
obtained ” 

Lord Bacon, the founder of Inductive Philosophy, was not insen- 
sible of the high importance of the MathemaUcal Sciences, as appears 
m the following passage from his work on " The Advancement of 
Learning " 

“ The Mathematics are either pure or mixed To the pure Mathe- 
matics are tnose sciences belonging which handle quantity determinate, 
mprely severed from any axioms of natural philosophy , and these are 
two. Geometry, and Anthmeticj the one handbng quantity continued, 
and the other dissevered Mixed hath for subject some axioms or 

I- of natural philosophy, and considereth quantity determined, as it, 
BTiil innilanf nntQ them For many parte of nature aa 
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"‘'neither be invented vritli eiitficient subtlety, nor demonstrated with 
^sufficient perspicuity, nor accommodated unto use with sufficient 
"“devterity, without the aid and mtervening of the Mathematics o€ 
'‘which sort are perspective, music, astronomy, cosmography, arehi- 
^tecture, enginery, and divers others, 

^ ‘ In the Mathematics I can report no dehcience, except it be that 
ien do not sufficiently nnderstand the excellent use of the pure 
'^I'laihematics, in that they do remedy and cure many defects in the 
C\nt and faculties intellectual For, if the wit be duU, they sharpen it , 
®if too wandering, they fix it , if too inherent m the sense, they abstract 
2. it. So that as tennis is a game of no use in itself, but of great use in 
>2 respect that it maketh a quick eye, and a body ready to put itself into 
'^kll postures, so in the Mathematics, that use which is collateral and 
-''intervenient, is no less worthy than that which is principal and 
-.iintended. And as for the mived Mathematics, I may only make this 
c prediction, that there cannot fail to be more kinds of them, as nature 
2 grows further disclosed." 


jS How truly has this prediction been fulfilled in the subsequent 
“"\fd\ancement of the Mixed Sciences, and in the applications of the 
.rjpare Mathematics to Natural Philosophy! 

,u Dr mewell, m his ••Thoughts on the Study of Mathematics,” 
t? has maintained, that mathematical studies judiciously pursued, form 
e me of the most effective means of developing and cultivating the 
-a reason and that "the object of a liberal education is to develope the 
•Hwhole mental system of man, —to make his speculative inferences 
ojcoincide with his practical convictions , —to enable him to render a 
«^onforthebehefthati8inhim,andnotto leave him in the con- 
Mdibon of Solomon's sluggard, who is wiser m his own conceit than 

!! work 

Education. Ac." he has more fully shewn the 
importance of Geometry as one of the most effectual instruments 
‘ntellectual education In page 55 he thus proceeds -"But 

''lewS of Mathematical Studies in Education, as a perfect 

^dexample and complete exercise of demonstrative rensonme Mathe 

Smabcshas nSeSv • I ’ knowledge, or proof Thus Mathe! 
"jinotii 1 -L ^ ffisciplinal but an histoncal interest Thie 

'"f™' "f .•hi* h.,. 
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nature of reasoning, in the earlitot speculations on this subject, * 
Dialogues of Plato , we find geometrical proof one of the main suh 
jects of discussion in some of the most recent of such speculations, 
those of Dugald Ste^rart and his contemporaries The recoH 
of the truths of Elementary Geometry has, m all ages, given a menn 
and a reality to the best attempts to explain man’s power of tv 
at truth' Other branches of Mathematics have, m hke mannuT 
become reccgmzed examples, among educated men, of man’s poweft[ 
of attammg truth ” ,| 

Dr Pemberton, m the preface to his view of Sir Isaac Newton’t 
Discoveries, makes mention of the circumstance, “ that Newton used 
to speak with regret of his mistake, at the beginning of his Mathe< 
matical Studies, m having applied himself to the works of Descartes 
and other Algebraical writers, before he had considered the Elements 
of Euclid with the attention they deserve ” 

To these we may subjom the opimon of Mr John Stuart Mill, 
which he has recorded m his invaluable System of Logic, (Vol il 
p 180) in the following terms “ The value of Mathematical instruc* 


tion as a preparation foifthose more difficult mvestigations (physiology, 
society, government, &c ) consists in the apphcabihty not of its doer 
innes, but of its method Mathematics will ever remain the most 


perfect type of the Deductive Method in general , and the appheahons 
of Mathematics to the simpler branches of physics, furnish the only 
school in which philosophers can effectually learn the most difficult 
and important portion of their art, the employment of the laws ol 
simpler phenomena for explaining and predictmg those of the mort 
complex These grounds are quite sufficient for deemmg mathemati 
cal traimng an indispensable basis of real scientific education, and 
regarding, with Plato, one who is dyiu/ilrpjrrot, ns wantmg in one oi 
the most essential quohfications for the successful cultivation of the 
higher branches of philosophy ” 

In addition to these authorities it may be remarked, that the neu 
Regulations which were confirmed by a Grace of the Senate on the 
11th of May, 1846, assign to Geometry and to Geometrical methods, 
a more important place m the Examinations both for Honors and 
for the Ordinary Degree m this University 

Trikitt Colleqe, R P 

March 1, 1860 


The supplement to the School Euchd (about forty-eight pages) has 
been incorporated with this unpression of the Fifth Edition. 

Totnitt College, 
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A roiNT IS that which has no parts, or viluch Ins no inagmCucTo 

n 

A line IS length without breadth ' 

m. 

Tho extremities of a line ore points 

IV. 

A straight hne is that which iiiaj evenly between its extreme points, | 

V 

A superficies is that which has only length and breadth 

\ M. 

The extremities of a superficies are hnes 

TO 

A plane superficies is thot in which any two points being token, ili 
slnugnt hne between them lies uhollj in tliat superficies 

vm 

A plane angle is the inclination of tno hnes to each other in 
plane, which meet together, but are not in the same direction 

IX ^ 

A plane reclihneal angle is the inclination of two straight hnes , 
one another, which meet together, but are not in the same straight hi 
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EOCLIU S ELEMENTS 


N B If there be only one angle at a point, it may be expressed b 
a letter placed at that pomt, as the angle at E but u hen sereral angle 
are at one point B, cither of them is expressed by three letters, of wme 
the letter that is at the vertex of the angle, that is, at the pomt in whia 
the straight Imes that contain the angle meet one another, is put betwee 
the other two letters, and one of these two is somewhere upon one c 
these straight Imes, and the other upon the other Ime Thus the angl 
which IS contamed by the straight Imes AB, CB, is named ^e angl 
ABC, or CBA , that uhich is contamed by AB, DB, is named the ang) 
>IBD, or DBA , and that which is contmned by J)B, CB, is caUod ui 
angle BBC, or CBD 


X 

When a straight line standmg on another straight line, makes th 
adjacent angles equal to one another, eaoh of these angles is called 
right angle , and the straight hne which stands on the other is callei 
a perpendicular to it. 


XI 

An obtuse angle is that which is greater than a right angle 



xn 

> An aouto angle is thot which is less than a nght onglc 



xni 

A term or boundaiy is tho extremity of any thmg 

xrv 

IS tliat; wiiich IS cnclosod l^v 


ono or moro 
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XV 

A circle a plane figure contained h\ one line, which is called th( 
nrcumfcrencc, and is such that all straight lines drawn from a certait 
point xiijhm the figure to the circumference, are equal to one another 



And this point is called the center of the circle 

«« 

XVII 

A diameter of a circle is a straight line drawn through the center, 
and terminated both wajs by the circumference. 



xvni 

A semicircle is the figure contained by a diamf ter and the part o£ 
the circumference cut off by the diameter. 



XIX. 

Tlie center of a semicircle is the same with thot of tne circle. 

XX 

Rcctibneal figures are those whvsb ere contained by straight lines. 


XXI 

Trilateral figures, or triangles, hj three straight lines. ' 

XXIL 

Quadniateral, by four straight lines. 

. xxm 

Sfululotcral figures, or polygons, by more than four straight Imcs 

B 2 



Euclid’s elements 

XXIV 

Of three>Bided dgureSt an equilateral tnangle is Uiat vrluch has 
three equal sides 


, XXV. ^ 

An isosceles tnangle is that which has two sides oqunL 



XXVL 

A. scalene tnangle is that whioh has three unequal sides 

xxvn. 

A nght-angled tnangle is that which has a right angle 



xxvm 

^ An ohtuse-angled tnangle is that which has an obtuse angle 


XXIX 

An. acute-angled tnangle is that which has three acute angles 



XXX 

anfflus^lEighfro^M^^*^®’ ^ Its sides oqu 
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XXXI. 

An oblong is that vhich has nil its angles right angles, but has not 
all its sides equal. 



xxxn. 

A rhombus has all its sides equal, but its angles are not right angles. 



XXXUL 

A rhomboid has its opposite sides equal to each other, but all its 
Bides are not equal, nor its angles nght angles. 



xxxiv a.u,r7r “O 

All other four-sided figures besides these, We caued Trnpenums. 


XXXV 


>U' 


rtlitr 


Parallel straight lines arc such as arc in the same plane, and yrhich 
being produced ever so far botli ivojs, do not meet. 

i;, J^AKALtiebST /tf'. 


A 

A parallelogram is h four-sided figure, of wTiich the opposite sides 
are parallel and tlic diameter, or wo diagonal is the straight hno 
)oming tiro of its opposite angles 


POSTULATES. 

I, 

Let it be granted^hat a straight line may be drann from any onq 
point to any other point. 

n 

That a terminated straight line may be produced to any length in 
a straight line 

in i 

And that a circle may be described from any center, nt any distance^ 
from that center “ 




EtJCUD'S ELEMENTS 


AXIOMS. 

I 

Tbincq ^hich axe equal to the same thmg ate equal to one anoUiCT 

n 

added to equals, llie Txholcs arc equal 

ni 

taken from equals, the remainders are equal 

IV 

added to unequals, the ultolcs are unequaL 

V 

taken from unequals, the remainders are unequal 

VI 

Hungs rrhich are double of the same, are equal to one another. 


j If equals be 
J If equals be 
I If equals be 
' I If equals be 


vn 

Thmgs -which are halves of the same, are equal to one another 
X \Tn 

Magmtudes arhich coincide with one another, that is, -which cvactly 
ill the same space, are equol to one another ^ 

, ' IX 

I The whole is greater than its part 

, V X 

Two straight lines cannot enclose a space. 

XI 

/ /All right angles are equal to one another 


. ^ XXL 

•- If a straight line meets two straight lines, set as to make the tw o 
the same side of it taken together less than two 
’ these straight Imes bemg continually produced, shall at 
engtn meet upon that side on which are the angles which are less than 
-wo nght angles - t 

L 



BOOK 1 PROP. I, n. 1 

* PROPOSITION I. ?ROBLrM 
niJetertbe an cgwlaieral tnnngle upon a given Jinxte straight Iwe, ^ • 

^ Q‘ Let AB be the given straieht hne 

ft IS required to describe an equilateral triangle upon AB, 




^rom the center A, at the distance AB, describe the circle BOB 
(post 3 ) ' 

from the center li, at the distance BA, describe the circle ACB , 
and from C, one of the pomts in which the circle's cut one another, 
draw,^ straight bnes CA, CB to the points A, B3 (post. 1 ) 

2 ' ^ Then .4270 shall be an equilateral triangle Q 

} ^^Because the pomt A is the center of^e circle BCD, 
therefore ACv& equal to AB , (def 15 ) 
and because the point B is the center oi the circle ACE, 
therefore 270 is equal to AB*, 
but it has been proved that AC is equal io AB , p 
therefore AC, BC are each of them equal to AB , ' 
lut things which are equal to the same thing are equal to one another; 
therefore AC vs equal to SC, (ax 1 ) 
wherefore AB, BC, CA are equal to one anotner 
and the trianglorilJJ C is therefore eqmlateral, 
end it IS desenbed upon the given straight line AB 

IVhich was required to be done %. 

PROPOSITION n PROBLEM. 

From o given point, to draw a straight line equal to a given straight line 
Let A be the gr^’en point, and RCthe given straight line 
It IS required to draw' from the point A, a straight line equal to BC. 



p 


From the point Ato S draw the straight line AB, (post. 1.) 
upon AB describe the equilateral tnangle ABI), (II) 
and produce the straight lines JDA, JOB to E and E, (post. 2 ) 
rom the center B. at the distance BC, describe the circle Ccfl 
(post. 3 ) cutting 2)J'in the pomt G 
ind from the center B, at the distance DG, describe the circle GK) 
cutting AE in the pomt L - 



EOCLIU’S JiLEME^T£ 


Then the straight line Ah shall he equal to 
Because the point B is the center of the circle 
therefore SC 'is equal to , (def ) 
and because D is the center of the circle GKLt 

therefore DL is equal to DO, < 

and D.4, DJ? parts of them are equal , (I 1) 
therefore the remainder IS equal to the remainder l&x 6 } 

hut it has been shewn that SC is equal to SO, 
wherefore Ah and jB^are each of them equal to SO, 
ind things that are equal to the same thing are eqiml to one another j 
therefore the straight Ime AS is equal to SC (ax 1 ) 
Wherefore from the given point A, a straight line Ah has been drawn 
■qual to the given straight hne SCL much was to be done 

PROPOSITION in PROBLBM. 

^rom the greater of Itoo given etraight lines to cut off apart equal to the less 

I Let AS and Cbe the two given straight Imes, of which AS is the 
preater 

I It is required to out off tom AS the greater, a part equal to C, the less. 

3 


'Rrom the point A draw the straight hne AD equal to C, (l 2 ) 

^id from the center A, at the distance AD, describe the circle DES 
(post 3 ) cuttmg in the point E 

• Then AE shall be equal to C 
Because A is the'center of the circle DEF, 
therefore AE is equal to AD , (def 16 ) 
but the straight hne C is equal to AM , (constr } 
whence AE and C are each of them equal to AD , 

I Wherefore the straight line AE is equal to (7 (ax 1 ) 

And therefore from AS the greater of two straightlines, a part AE 
8 been cut off equal to C, the less 'Which was to be done 

I 

PROPOSITION IV THEOREM 

' Jt two triangles have two sides of the one equal to two sides of the other, 
vA to each, and have likewise the angles contained hy those sides equal to 
lh other, they shall Ithewise have their bases or third sides equal, and 
» tiro triangles shall he equal, and their other angles shall be equal, each 
faeh, VIZ those to which the equal sides are opposite 

""Let ASC, DEF be two triangles, which have the two sides AS, 
equal to the two sides DE, DF, each to each, viz AS to DE, and 
and the moluded angle BA C equal to the included angle 



UOOK 1 PKOr IV, V. 
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Then shall the base JBCbe eaual to the base SF, and the triangle 
ABC to the tnangle DBF, and the other angles to -which the equal 
Bides are opposite shall be equal, each to each, viz the angle ABC to 
the angle DEFf and the angle AGB to the angle DFE 


& B 



For, if the tnangle ABCho applied tolho triangle EEF, 
so that the point A may be on D, and the straight line AB on DE, 
then the point B shall coincide \nth the point E, 

" because AB ja equal to EE, 
and AB coinciding -with DE, ’ 
the straight line shall fall on DF, 
because the an^c BA C is equal to the angle EDF, 
therefore also the point shall coincide nitli the point F, 
because AC is equal to DF, ' 
but the point B -was shenn to coincide -with the point E, 
therefore the base JSC' shall coincide inth the base EE, 
because the point B coinciding with E, and (7 -with JF, 
if the base If C do not coincide with the base EF, the tw o straight lines 
BCtmA. JSjPwould enclose a space, -which is impossible (ax 10 ) 
'Ihercfore the base BC does coincide -with EF, and is equal to it, 
and the -whole triangle ABC coincides -with the whole tnangle 
DEF, and is equal to it, 

also the remaining angles of one tnangle coincide with the remain- 
ing angles of the other, and are equal to them, 

wz the angle ABC to the angle DEF, 
and the angle ACB fp DFE 

Therefore, if two triangles have two sides of the one equal to two 
sides, &c lATiich was to be demonstrated •< 


PROPOSITION V THEOREM. 

" The angles at the hose of an uoseeles tnangle are equal to each other, 
and xf the equal stdes be produced, the angles on the other tide- of the base 
shall be equal (f-nAH /J) 8 C o 

Let ABChe an isosceles tnangle of which the side AB is equal to AC, 
and let the equal sides AB, AC he produced to D and E 
Then the angle ^JifCshnU be equal to the angle ACB, 

■tb 1'' 1/^ and the anglp DBC to the angle EOB 
» In BD tnlce any point JF, 
from AE the greater, cut-off AG equal to AF the less, (I 3 ) 

'' and join F’C', GB 

Because JlJFis equal to AG, (constr ) and AB to AC, (hyp )* 
the two Bides FA, AC are equal to the two GA, AS, each to eosh^ I 
and they contain the angle FAG common to the two tnanglcs*'' ' 
AFC, AGB X 



LO 


EUCLID’S ELEMENTS, 


A 


D K 

therefore the base FC is equal to the base GB, (l 4 ) 
and the triangle AFC is equal to the triangle A GB, 
also the remaining angles of the one are equal to the remaining angles 
of the other, each to each, to -which the equal sides are opposite , 
viz the angle A CF to the angle ABG, 
and the angle AFC to the angle/'*'^ 

And because the whole AF is equal to v,^_^iole AO, 
of which the parts AB, AC, are equal , 
therefore the remainder BF is equal to the remainder CG, (ax 3 ) 
and PC has been proved to be equal to GB, 
hence, because the two aides BF, FC are equal to the two CO, GB, 
each to each , ' 

and the hngle BFC\aa been proved to be equal to the angle COB, 
also the base BCia common to the two triangles BFC, COB , 
wherefore these triangles are equal, (i 4 ) 
and their remaining angles, each to each, to which the equal sides 
are opposite , 

therefore the angle FBCis equal to the angle GCB, 
and the angle BCF to the angle CBG 
And, since it has been demonstrated?i 

that the whole angle ABG the whole ACF, 

the ports of which, the angles c'-MfeaSCF are also equal , 
therefore the remaining angle CIs thereraaininganglc A CB, 
which are the angles at the bnse’bf’Uie tnnngle ABC, 
aiid it has also been proved, ^ 

that the angle FBUis equal to the angle GCB, * 
which are the angles upon the otlier side of the base > 
Therefore the angles at the base, &c Q 7 dI 
Coe Hence an equilateral triangle is also equiangular 

PROPOSITION TI THEOREM 

IfUeo angles of a triangle he equal to each lAher, the sides also which 
vitend, or are opposite to, the equal angles, shall be equal to one another 

act ^BC^a tnnngle having the angle ^rfBCcqual to the angle A CB 
Then the side A IS shall be equal to the side A C 



A 
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For, if AS be not cquni to AC, 
one of them is greater than the other. 

If possible, let AS be CTcnter than ACi 
pnd from SA cut off SJD equal to CA the less, (I 3 } and join DC. 

Then, in the triangles DSC, A2JC,. 
because DS is equal to AC, ond SO is common to both Inangles, 
the tiro sides DS, SCtxro equal to the tiro sides A C, CS, each to each 
and the angle DSC vs equal to the angle A CS , (liyp ) 
therefore Uio base DC is equal to the base AS, (i 4 ) 
and the triangle DSC vs equal to the triangle ASC, 
the less equal to the greater, which is absurd (ox 9 ) 
Therefore AS is not unequal to A C, that is, AS is equal to ^C 
'Wherefore, if two angles, Le. Q r u 
Cor Hence cn equiangular triangle is also equilateral 

ritoposmoN vn. theorem 

f Upon the sane base, and on tfie same side of ti, there cannot he tu 
triangles that have thetr stdis vhteh are terminated in one extremity of ti 
base, equal to one another, and hletcise those which are terminated tn tl 
other extremity 

If It be pocsible, on the same base AS, and upon the ■'ame side i 
it, lot there be two tnnngles A CS, ADS, which have their sides Cj 
DA, terminated in the extremity A of the base, equal to one anothe 
and lil^cwise their sides CS, DS, that are terminated in S 

i 



A 


“ Join CD 

First IVhen the vertex of each of the tnangles is without tl 
other tnangle 

Reenuse AC is equal to AD in the tnangle ACD, 
therefore tlic angle ADC is equal to the angle A CD , (l 6 J 
but the angle ACD is greater than the angle SCD , (a\ 9 ) 
therefore also tlie angle ADC k greater than SCD , 
much more therefore is the angle DDC greater than SCD 
Again, because the side SCis equal to SD in file triangle SCD, (hy 
therefore the angle SDC is equal to the angle BCD, {t 6j 
but the angle DDCuas proved greater than tlie angle SCD, 
hence the angle DDCisboUi equal to, and greater than the angle SC 

which IS impossible 

Secondly Let the vertex D of the tnangle A1)S fall within ( 
triangle A CS 
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Produce ilC to JS, and AD to 2^, and jom O® i 

Then because AG w equal to AD m the trjongle ACM 
jierefore the angles EGD, FDG npon the other side of the base UB 
fate equal to one another, (i 6) 

I but the angle ^CD IS greater than the angle 2? GD, (ax v) 

1 therefore also the angle FDG is greater than the angle -BCD, 

I much more then is the angle BDG greater than the angle BCD 

j Agau^ because BQ is equal to BD m the trioMlo BGD, 

> therefore the angle BD G is equal to the angle BCD, (i 6 ) 
but the angle BDG has been proved greater than BCD, 
wherefore the an^e BDG is both equal to, and greater than the 
angle B CD , i, which is impossible 
[ Thud^r The case in which the vertex of one triangle is upon a 
■ide of the other, needs no demonstration. 

fherefore, upon the same base and on the same side of it, &c. E n 

I) PROPOSITION THI THEOREM 

I IJ tao tnangla have two sides of the one equal to two sides of the other, 
Ifoch to each, and have lilewue their bases equal, (he angle which is eon- 
.ained bp the two sides ot the one shall he equal to the angle contained by 
•he two sides equal to them, of the other 

Let ABC, DFF he two triangles, havmg the two sides .AB, AC. 
' quol TO the two sides DE, DF, each to each, viz AB to DE, ana 
10 to DF, an^ al^o the bifie BG equal to the base jEF. 

11 c 


tl 
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Thenthe angle BA C shall be cquii to the angle ^DF 
For,ifthetnangIe ABCbeapphedto.D.BJ5 
I 1 that the pomt B he on E, and the straight line DC on EF . 

then because SC is equal to EF, (hyp.) ’ 
therefore the point C shall coincide inth the point F 
wherefore BC comciding with EF, ‘ 
and A C shall coincide with ED, DF, 

^mSteminn+^A ofte another, and likewise those sides 

^hichai^eminatedm the other extremity, but this isunpossible (I 7) 

> -sc™™* mth the b J ET, ' ' 

" BA, A 0 cannot hut coincide with the sides ED DF 

Therefore if two triangles have two sides, &c Q i. p. 
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raoposmoN ix problem 

To btseet a pimt reetthncal angU, that xs, to dtvido tt into itoo egu 
angles. 

Let BACbe the given rectilineal angle. 

It IS required to bisect it. 

A 



In AS take an} point D; 

from A C cut off AS equal to AD, (l 3 ) and join DS . 
on the side oi DE remote from A, 
describe the equilateral triangle DEF{J 1.), and join AF. 
Then the straight hne shall bisect the angle SAC. 
Beennse AD is equal to AS, (constr ) 

.i and AFn common to the two tnnngles DAF, EAF, 

'the two sides DA, AF, are equal to the tu o sides EA, AF, each to eacl 
and the base DF is eaual to the base EF (constr ) 
therefore the angle IS equal to the angle JSuiP (1 8) 
Wherefore the angle SAC is bisected b} the straight line AF Q E i 


PROPOSITION X PROBLEM 

* 

To Ibeet a given finite straight line, that is, to divide tt into txeo egw 
ports j 

Let AS be the gii cn straight line 
It is required to divide AS into two equal parts. 

Upon AS describe the equilateral triangle ASC, (l I ) 


c 



and bisect the angle ACS by Uie straight hne CD mcetmg AS in 11 
point J? (I 0 ) 

Tlicn AS shall be cut into tn o nqi nl parts in the point D 
Because ACt’i equal to VS, (constr ) 
and CD is common to the two triangles ACD, SCD, 
the two sides A C, CD are equal to the two SC, CD, each to each 
and the angle ACj) is equal to SCD, (constr ) 
therefore the base AD is equal to the base SD (i 4 ) 
Wherefore the straight lino is diiidcd into two equal parts in I 
point D Q E F 



EUCnD’S EliEMEMS 


PROPOSITION Xt PROBLEM 
To draw a straight line at right argles to a given straight line, frotr a 
teenjwnt m the same 

Let AUhe the gnen straight line, and Ca given point m it 
It IS required to dratv a straight hue from the point C at right 
igles to AB 



D c t 


In AC tike any point D, and make CJE equal to CJO, (I 3 ) 
ipon BE describe the equilateral tnangle J)EF (i 1,) and join CF 
Then CPdraum from the ])oint C,shml be at right angles to AB 
Because DC\s equal to EC, and FC is common to the two triangles 
DCF, ECF, 

1 C two sides DC, CT are e^ual to the two sides EC, CF, each to each , 
and the base DF is equal to the base EF, (constr ) 
therefore the angle DCF Is equal to the angle ECF (I 8 ) 
and these two angles arc adjacent angles 
But when the two adjacent angles which one straight line ^makes 
rith another straight line, are equal to one another, each of them is, 
ailed a right angle (def 10 ) , 

therefore each of die angles DCF, ECF is a nght angle 
llTierefore from the giien point C, in the gnen straight Ime AS, 
^C has been drawn at right angles to AB Q E.F 
CoK By help of this problem, it may her demonstrated that two 
Imight lines cannot have a common segment 
If It be possible, let the segment be common to the two straight 

neo ABC, ABD . 

E 



From the point B, draw BE at nght angles to AS , (I 11 ) 

• dien because ,4BCis a strnght line, 

, therefore the angle ABE is equal to the angle EEC (def 10 ) 
Simihrlj , because ABD is a straight line, 
therefore the angle ABE is equal to the angle EBD, 
but the angle ABE is equal to the angle EBC, 
whertfore the angle EBD Is equal to the angle EBC, (ax 1 } 
the less equal to the greater angle, which is impossible. 

^ taerefoTc two straight lines cannot have a common segment. 


PROPOSITION SlI PROBLEM 

Pwpen/linttor to a given straight Iw of az. 
length, from a given point leitkout tf ^ 
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Let AB be tlio given straight line, -nhich maj be produced nr 
length both ways, and let Cbe a point without it 

it IS requured to draw a straight hne perpendicular to AB from tl 
point C ^ . 


Upon the other side ot AB take any point JU, 
and from the center C, at the distance CD, desenbe the circle EG 
meeting AB, produced if necessary, m F and G (post. 3 ) 
bisect FG in JI (l 10 ), and join CI£ 

Then the straight line C2I drawn from the gn en point C, shall 1 
perpendicular to the given straight Ime AB. 

Join FC, and CO 

Because FJI is equal to JIG, (constr ) 
and JIC IS common to tlic triangles FHC, OKC, 
the two sides FE, EC, are equal to the two GJI, JIC, each to eac 
4^ and the base CP is equal to the base CG , (def 16 ) 
therefore the angle FEC is equal to the angle GIIC, (I 8 ) 
and these arc adjacent angles 

But when a straight lino standing on another straight line, mak ' 
the adjacent angles equal to one another, each of lliem is a right ang \ 
V and tho stnight line uhich stands upon the othet is callqd a perpe i 
dicular to it. (def 10 ) 

Iherefore from the gnen point C, a perpendicular Cffhas be 
drawn to the given straight line AB Q E F 

PROPOSITION XTII THEOREM 

The anples which one straight Ime makes xetlh another upon one side 
if, ate either two right angles, or are together egual to two right angles 

Let the straight lino AB moke with CD, upon one side of it, i 
engles CBA, ABD 

’ Then these shall he ciUicr two nglit angles, 
or, shall he together, equal to two nght angles 
. E 


^ Por if the angle CBA he equal to the angle ABD, 
each of them is a right angle (def 10 ) 

But if the angle CBA he not equal to the angle ABD, 
from the pomt B draw BE at right angles to CD (i 11 ) 
Then the angles CBD, EBD are two right angles, (def 10 > 
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And because the angle C3E is equal to the angles CJBA, ABE, 
add the angle EBB to each of these equals , 

Jierefore the aisles CBE, EBB are equal to the three angles CBA, 
jcf ABE, EBB (as 2) 

If^in, hecause the angle BBA is equal to the two anrfea,I?^£j MBA, 
I** add to each of these equals the angle ABC, „„„ 

Infrierefoie the angles BBA, ABC fas equal to the three angles BBS, 

1 ^ EBA, ABC , ^ 

But the angles CBE, EBB have been proved equal to the same 

tree angles, 

id things wbch are equal to the same thing ate equal to one another ) 
lerefore the angles CBE, EBB are equal to the angles BBA, AB C7j 
hut the angles CBB, EBB are two right angles , ► 1 ' ^ 
terefore the angles BBA, ABCtas together equal to two right angles. 

IP (»* 1 ) 

' 'Wherefore, when a straight Ime, &c Q £ D , • 


e PBOPOSITION XIV. THEOREM 

If at a point in o itraxght line, too other straight lines, upon the opposite 
its of tt, nutie tfto adjacent angtes together equal ia two right angles , then, 
ese tieo straight lines shall be xii one and the same straight line 

At the pomt J5 m the straight Ime AB, let the two straight hnes 
yiC, SB upon the opposite sides of AB, make the adjacent angles 
■^SC, ASb together equal to two right angles 
Ihen SB shall be m the same straight Ime with BC. 



For, if BB be not in the same straight line with BC, 

11 possible, let BE be in the same straight line with it. 

Then because AS meets the straight Ime CBE, 

irefore the adjacent angles CSA, ABE are equal to two right angles } 

out the angles CBA ABB ate equal to two right angles , (hvp ) 

^ irefore the angles CBA, ABE are equiito the angles CBA, ABB : 
1 

take away from these equals the common angle CBA, 
refore the remaining angle ABE is equal to the lemaiiunir ancle 
ABB, (ax 3) ' ^ 

the less angle equal to the greater, which is impossible 
therefore BB is not in the same straight line with BC 
I./1 .M the same manner it may be demonstrated, that no other 
he same straight Ime with it hut BB, which therefore is la 
‘ ght lino with BC 

IlTierefore, if at a pojnt, &.c q e n 
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PROPOSITION XV. THEOREM 

If tioo straight hues cut one another, the vertical, or opposite angles 
haU be egital 

Let the two straight lines AS, CD out one another in the point S 
Then the angle AEO shall ]be equal to the angle DEB, and the 
ngle CEB to me angle AED 


c 



D 


Because the straight hne AE makes with CD at the pomt E, the 
djacent angles CEA, AED , 

these angles are together ^equal to two right angles (i 13 ) 
Agam, because the straight hne DE makes with ABnt the point B, 
he adjacent angles AED, DEB , 

these angles also are equal to two right angles , • 

lut the angles CEA, AED have oeen shewn to be equal to two right* 
angles, 

k'hjerefore the angles CEA, AED are equal to the angles AED, DEB , 
take away from each the common angle AED, 
nd the i^emainmg angle CEA is equal to the remammg angle DEB 
ax 3) 

In the same manner it may be demonstrated, that the angle CEB 
s equal to the angle AED '* 

Therefore, if two straight lines cut one another, &c Q £ P 
Cor 1 Prom this it is manifest^ that, if two straight lines cut each 
ither, the angles which they make -at ^e pomt where they cut, are 
ogether equid to four right angles 
Cor. 2 And consequently that all the angles made by any num- 
»er of Imes meetmg m one point, are together equal to four right 
ngles 

/ ^tPROPOSmON XVI THEOREM { 

' If one side of a triangle he produced, the ezterior angle ts greater than 
ither of the interior opposite angles 

. Let ABC he a triangle, and let the side BChe produced to D 
Then the extenor angle ACD shall be greater than eithra of the 
ntenor opposite angles eSui or 5.4(7 * ^ 


1 A 7 



Bisect j4C7in 5, (I 10 ) and join 55, 
product BE to F, making EF equal to BE, (l 3 ) and join FC 



trtO 


■•8^ FUCLID’s n.BM-C^TS 

Because AB is equal to BC, and J3JE to BF , (constr ) 

A the two sides AB, BB are equal to the two CB, BF, each to each, u 
the tnangles ABB, CFB, • 

r and the angle ABB is equal to the angle CBF, 

because they are opposite ■vertical angles , (l 16 ) 

° therefore the base AB is equal to the baso CF,Jj 4 ) 
and the triangle ALEB to the triangle CEF, 

■’^and the remaining angles of one triangle to the remaining angles o 
the other, each to each, to which the equal sides are opposite , 

' wherefore the angle BAB is equal to tlie angle BCF, 

I but the angle BCD or ACB is greater than the angle BCF, 

^ therefore the angle ACD is greater than the angle BAB or BAC 
** In the same manner, if the side JBC be bisepted, and AC\>e pro 
duced to (?, It may be demonstrated that the angle BCO, that is, tin 
%ngle ACD, (l 16 ) is greater than the angle ABC 

Therefore, u one side of a triangle, &.c Q E P 


PEOPOSITION XTH THEOREM 


1/ Any tioo angles of a irtangle are together less than two right angles, 

* liet AB C be any tnangle 

Then any two of its angles together shall be less than two right angles 



^ Produce any side BO to D 
Then because ACD is the e'vterior angle of the triangle ABC, 

I ^ grpater than the interior and opposite anglt 

to each of these unequals add the angle A CB , 
e angles A CD, A CB are greater wan the angles A 7 ? C 

US I 

g but the angles A CD, A CB are equal to two right angles , fi 13 1 
therefore the angl^ ABC, ACB are less than two right angles 
3 In like manner it may be demonstrated, 

a that the angles BA C, A CB are less than two right angles, 

< as also the angles a 

t Therefore any two angles of a triangle, S.c Q E.U 

't '' 

PROPOSITION xvni THEOREM 
^ffreater side of every inangle ts opposite to the greater angle g 

^ tnangle, of which the side AC va greater than the 




EVCUTJ’S ELTM.KNTS. 


. 20 

» 

AS, sc greater than AC, 
and SC, CA greater than AS. 

n 



B c 


Produce the aide SA to the point D, 
make AS equal to AC, (I 3 ) and jom DC 
Then because AS is equal to AC, (constr ) 
therefore the angle ACS is equal to the angle ASC, (I 61 
but the angle SCS is greater than the angle ACS , (ax. 9 ) 
therefore also the angle SCS is greater than the angle ASC 
And because m the triangle SSC, 
the angle SCS is greater than the angle SSC, 
and that the greater angle is subtended by the greater side , (I 19 J 
' therefore the side SS is greater than the side SC, 
but SS IS equal to SA and AC, 
therefore the sides SA and AC oxe greater than SC. 

In the same manner it may be demonstrated, 
that the sides AS, SC are greater than CA , 
also that SC, CA are greater than AS 
Therefore any two si&s, &o (1.B B 

/ PROPOSITION XXI THEOREM 

/ If from the ends of a side of a triangle, there be drawn two straiglA 
hues to a point within the triangle, these shall be less than the other two 
tides of the triangle, but shall contain a greater angle 

Let ARCbe a triangle, and from the points S, C, the ends of the 
Bide SC, let the two straight hnes SS, CS be drawn to a point S 
within the tnangle 

Then SS and DC shall be less than SA and AC the other two 
sides of the triangle, 

but shall contain an angle BSC greater than the angle SAC 

A 


Produce SS to meet the side AC vn S 
Because two sides of a tnangle are greater than the third side, (l 20 ) 
herefore the two sides SA, AJB of the tnangle ASS are greater 
fhaa SS, 

to each of these unequals add SC, 
therefore the sides SA, AC oxfs weater than SS, SC (ax 4 ) 
Agam, because the two sides CD; SS of the triangle CDD arc 
j greater than DC, (l 201 

add SS to each of these unequals | 
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iherefore the sides CEy EB are greater than CD, DB (ax 4 ) 
Bat It has been shewn that BJ., ACzxs greater than BE, EC, 
much more then ore BA, AC aeatei than ED, DC, 

Agam, because the extenoi angle of a tnangle is greater than the 
mtenor and opposite angle, (l 16) 

therefore tlie extenor angle EDO of the tnangle CDE is giuctcr 
(than the mtenor and opposite angle CED , 

for the same reason, the extenor angle CED of the triangle ABB 
IS greater than the mtenor and opposite angle BAG, 
and it has been demonstrated, 

that the angle EDCi& greater than the angle CEB, 
much more therefore is the angle J?JD O' greater than the angle BAG 
Therefore, if from the ends of the side, Ac Q s D 


PROPOSITION XXII. PROBLEM 


To male a triangle of which the tides shall be equal to three given 
straight lines, but any two whatever of these miut be greater than the third 


IietA, B, Cho the three given straight lines, 
of which any two whatever are greater than me third, (l 20 ) 
namely, A and E greater than C, 

A and C greater than E, 
and B and C greater than A 

It IS required to make a tnangle of which the sides shall be equal 
to A, B, C, each to each 



Take a straight hne DE terminated at the pomt D. but unlimited 
towards E, , ^ > 

moke DjF equal to A, EG equal to B, and GjST equal to C, (l 3 ) 
from toe center F, at the distance FD, desenbe the circle DEE 
^ost 3 ) 

from the center G, at the distance GE, desenbe the circle JTZE 
a: where the circles cut each other, draw EF, EG to the poml‘ 

_pen the tnangle JTJ'G' shall have its sides equal to the three 
straight hues A, E, C 

Because the pomt Fis the center of the circle DEZ, 
therefore FD is equal to FE, (ddf 16 ) 
but FD IS equal to the straight hne A , 
therefore FE is equal to A 
Again, because is the center of the Wcle EELi 
therefore GE is equal to GE, (def 15 V 
but GE IS equal to C, 
therefore also GE is equal to C, (ax 1 \ 
and FG is equal to B, 
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therefore the three straight lines KF, FO, GK, are respectively 
equal to the three, A, S, C 

and therefore the triangle KFG has its three sides KF, FG, GK, 
equal to the three guen straight hnes A, B, C Q E F 


PROPObITION XXm PROBLEM. 

At a given point in a given straight line, to make a rectilineal angle 
qual to a given rectilineal angle 


Let AB be the mven straight line, and A the given point in it, 
and DCE the given rcctihneol angle 
It IS required, at the gn en point in the gi\ en straight hne AB, to 
aake an angle that shall be equal to the given rectilineal angle DCE 



In CD, CE, take any points D, E, and join DE, 
on AB, moke the triangle AFG, tlie sides of wluch shall be equa 
to the three straight luies CD, DE, EC, so that AF be equal tc 
CD, AG to CE, and FO to DE (l 22 ) 

ITien the angle FAG shall be equal to the angle DCE 
Because FA, AG axe equal to DC, CE, each to each, 
and the base FG is equal to the base DE, 
therefore the angle FA G is equal to the angle DCE (i 8 ) 
^Tierefore, at the given pomt A in the given straight line AB, th« 
angle FAG is made equal to the given reotihneal an^e DCE Q.E v 


PROPOSITION XXrV THEOREM 

^ two tnangles have two sides of the one equal to two sides of the other 
each toeachyl^ the angle contained bg the two sides of one of then greatei 
Mon the angle tmiiained by the two sides equal to them, of the other , thi 

oftheothw^ greater than the has, 


Let^5C; JJ?Fbetvro triangles, which have the two sides AB 

namely, AB equal t< 

DE, aniACtoDF, but the angle (7 greater than the angle EDI 

Then the base BC shall be greater than the base EF 
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PEOPOSITION X3C7I PHI^OBEM. 


I If two triangles have two angles of the one equal to two angles of the 
other, each to each, and one side equal to one side, mz either the sides adja- 
cent to the equal angles in each, ortUesidei opposite to them, then shall the 
other sides he equal, each to each, and also the third angle of the one equal 
to the third angle of the other 

Let ABO, DBF bo two triangles winch hare the angles AB(^, 
BOA, equal to tho angles DBF, EFD, each to each, namely, ABQ 
to DBF, and BOA to LFD, also one side equal to one side 
Eirst, let those sides be equal which ore adjacent to the angles that 
ore cquid in the two tnanglos, namely, BO to EF 
Then the other sides shall bo equal, each to each, namely, AB ia 
DE, and AO to DF, and the tlurd angle BAQ to the third angle EDF, 



Vat, if AB bo not equal to DB, 
one of them must bo greater thou tho other. 

If possible, lot ABbo greater than DB, 
make BO equal to ED, (i 3) and jom 00 
Then in the two triangles OBG, DBF, 
because OB is equal to DB, and BO to EF, (lim ) 
the two sides, OB, BQ two equal to tlittwo DB, EF^achto caoli 
and the angle QBC is equal to the angle DBF ’ 

therefore the base 00 is equal to tho base DF, 

, tnaugle GJBC to the tnangle DBF, * 

and tho other angles to tho other angles, each to each, to which 
the equal sides are opposite, . vuuu, lu 

, tucreforo ^le angle GOB is equal to Iho angle DFE 
hut the anglo^CB is, by the hypothesis, equal to the angle DFE 
wherefore alsif the angle (JOE is equal to the angle 1 1 ’ 

the less angle equal to the greater, uhicli if impossible ’ 
therefore AD is not unequal to DB, ’ * * 

that IS, AB IS equal to DE 
Hence, in the triangles ABC, DEF, 


luurcioro ii e oasc ulu is equal to tlie base DF (i 'a V ' , 

,11 1 ^ angle BDF J 

n « Sides Which are opposite to one*^of the equal annlcs 

n cacynanglc equal to one another, namely AB cquS Se ^ 

this caseiikcwis^ the other sides shall be equal AOto TiV 
M iP ,md also IBS' M a«Blo BAO to Ita Sm-ta Jp# 
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For if J?Cbe not eqna) to EF, 
one of them must he gieatet than the other. 

If possible, let JBCoe greater than EF, 
make EE equal to EF, fl 3 ) and join jiM, 

Then in the two tnan^es ABE, EEF, 
because AB is equal to BE, and BE to EF, 
and the angle ABE to the angle BEF, (Mp ) 
therefore the base AE is ^ual to the base BF, (I 4.) 
and the tnangle ABE to the triangle BEF 
and the other angles to the other angles, each to each, to which the 
equal sides are apposite , ^ 

Uierefore the angle BEA is equal to the angle EFB, 
but the angle EFB is equal to the angle BOA ; (hjp ) 
therefore the angle BEA is equal to the angle BOA, (ax 3 ) 
that IS, the extenor angle BEA of the tnangle AEC, is 
equal to its intenor and oraositc angle BOA, 
which is impossible, (l 16) 
wherefore FCis not unequal to EF, 
that is, BO IS equal to EF. 

Hence, in the triangles ABC, BEF^ 

^ because AB is equal to BE, and BC to EF, (hyp ) 

and theincludedangle^iiFC?isequaltotheinclndedangIei)^F. (hyp.) 

therefore the base AC is equal to the base BF, (i 4.) ' 
and the third angle BAG to the third angle EDF. 
‘Wherefore, if two mangles, ic, Q E D 


pROPosmoif xxvn theoreji *”• 

If a stroigja fine falling on two o*htr tlraight hnet, make the tdlemeU 
angles equal to each other, these two straight lines shall be parallel 

j straight line 


A- 

C_ 




i’ 


'N. 

_^G 


* 1 . An S ^ not parallel to CB, 

if poHible, towata, J> and 1 
then OEFis a mangle 
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And because a side GB of the tnangle QBFn producea to yi, 
therefore its exterior angle ABF is greater than the interior and 
opposite angle BFG, (i 16 ) 

but the anwe ABF is equal to the angle BFG , (hyp ) 
tlierefore the AEF w ^eates than, oad equal to, the angle 
BFG , •which IS impossible 

Therefore AB, CD being produced, do not meet towards B, D 
In like manner, it may oe demonstrated, that they do not meeti 
when produced towards A, C i 

But those straight lines in the same plane, which meet neither way, 
though produced ever so far, are parallel to one another , (def 35 } 
therefore AB is parallel to CD 
Wherefore, if a straight line, Ac Q e D 

PROPOSITION XXVni THEOREM 

If a straight lint falling upon two other straight lines, malt the exterior 
angle equal to the interior and opposite upon the same side of the line , or 
make the interior angles upon the same side together equal to tikof right 
angles , the two straight lines shall be parallel to one another 

Let the straight line BF, which falls upon the two straight lines 
AS, CD, make the e'^terior angle BGB equal to the interior and 
opposite angle GFLD, upon the same side of the hne BF, or make 
the two interior angles BGH, GMD on the same side together 
equal to two right angles •' 

Tlien AB shall be parallel to CD, 

z 

B 

D ' 

' F 

Because the angle BGB is equal to the angle GJID, (hj-p ) 
and the angle BGB is equal to the angle A GJI, (f 15 ) 1 
therefore the angle AGS is equal to the angle GHD, (ax 1 ) 
and they are alternate anglet, ^ 

therefore AB rs parallel to CD (i 2T ) 

Again, because the angles BGS, GSD are together equal to two 
right angJes, Qiyp ) 

and thattne angles AGS, JBGS are also together equal to two , 
right angles, (i 13) ^ \ 

therefore the angles AGS, BGS are equal to the angles BGS, 
GSD , (ax 1 ) ^ 

take away from these equals, tne common angle BGS, 
therefore the remaining angle AGS is equal to the remaining angle ' 
GSD, (ax 3) ■ i 

and thej are alternate angles * 

therefore AB is parallel to CD (i 27 ) 

^orefore, if'a straight line, Ac q b D 
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Jfa. straight lint fait upon tieo parallel tiraight hms^tt miJeet the alierl 
rate angles egual to one another, and the exterior angle equal to the wtenot 
and opposite upon the tame side, and likewise the two tnieritn-^angles upor 
the same tide together equal to two right angles, ^ ^ 

Let the straight lino JBPfnll upon the parallel straight lines CD 
Then the alternate anrfes A 6S, ODD shall he equal to one another 
the exterior angle DOD shall be equal to the interior and oppositi 
angle OSD upon the same side of the line JSJP, 
end the two interior angles BOH, OHD upon tlio Fame side of El 
shall bo together equal to two right angles. 



First For, if tlie angle vffflT bo not equal to the alternate angh 
OHD, one of tliem must be greater than the other , 

^ if possible, let be greater than OHD, 
then because the angle AOS is greater than tlic angle OHD, 
add to each of these unequals the angle BOH, 
therefore the angles AGH, BOH are greater than the angles BOH 
OHD, (ax 4) 

but the angles AGH, BOH are equal to two right angles , (l 13 ) 
therefore the angles BOH, OHD arc less than two right angles, 
but those Etmight lines, which with another straight lino falling upor 
Uicm, make Hie two interior angles on Uic same side less than twe 
right angles, will meet together if continuall) produced, (ax 12 ) 
therefore the straight lines AB, CD, if produced far enough, wil 
meet towards B, D, 

but they never meet, since tlicj are parallel by the hj-polhcsis , 
therefore the angle AGH is not unequal to the angle OHD, 
that IS, the angle AGH is equal to the alternate angle OHD, 
Secondly Because the angle is equal to the angle EQB, (1. 16 
and the angle AGH is equal to the angle OHD, 
therefore the exterior angle EOB is equal to the interior and oppositi 
angle GJID, on the same side of the line 
Thurdly. Because tlie angle DOB is equal to the angle OHD, 
add to each of them tlie angle BOH, 
therefore the angles EOB, BOHere equal to the angles jBG'JT, OHD 
(ax 2) 

but EOB, BOH are equal to two right angles , (r IS.) 
therefore also* the two interior angles BOH, OHD on the uamo sidf 
of the line are equal to two right angles, (ax 1 ) 

* TMierefore, if a straight line, &c q. r. o. 


oS 
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PROPOSITION XXX THEOREM 

Straight lines which are parallel to the same straight line are parallel U 
leh other 

Let the straight lines AB, CD, be each of them parallel to EF 
Then shall AB he also parallel to CD 


A 

£ 

C 




/e 




7 ^ 


i 


Let the str^ht hne GHK cut AB, EF, CD 
Then because QHK cuts the parallel straight lines AB, EF, in 
ff jff 

hereforethe angle AGS is equal to the alternate angle GSF (l 29 ) 
Agauif because G SF outs the parallel straight lines EF, CD, in 
E,S, 

therefore the extenor angle GSF ifi eq^ to the interior angle SED , 
and it -was shewn that Sie angle AGS is equal to the an^e GSF , 
therefore the angle AGS is equal to the angle GKD, 
and uese are alternate angles , 
therefore AB is parallel to CD (I 27 ) 

'Wherefore, straight lines which are parallel, &c Q.B<D* 


PROPOSITION XXXI PROBLEM 

To draw a straight line through a given point parallel to a given straight 
inc 

Let A be the given pomt, and BC the given straight hne 
I It IS reijuired to draw, through the point A, a straight line parallel 
0 the straight line BC 

E / A ? 

B D Q 

In the line BC take anv pomt D, and join ADi 
at the point m tne straight Ime AD, 
lake the angle DAE equal to the angle ADC, (l 23 ) on the oppo- 
site side of AD , 

and produce the straight hne EA tO'F 
Then EF shall be parallel to BC 

Because the straight Ime AD meets the two straight hnes EF,BC, 
td makes the alternate angles EAD, ADC, equal to one another, 
therefore EFis parallel to SC (L 27 ) 
ore, tlurough the given pomt A, has been orawn a straight 
parallel to the given straight hoe BC QtE f 
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PBOPOSmOIf TkYXIL THEOEEM. 

If a side of any inangle be produced, the extenor angle is equal to th 
tiro interior and opposite angles , and the three interior angles of evert 
triangle are together equal to txo right angles 

Iict A30 be a tnangle, and let one of its sides SOhe produced to D 
Then the exterior angle ACD shall be equal to the two luteno 
and opposite angles CAB, ABO j 

and the three intenor angles ABC, BGA, CAB shall be equal t(j 
two right angles 



Through the point C draw CE parallel to the side BA (l 31 ) 
Then because CE is parallel to BA, and AC meets them, 
therefore the angle ACE is equal to the alternate an^le BAG (i. 29 
Again, because CE is parallel to AB, mdTBB falls upon them, 
therefore the extenor angle BOB is equal to the interior and op 
posite angle ABO, (l 29 ) 

but the angle A CE was shevni to be equal to the an^le BAG ; 
therefore tne whole exterior angle ACD is equal to the two intcno 
and opposite angles CAB, ABC (ax. 2 ) 

Again, because the angle ACD is equsd to the two angles ABC, BAG 
to each of these equals add the angle AGB, 
therefore the angles ACD and AGB are equal to the three angle. 

ABC, BAG, and AGB (ax- 2 1 
but the angles ACD, ACB are equal to two nght angles, (i. 13 ) 
therefore also the angles ABO, BAG, ACB are eqi^ to two ngh 
angles (ax 1 ) 

Wherelbre, if a side of any tnangle be produced, &c. Q-BJ) 

CoK. L All thft interior angles of any rectilineal figure togethc 
with four nght angles, arc equal to twice os many nght angles as th' 
figure has smes. ' 


B 



A 3 


For any rectilineal figure ABODE can be dinded into as m-m 
triangles as tbe figure has sides, by drawing straight Imcs from a pom 
F withm the fignre to eaeh of its angles * 

Then, because the three mtenor angles of a tnangle are equal b 
two nght angles, and there are as many tnangles as the figure Las sides 
. Ibcrefo'e all the angles of these triangles are equal to twiofe as man 
npiht angles as the fignre has sides , _ - 

but the same angles of these tnangles are equal to the -mtenor 
of the figure together with the angles at the point F- 
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and tho angles at tbc point F, ■which is the cotnmoii vertex of all 
the triangles, are equal to four right angles, (i 15 Cor 2 ) 
therefore tho same angles of these triangles arc equal to the angles 
of the figure together with four right mglcs , 
but it has beeu proved that the angles of the triangles are equal to 
t'Wiee as many right angles as the figure has sides , 
therefore all tho angles of the figure toother with four right angles, 
are equal to twice as many right angles as the figure has sides 
' Coe. 2. All the exterior angles of any rcctilmcal figure, made by 
producing the sides successively in the same direction, are together 
squal to four right angles 


D 

Since every mtenor angle ABO with its adjacent exterior angle 
ABDy IS equal to two right angles, (i 13 ) 

therefore all the interior aimles, together with all the extenor angles, 
are equal to twice as many right angles os tho figure has sides , 

but it has been proved by the foregomg corollary, that all tho in- 
terior angles together with four right angles arc equal to twice as many 
right an^es as the figure has sides , 

therefore all the interior angles together with all the exterior angles, 
are equal to all tho mtenor angles and four right angles, (ax. 1 ) 
take from these equals all the mtenor angles, 
therefore all the exterior angles of the figure are cqum to four right 
angles (ox. 3 ) 

PBOPOsiTioN xxxrn theorem:. 

The straight lines which join the extremities of two equal and parallel 
straight lines towards the sameparts, are also themselves equal andparallel. 

' Lot AB, CD ho equal and parallel strmght hnes, 

andjomed towards the same parts by the straight hnes AO, BD, 
Then AG, BD shall be equal and parallel. 

A . B 


c n 

* ZoolBO 

Then because AJi is parallel to CD, and BO meets them, 
therefore the angle ABO is equal to.the alternate angle BOB, (l 29 ) 

, and bcca'osc AB is equal to GD, and BO eommonto the two tnangics 
m^'^0,pOB, the two sides AB,BO, are equal to the luo DO, OB, each 
" ’ and the angle ABO was proved to be equal to tho angle BOD 

therefore the base jlOis equid to the base BD, (i A J 
and the triangle ABO to the trmngle BOD, 
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and the otbot angles to the other angles, each to each, to n-liich the 

Anthill ciflps nro oT>nosit6 « . 


aai siQes are oppusiw , ^ nn-n 

tbeiefoTC the angle ACS is equal to the angle CSB 
And because the straight line BC meets the two straight hnes AC, 

' therefore AC is, parallel to BD , (I 27 ) 

/ and jlCwas shewn to be equal to BD 
'^erefore, straight hnes which, &c. Q E ® 

» 
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■" PROPOSITION XXSIV. THEOREM 

Tht oppottle sidet and angles of a parallelogram are equal to ontpnoiher, 
and the diameter hisecls it, that ts, divides tt into tieo equal parts 

Let A CDS be a parallelogram, of which J? C is a diamrter ' 
Then the opposite sides and angles of the figure shall be equal to 
one another , andjhe diameter B C shall bisect it. 


A B 



1 Because AS is parallel to CD, and S(f msBii them, 
therefore the angle XJ3(7 is equal to the alternate angle BCD (l 29 ) 
And because C is parallel to BD, and B C meets them, ^ 

therefore the angle ACB is eqtial to the alternate angle CBD (l 29 j 
Hence in the two triangles ABC, CBD, 
because the two angles ABC, BCA in the one, are equal to the two 
angles BCD, CBD in the other, each to each, 
and one side SC, which is adjacent to their equal angles, common to 
the two triangles , 

therefore their other sides ate equal, each to each, and the third angle 
of the one to the thira angle of the other, (l 26 ) 
namely, the side AS to the side CD, and AC to BD, and the angle 
BACta the angle BBC 

And because the angle ABC is equal to the angle BCD, 
and the angle CBD to the angle ACB, 
therefore the whole angle ABD is equal to the whole angle A CD , 
(a-? 2) 

and the angle B AC You been shewn to be equal to BDC, 
therefore the opposite sides and angles of a parallelogram are equal to 
one another 

Also the diameter JECbisects it. 

Por smee AB is equal to CD,tcaiBC common, the two sides 
SC, are equal to the two DC, CB, each to each, • 
and the angle ABCYm, been proved to be equal to the angle BCD , 
therefore the triangle ABCvi equal to the triangle BCD , (i 4 ) and 
the diam eter S (7 divides the parallelogram A CDS into two equal parts 
,Q£D ' 
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PROPOSITION XXXV. THEOREM 


parallelograms vpon the same hose, and heiwem the same parallels, are 
egual to one another 

Let the paraUelogramB>li9CD,-BHCFbeuponthe samebaseHG 
and between the same parallels .. , 

Then the parallelogram ASCH shall be equal to the parallelogram 

EBCF ^ i 

. A y f fii A PE p 




A E- P P 

, I . * 1 I 


If the sides AD, DP of the parallelograms ABCD, DDCP opposite 
to the base 13 C, be terminated in the same point D, " 

then It 18 plam that each of the parallelograms is double of the tnangle 

PDC, (I 34) , ^ - 

and therefore the parallelogram AS CD is equal to the parallelogram 

DBCF fax 6 ) , ♦ 

But if the sides AD, FF, opposite to the base DG be not termi- 


nated m the same pomt , 

Then, because ABCD is a parallelogram, 
therefore AD is equal to BC, (l 34 ) ^ 

and for a similar reason, BF is cmial to BO, 
wherefore AD is equal to BF, (as 1 ) 
and DB is common , 

therefore the whole, or the remainder AB, is equal to the whole, or 
^e remainder DP, (ax 2 or 3 ) 

and AB is equal to DG, (l S4 ) 
hence m the triangles BAB, FDC, 
because PD is equal to BA, and DC to AB, 
and the extenor angle FDC is equal to the intenbr and opposite angle 
BAB,{1 29) 

therefore the base PC is equal to the base BB, (l 4 ) ^ 

and the tnangle FDC is equal to the tnangle BAB 
From the tmpeaum CP take the tnan^e FDC, 
and from the same trapezium take the tnangle BAB, 
and the remainders are equal, (ax 3 ) 
therefore the parallelogram AB CD is equalto the paroUelogramPD CP 
Therefore, paraUmograms upon the same, &.c q.e p 


PROPOSITION XXXVI THEOREM 

Parallelograms vpon equal hoses atid between the*same parallels, are 
eqiml (o one another 

Let ABCD, BFOShe parallelograms upon equal bases BC, FQ, 
and between the same parallels AH, BQ 

Then the parallelograpi ^DCDahall be equal to the parallelogram 
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Join BE, Cir 

If Then because JBC is equal to FG, ^ (^‘ ^ ) 

therefore BC is equal to £JI\ (ax 1 ) 
rid these lines are parallels, and joined towards the same parts by the 
straight lines ^27, C/f, ^ 

but straight lines which join tlic extxcmilSps of equal and parallel 
rttnight lines towards tlie same parts, are themselves equal and parallel , 
J 8iJ ) 

Uierefore BE, CII are both emial and parallel, 
wherefore UJ3 Cff IS a parallclomm fdcf A) 

And because the parallelograms AB(W, EBCII, are upon the 
same base BC, and bctivccn tlic same parallels BC, All, 
therefore the parallelogram ABCD is equal to the parallelogram 
BBCU (I 35) 

For the same reason, the parallelogram EFGJT is equal to tlie 
larallelogram EBCJl, 

thircfore the parallelogram ABCD is equal to tlie parallelogram 
\ BFOlt (ax 1.) ' ■< 

Tlterefore, parallelograms upon equal, &o Q.E.D. 

< PROPOSITION XXXVII. THEOREM 

Trwng\a vpon the tame bate and between the tame paralleU, ere e^wl to 
■we another 

Let the triangles ABC, JDBChe upon the same base BO, 
ond between the same parallels AD, BC 
Then the triangle ABC shall be equal to tlic triangle DBO 
BAD P 



Produce AD both wajw to the points E, F, 
through B draw BE parallel to CA, (I 31 ) 
and through (7 draw 02 ^ jiamllel to JBZ) 

Then each of the figures EBCA, DBCFa a pamllelogram ) 
and EBCA is equal to DBCF, (l 86 .) because they are upon the 
^ sane base J?C,jind between the same parallels BC, EF 
‘ And because tlie diameter AB bisects the parallelogram EBCA, 
Iherefore the triangle ABCk half of the parallelogram EBCA , (l 34 ) 
also because the diameter DC bisects the parallelogram DBCF, 
therefore the triangle DBCvs half of the parallelogram DBCF, 
but the hahes of equal things are equal , (ax 7 ) 
therefore the triangle ABC\% equal to the triangle DBC. 

' - Wherefore, triangles 8,0 « v t. 
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] PROPOSITION xxxvni THEOREM 
Tnangh$ vpon equal buiei and between the same paralleU, are equz’ 
io one another 

Letthe tnangles ABC, DJBjPbe upon equal bases BO, BF, and 
between the saiye parallels JJP, -/IJ).. r»r»ti 

Then the triangle jLSO shall be equal to the triangle 

o A D H 




C £ 

Produce AB both waja to the points Oir^ , 
through B draw BQ parallel to CA, (r 31 ) 
and through F draw FH parallel to ED 
Then each of the figures GBCA, DBFS is a parallelogram { 
and they aib equal to one another, (I 36 ) 
because they are upon equal bases BC,BF, 
and between the same parallels BF, OS 
And because the ^ametei; AB bisects the parallelograPi QBCA, 
therefore the triangle AB C IS the hali of the parafielogram t>3CAj 

(I 84) . ^ 

also, because the diameter JDP bisects the parallelogratfi DBFS, 
therefore the triangle DEFk the half of the parallelogram DBFS, 
but the hah es of equal things are equal, (ax 7) 
therefore the triangle ABC is equal to the triangle DBF 
'Wherefore, tnangles upon equal bases, &c fQ E D 

PROPOSITION XXXIX THEOREM 
Equal tnangles upon the same base and upon the same stde of tt, are 
between the same parallels 

Letthe equal tnangles ABC, DBC be upon the sanfie base BC 
and upon the same side of it. 

Then the tnangles ABC, DBC shall be between the same parallels' 



Jom AD , then AD shall be parallel to BC ^ 

For if AD be not parallel to BC, f ' 

if possible, through the point A, draw AE partdlel to BC, (I 31 y 
meeting BD, or BD produced, in B, and join BC 

Then the tnangle ABC to equal to the triangle EBCt (l 37 ) 
because they are upon the same base B C, 
and between the same parallels BC, AE 
but the tnangle ABCve equal to the triangle DBC, (hyp ) 
therefore the triangle DBC is equal to the tnangle BBC, 
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file greater triangle equal to file less, which is unpossible 
therefore JUE u not parallel to 3C 
In the same manner it can be demonstrated, 
that no Other hne dratfn from A but AD is parallel to SCf 
AD IS therefore parallel to £C 
Wherefore, equal tnangles upon, &c D. 

PROPOSITION XL. THEOREM. 

Egval tnanglej upon ejiiaZ hoses m the same straight hne, and towards 
the same parts, are between the same paraUeh 

Let the equal tnangles ABC, DJEPbe uj^on equal bases BC, EF, 

In the same stramht line 3F, and towards the same parts. 

Then they shall be between the some pai^el^ 


A D 



Join AD , fiicn AD shaV^ \}e para\le\ to HP. 

For if AD be not parallel to BF, 

If possible, tiirough A draw AG parallel tb BF, (I 31 ) 
meeting ED, or ED produced in G, and join GV 
Then the triangle ABC is equal to the tnangle GBF, (i 38 ) 

because they are upon equal bases PC, JJP, 

and between the same parcels BF, A G , 
but the triangle ABC is equal to the tnang.e DEF, (hyp ) 
therefore the tnangle PPP is equal to th» mangle GEF, (ax 1 j 
the neater tnangle equal to the less, winch is impossible * 

• therefore AG is no<- parallel to BF 
And in the same mann«r it can be demonstrated, 
that there is no other line irawn from A parallel to it hut AD, 
AD IS therefore parallel to BF 
Wherefoic, equal tnangles upon, &c Q B o. 

PROPOSITION XLI THEOREM 

IJ a parallelogram and c tnangle he upon the tame base, fat between 
Vj same parallels , the parallelogram shall be double of the tnangle 

Let the parallelogram ABCD, and the tnangle EBChe upon the 
same base BC, and between the same parallels BC, AE 

Then the parallelogram AB CD shall be double of the triangle EBG 
_ ate 



fm , . Jom AC 

Then the triangle is equal to the triangle EEC, (l 8T.) 
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because they are upon the same base SC, and between the same 
parallels BC, AS 

But the parallelogram AS CD is double of the triangle ABC, 
because the diameter ^Cbisects it, (l 34 ) 
wherefore AS CD is also doable of the triangle SBC 
Therefore, if a parallelogram and a triangle, &c Q E D. 


PROPOSITION XLTL PROBLEM. 

/ To desertbe a paraUelogram that shall be equal to a given triangle, and 
^ve one of its angUs equal Jq a given rectilineal angle 

Let ABC ha the given triangle, and D the given rectilineal angle. 
It 18 required to descnbe a parallelogram that shall be equal to the 
given triangle ABC, and have one of its angles >>qual to D, 

V AEG 



B lE C 


Bisect SC in E, (i 10 ) and join AE, 
at the pomt .0 in the straight Ime EC, 
make the angle CSjP equal to the angle D, [i 23 ) 
through O' draw Off parallel to EF, and through A draw AFQ 
parallel to BC, (l 31 ) meeting .BJ* in F, and CO in O 

Then the figure CEFO is a parallelogram (def A ) 

' Andbecausethetnangles^BJB, A£(7are on the equal bases 

EC, and between the same parallels BC, AO, 

they are therefore e^ud to one another, (l 38 ) 
and the triangle ABC is double of the triangle AEC, 
hut the parallelogram FECO is double of the tnangle AEC, (l 41 ) 
because they are upon the same base EC, and between the same 
parallels EC, AG, 

theieforetheparallelogramJPiJCGis equal to the tnangle ABC, (ax 6 ) 

mi. It has one of its angles CBB* equal to the given angle D • 
Wherefore, a parallelogram FECO has been described equal to the 
given tnangle ABC, and having one of its angles CEF equal to the 
g’ven angle 2? q e p 


PROPOSITION XLin THEOREM 

The eomple^nts of the pardaelograms, uhich are about the diameter 
of any parallelogram, are equal to one another 

^ parallelogram, of which the diameter is AC and 
lo ^ P^Uelograms about A C, that ts, through which A Cpatses 
so tte othw parallelograms which make up the whole 

, ABCD, which are therefore called the complements 

<> the complement SK shall be equal to the complement KD. 
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AH D 



B G /C 

Because ABCD is a parallelograni, and ^ C its diameter, 
therefore the triangle AJSCw equal to the triangle ADC (l 34 ) 
Agam, because BKllA is a parallelogram, and AK its d’ameter, 
therefore the tnangle AEK is equal to the triangle ASS , (i 34 ) 
and for the same reason, the triangle AffCis equal to the tnangle KFC 
"'^erefore the two tnangles AEK, KGC are equal to the two 
triangles ASK, KFC, (ax 2 ) 

but utte whole triangle ABC is equal to the whole triangle ADC, 
therefore the remaining complement BK is equal to the remaining 
complement KD (ax 3 ) 

'Wherefore the complements, &.o Q E B. 

PROPOSITION XUV PROBLEM 
To a given straight line to apply a parallelogram, which shall be equal 
to a given tnangle, and have one of its angles equal to a given rectilineal 
angle ' *■ 

, Let AB he the given straight hne, and C the given triangle, and D 
the given rectihnem angle 

It IS required to oppl} to the straight line AB, a parallelogram 
equal to the tnangle C, and haMug an angle equal to tlie angle D ‘ 

PE K 
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Make tlie parallelogram BEFO equal to the triangle C, 
and havmg the angle EBO equal to the angle D, n 42 ) 

, so that BE he in the same strai^t line with , 
produce FQ to S, 

through A draw AS parallel to RG or EF, fl 31 ) and join SB 
Then because the straight hne SF falls upon tne parallels AS, EF, 
tnerefore the angles ASF, SFE ore together equal to two nglit 
angles, (i 29) 

wherefore the angles BSF, SFE are less than two nght angles 
hut straight hues which with another straight line, make the tno 
intenor angles upon the same side less than two nght angles, do meet 
if produced far enough (ax 12 ) 

therefore SB, FE shall meet if produced, ' 
let them he produced and meet in K, 
through K draw KL parallel to EA or FS, 
and produce SA, GB to meet KD in the points D, HL 
Then SLKFfs a parallelogram, of which the diameter is SK, 
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and AG, MU, are the parallelograms about HK , 

also LB, SF are the complements , ^ _ _ , . , . 

thorffore the complement LB is equal to the compiemmt ) 

but the complement BFis equal to the triangle C, (constr ) 
^Therefore LB is equal to the teangle C 
And because the angle QBE is equal to the angle ABM, (I 10 
and likeunse to the an«e D, (constr) , -r. / i ^ I 

therefore the angle -iJBiiris equal to the angle d (ax 1) 
ThcTcforc to the given straight line AB, the parallelogram LB ^ 
be n applied, equal to the triangle C, and having the angle ABM 
equal to the given angle 2) Q E r 


PROPOSITION XLV PROBLEM 
To describe a paralleJogram eqiial to a given rect^ineaX JigUre, and 
having an cangle equal to a given rectilineal angle 

Let ABCJD be the given rectilmeal figure, and E the given recti- 
lineal angle i 

It IS required to describe a parallelogram that* shall be equal to the 
figure ABCD, and having an angle equal to the given angle E 
* *' D F , Q I. 

t- []] 

E H H 

Join DS 

Describe the parallelogram Jiff equal to tne triangle ADS, and 
haling the angle JFIfiTff^^ual to the angle ff, (i 42) 
to the straight line G'ff,'apply the parallelogram OM equal to the 
triangle DEC, havmg the angle GJlM equ%l to the angle E 
(r 44) ^ 

Then the fi^re FKML shall be the parallelogram required 
Because each of the angles FEjH, GHM, is equal to the angle E, 
therefore the angle JISff is equal to the angle GEM, 
add to each of these equals the angle KSG, 
therefore the angles FKH, KEG axe equal to the angles KEG, GEM, 
but FKM, KEG are equal to two right an^es , (i 29 ) 
therefore also KEG, GEM are equal to two right angles , 
and because at the point ff, in the straight Ime (?ff, the two 
straight hnes KE, EM, upon the opposite sides of it, make the ad- 
jacent angles KEG, GEM equal to two right angles, 

therefore ffZT is in the same straight line with EM (I 14 ) 

And because the hne EG meets the pandlels EG, 
the angle MEG is equal to the alternate a^le EGF, (I 29 ) 
add to each of these equals the angle E6L, 

" i - the angles MEG, EGL are equal to Die angles EOF, EGL\ 
b" angles MEG, EGL are equal to two nght angles , fr 29 ) 
'>re also the angles EGF, EGL are equal to two right angles, 
therefore FG is in the same straight Ime with GL (l 14 ) 
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And because ikJF is parallel to JIG, and SG to ML, 
therefore KFii parallel to ML , (l 30 ) 
and FL has been pro\cd jjiarallcl to KM, 

-ffberefore the figure FKML is a parallelogram , 
and since the parallelogram iEilPis equal to the triangle AJ3D, 
and Ae pturallelogrpm GM to the tnangle BBC, 
tlierefore the irhole parallelogram KFLM is equal to the whol 
rectilineal figure ABCB 

Therefore the parallelogram KFLM has been descnbed equal t 
the given rectilineal figure ABCB, havmg the angle FKM equal t 
the given angle E Q E r 

Cob From this it is manifest how, to a given straight line, to appl 
a pors^elognm, uhich shall have an angle equal to a given rectilines 
angle, and shml be equal to a giA en rectilineal figure , viz by appl) in, 
to the given straight line a ps^lelogram equal to the first triangl 
ABB, (I 44 ) and having an angle equal to the given angle 

PR^lPOblTION XLVI. PROBLEM 
To deseriho a sguare vpon a ftven slratght line, 

L^AB be the given straight hne. 


E 


It IS required to describe a square upmi AB ' 

From the 4 )oint ^ draw Oat nght angles to ^2?, (l 11) 
make ^2) equal to (l 3) 
through ’the point B draw BE parallel to AB, 81 ) 
and through B, diaw JBjBpMallel to AB, meeting BE in E, 
therefore ASjSB is^ parallelogram , 
whence AB is equal to BE, and AB to BE, (I 34 ) 
but AB 18 equal to AB, 

therefore the four lines AB, BE, EB, BA are e^ifal to one another 
and the parallelogram ABEB is equilateral 
It has likewise all its angles nglit angles, 
since AB meets the parallels AB, BE, 
therefore the angles BAB, ABEssa equal to two right angles j (l 2d 
but BAB IS a nght angle , (constr ) 
therefore also ABE is a nght angle 
But the opposite angles of parallelo^ms are equal, (I 34 ) 
therefore each of the opposite angles ABE, BEB is a nght angle, 
wherefore the figure ABEB is rectangular, 
and it has been proved to be equilateral ,, 
therefore tlje figure ABEB is a square, (def '30 ) 
and it IS descnbed upon the gisen straight line AB Q E F 
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PBOPOSmO>* XLVll TllfcOUt'J 

Then the yqiiftTC ric^cribcd npon the twie a t, * nno mi j 
squotes described upon SA, AC 

0 


n 





On BCdc*ienbD the squnre JIDFC, (I 40) 
nnd on J?y<, w4C tbe^quorc^ Git IIC, 
th'ough A draw A L paralUl to ItH tir LL, (I 31») 

and join A IC 

Thei^ because the angle JtAC n right angle, {h\ ji ) 
nnd ihal the ntigk It A G xtta right nnglt, {I’t f >0 ) 
nc two straight lines AC, AG upon the opposite ridi' of AG, trske 
uth It at the points, tlic ndjneent nnpu« iquil to two right angle*, 
therefore CA in in the same straight Ime with AG 14 ) 

For the same reason, GA and AJi arc in the <atne straight line. 

And because tin angle jE?J?Ci* equal to tlie angle 2 JiA, 
each of them being a tight angle, 

, odd to each of these equals the angle A SC, 

acrefore the whole angle j4i3J) is equal to the ■wholcnngleFJlC {nx 2) 
And because the too sides AS, SS, arc equal to the twos ties FS, 
iC, each to each, and tlie included angle yfj/jy is equal to tlicincluiUd 
ngle FSC, 

therefore the base AD is equal to the bast FC, (14) 
nnd the tnanglc ASD to tlie triangle FSC 
'foir the parallelogram SL » double of the trmngit ASD, (t 41 ) 

^ because they arc upon the same base SD, and bctwtin the tame 
parallels SD, AS, 

also the sqfl^e GS is double of the triangle FSC, 
because these also arc upon tlie some base l it, nnd betwetn tir 
same parallels FS, GC 

ut the doubles of equals are equal to one another, (ax 6 ) 

.iJbre the paroliclognun SL is equal to the square QS. 

Similatlj, b\ joining AE, SK, it can be proved 
that the parollelogram CL is equal to the square 1!C 
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’Therefore the -whole square JiBBC is equal to the two squares GB^ 

lie, (nx 2) -I 

ana the square described upon the straight line SC, 

and the squares GB, JIC, upon AB, A C 
therefore the square upon the side BC, is equal to the squares upon 
the sides AB, A C 

^ Tlierefore, m any nght-angled triangle, ic Q E.D 

piioposmoN xLTin. theorem 


IJ thttqiinrc describ'd twon one of the tides of a tnanfflc, be equal to 
the squares described upon the other ttea tides of tt, the angle contained by 
tlute tieo tides it a right angle 

Let the square described upon BC, one of the sides of the tnangle 
ABC, be equal to tlie squares upon the otlier two sides, AB, AC 
Then* the angle BA C shall be a right angle. 


D 



V From the point A draw AD at right angles to .ilC, (I 11 ) 
make AD equal to AB, and jom DC 
Tlien, because AD i" equal to AB, 
the square on ^27 is equal to Uic square on AB, 
to each of these equals add the square on AC, 
therefore the squares on AD, A Caro equal to the squares on AB,AC 
but the squares on AD, AC tin equal to the square on DC, (I 47 ) 
because the angle DAC is a nglit angle , 
and the square on B (7,by hrpothesis, is equal to the squares on BA, A C 
therefore the square on DCw equal to the square on BC, 
and therefore the side DC is equal to the side BC 
And because the side AD is equal to the side AB, 
tni AC IS common to the two triangles DAC, BAG; 
the two sides DA, AC, arc equal to tlie two BA, AC, each to each 
ntid tlie base DC has been proved to be equal to Uie base BC, 
therefore the angle DAC n equal to the angle BAC, (i 8 ) 
but DA C IS a right angle , 
therefore also BA C is a right angle. 

Therefore, if thOj square described upon, &c Q b i) 




ON Tins DEFINITIONS 

Geometrt is one of the most perfect of the doduetive Sciences, and 
seems to rest on the simplest mductions from experience and observation 

The first pnnciples of Geometry arc therefore m this view consistent 
hypotheses founded on facts oogmxablo by the senses, and it is a subject 
of pninaty importonce to drAW a distinction, botnecn tlio conception of 
things and the thmgs themssl''’GS These hypotheses do not m'volvo anj 
property contrary to frie cssrawt 

be regarded as arbitrary, but m certain respects, agree ti ito me concep* 
tions -which the thmgs themselves suggest to the mmd thro^h the 
.medium of the senses The essential definitions of Goometrj therefore 
bemg inductions from ohserVi*tion and experience, rest ultimately on the 
evidence of the senses 

It IS by expenenco ue become acquainted with the existence of indi- 
vidual forms of magnitudes « but by the mental process of abstraction, 
which begins -with a particnlar instance, and proceeds to tlie general 
idea of all objeets of tne same kind, wo attam to the general conception 
of those forms -which come under the same general idea 

The essential defimtions of Geometry cvprcss gcncralircd conceptions 
of real existences in their most perfect ideal fonns the law s and appear- 
ances of nature, and the operauons of the human mtcllcct bemg sup- 
posed uniform and consistent 

But m cases where the subject falls under the class of simple ideas, 
the terms of the definitions 0O called, arc no more than merely equivalent 
expressions The simple idea described bj a proper term or terms, docs 
not in fact admit of oefinitmn properly so tailed The definitions in 
Euchd’s Elements maybe divided into two^elasscs, those which mcrclj 
explain the meaning of the terms employed, and those, which, besides 
hexplauung the meaiung of the terms , sumi osc the existence of^c th^s 
jdMcnbed in the definitions 

/^JQefinituin^-m Geometry cannot be of such a form as to explain thi? 
nature and properties of the figures defined it is sufficient that thc\ give 
marks wl^reby ^hp^ ^lunf^ defined may be distinguished from every othe r 

S c"smne l^Q it -will nt once be obiuous, "that theactumions of 
netry, one's the pure staenecs, bemg abstractions oT imnce, are not 
like the defimtions in any one of the physical sciences The discovery 
*fof any new physical facts may render necessary some alteration or modi- 
fication m the defimtions of the latter 

Def I Simson has adopted Theon’s definition of a pomt. Euchd's 
ijdefimtionis, enintiov ttmv oS fitpot ovotv} Apointis that, ofwhich there 
IS no part,’’ or which caimot be parted'or diiidcdiVas it is cxplamcd by 
Froclus The Greek term literally means, a visible ugn or mark 

ijpn a surface, m other words, <* phyneal point Tlie English term point, 
peans the sharp end of any thmg, or a mark made bj it The word 
point comes from the Latin pimotam, through the French word point 
Neither of those terms, m its literal sense, appears to give a ve^ exact 
motion of what is to be understood by a pomt m Geometry Euchd’s 
uefimtion of a pomt merely expresses a neguti-\ e propertj , which excludes 
Jhe proper and hteral meaning of the Greek term, as applied to denote a 
Kysictd pomt, or a mark winch is visible to the senses 
\i ' di^oras defined a point to be povac Oio-iv f j^cuo-a, “ a monad having 

Vj” f uniting the positive idea of position, -with the negative 
f defect of raagnitude, the conception of a pomt m Gcometrj may 
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be Tendered perhaps more intelligible A point is deSned to be that 
which has no magnitude, but position only 

Def n Every visible line has both length and breadth, and it is im- 
possible to draw any hne whatever which shall have no breadth The 
defimtion requires me conception of the length only of the hne to be 
considered, abstracted &om, and mdependently of, all idea of its breadth 
Def m This definition renders more mtelligible the exact meanmg 
^the defimtion of a pomt and we may add, that, in the Elements, 
Eiichd supposes tbatthc intersection of two hues is a pomt, and that two 
hues can mtersect each other in one pomt only 

Def rv. The straight hne or' ngnt hne is a term so dear and mtd- 
hgible as to be mcapable of becoming more so by formal defimtion. 
Enchd’s defimtion is LuOtta ypaftiti) t<mv, tint tvov toit iif>' tavrijt 
vitfitloit KitTai, wherem he states it to he evenly, or egvally, or upon an 
equality (f£ toov) between its extremities, and which Produs explains os 
bemg stretched between its extremibes, n tv aKpuv TtTaptvti 

If the hne be conceived to be draivn on a plane surface, the words 
fg Jtroi; may mean, that no part of the hne which is called a straight hne 
deviates either &om one side or the other of the direction which is fixed 


by the extremities of the hne , and thus it may be distmguished firom a 
curved hne, which does not he, mthis sense, evenly between its extreme 
pomts If the hne be conceived to be drawn m space, the words * f ierov, 
must be understood to apply to every direction on every side of the imo 
between its extremities. 

I y Every straight hne situated m a plane, is considered to have two sides , 
uhjl when the direction of a hne is known, the hne is said to be given in 
position , dso, when the length is known or can be found, it is sold to be 
given mmagmtude 

X From the defimtion of a straight hne, it follows, that two points fix a 
suraight Ime m position, which is the foundation of the first and second 
postulates Hence straight hues which areproved tocomcidcintwoormore 
pomts, are called, “one and the same straight line,” Prop, 14, Book i, 
or, 'wjucli IS the same thing, thst straiglit lines connot have a 
®®S™®nt," ns Simson shews in his CoroUary to Prop 11, Booki 
fiefimUon of straight hnes has also been proposed 
Straight hnes are those which, if they comcide m any tw-o pomts, coin- 
cide as far as they are produced " But this is rather a entenon of straight 
hnes, and analogous to the eleventh axiom, which states that, “ all right 
angles are equal to one another,” and suggests that all straight Imcs may 
be made to comcide wholly, ifthe hnes be equal, orparUallj, if thehnes 
be of unequal lengths A defimtion should properly be restricted to the 
description of the thing defined, as it exists, mdependently of any com- 

TinTIflnT) Ar ifa ^ . . a * 


Ptitt tcTTw flTK Iffou TOIT tavnjt tJOilatt KtiTat, “ A plane surface is 
that wlui^ hes evenly or cquaUy with the straight hnes m it instead 
hlT^ich Simson has given the defimtion which was ongmally proposed 
Toy Hero the Elder A plane superficies may be supposed to be situated 

continued m every direction to any extent 
V Hef vm Simson remarks that this defimtion seems to mclude the 
^ curved hnerf, or a curve and a straight hne, as well 

«^at formed by two straight hues ^ weu 

eJU^^ade by straight hnes only, are treated of m Elementary 
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Def nc. It 18 of the highest importance to attain a clear inception 
of an angle, and of the anm and difference of tivo angles The literal 
meaning of the term anffulia suggests the Geometrical concepUon of an 
angle, "which may be regarded as formed by the dii ergence of two strmgnt 
hn^ from a pomt In the doBmUon of an angle, the magmtude of tho 
angle is independent of the lengths of the two lines by which it is 
mcluded , their mutual divergence from the pomt at which poy meet, is 
the ontenon of the magnitude of an angle, as it is pomted out m me 
succeedmg defimtions The pomt at which the two Imes meet is ctujco 
the angular pomt or tho vertex of the angle, and must not be cimfoundcd 
with the magmtude of tho angle itsdf The right angle is n^cd m 
mtude, and, on this account it is made the standard -with which all 
o^er angles are compared 

•,( Two straight Imes which actually mtcrsect one another, or which 
when produced would mtcrsect, are said to bo inchncd to one anothc^ 
and the mchnation of tho two Imes is determined by the angle which 


they make with one another 

DeL X It may bo here observed that m tho Elements, Euclid always 
assumes that when one Ime is perpendicular to another Imc, the latter is 
also perpendicular to tho former, and aluajs calls a nffht angle, 
yavta , but a straight hne, luBiTa ypanpn 

Dcf XIX This has been restored from Froclus, as it seems to have a 
meanmg m tho construction of Prop 14, Book ii , the first case of Prop 
33, Book in, and Prop 13, Book "vi The dcfimtion of the segment of a 
circle 18 not once alluded to m Book i, and is not required before the di^ 
cussion of tho properties of tho circle m Book ni Proclus remarks/dn 
this definition “Hence you may collect Uiat the center has three places 
for it IB either -within the figure, os in tho circle , or m its perimeter, as 
m the semicircle , or without the figure, as m certam conic lines *’ 

Def xxrv-xxtx Triangles are di-vidcd mto three classes, by reference 
to tho relations of their sides , and mto three other classes, by reference 
to their angles A further classification may be made by considcrmg 
both the relation of the sides and angles m each tnanglc. 

Simson’s dcfimtion of the isosceles tnanglc, the word onlg must be 
omitted, ns m the Cor Prop 6, Book i, on isosceles tnnngle may be 
cquUaternl, and an equilateral tnanglc is considered isosceles in Prop Ifi, 
Book TV Objection has been made to the definition of on acute angled 
tnangle It is said that it cannot bo admitted as a definition, that all the 
tbee angles of a tnonglo ore acute, which is supposed m Bcf 20 It 
may be rephed, that tho definitions of the three kinds of angles pomt out 
ana seem to supply a foundation for a similar distmction of tnon^lcs 
Dcf xxx'xxxrv Ike defimtions of quadrilateral figures ore liable to 
objection. of them, except the trapezium, fall under the general 
idea of a parallelogram , but os Euclid defined parallel straight Imes 
after he had defined four-sided figures, no other arrangement could be 
adopted than the one he has followed , and for which there appeared to 
him, "Without doubt, some probable reasons Sir Henry Sa-mo, m hrf 
Seventh Lecture, remarks on some of the definitions of Euclid, “ Nek 
dissimulandum idiquot harum m mambus cxiguum esse usum m Ocor 
metnfi ” A, few verbal emendations have been made m some of them 
■. A square is a four-sided plane figure havum all its sides equal, and 
e angle a right angle because it is proved in Prop 46, Book i, that if a 
-iloTnjp-nTQ have one angle a right angle, nil its angles arc right 
glcs. 
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An oblong, m the Bame manner, may be defined as a plane figure oi 
four sides, havmg only its opposite sides equal, and one of its angles a 
ngbt angle 

A rhomboid is a four-sided plane figure haring only its opposite sides 
equal to one another and its angles not right angles 

Sometimes an irreeula r four-sided figure ffhidi has two sides parolld, 

^ is possible for two r^ht Imes never to meet ivhen pro- 
duced, and not be puidlel 

iDef A The term paralldogram literally imphes a fi^e formed by 
parallel straight hnes, and may consist of lour, six, eight, or any even 
number of sides, ivhere every two of the opposite sides are parallel to one 
another Ih the Elements, however, the term is restricted to four-sided 
figures, and mcludes the four species of figures named in the De^tions 
XXX— xxxin 

The synthetic method is followed by Euclid not only in the demon- 
strations of the propositions, but also m layum down the definitions Ho 
commences with the simplest abstractions, deLning a point, a Ime, an 
angle, a superficies, and their different varieties This mode of proceed- 
mg mvolves the difficulty, almost insurmountable, of defining satisfac- 
tonly the elementary abstractions of Qcometry It has been observed, 
that it IB necessary to consider a solid, that is, a magnitude which has 
length, breadth, and thickness, in order to understana anght ^e defini- 
tions of a point, a Ime, and a superficies A solid or volume considered 
apart from its physical properties, suggests the idea of the surfaces by 
itbeh It IS bounded • a suimce, the idea of the hue or lines which form 
its'boundanes and a fimte Ime, the pomts which form its extremities 
A sohd IS therefore bounded by 8arfac4^ a surface is bounded by hues , 
and a hue is terminated by two pomte g A pomt marks position only a 
Ime has one dimension, length only, and defines distance a superficies 
has two dimensions, length and breadth, and defines extension and a 
sohd has three dimensions, length, breadth, and thickness, and dpflnp p 
some portion of s pace'^ 

It may also be remarked that two pomts are sufficient to determme 
the position of a straight Imc, and three points not m the some straight 
Ime, are necessary to fix the position of a plane. 


OK THE POSTULATES 

VThh definitions assume the possible existence of straight Imes and 
ancles, and the postulates predicate the possibihty of drawmg and of 
produemp straight Imes, and of descnbmg circles THp p ogfailntpa form, 
the prmciplcs of construction assumed m the Elements . Mdare.' mfact f 
p roblems, the possibihty of which is admitted' to be sdf-evidpnt:, 5 

require no wboT ^ , _ .. — ? j 

^ It must, however, be carefully remarked, that the third postulate only 
' Hmits that whm any hue is given m position and magnitude, a circle 
nay bo described from cither extremity of the hue as a center, and with 
a ra^us eq^nal to the length of the hue, as m Euc i, 1 It does not 
admit the description of a cirdc with any other pomt as a center than 
one of the extremities of the given line 

Euc I 2, shews how, from ^y given pomt, to draw a straight line 
equal to another 8trai|ht hue which is given m magratnde and pomtion. 
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ON THE AXIOMS 

\ Axio’^c are ueuallj defined to be self-evident truths, whi ch cannot be 
j rcnitored more eindent W demoiiBtrafiBflT lir other uords, the axioms of 
u^nietry are tiicorems, the truth of •which is admitted jjuthout proof 
^t IS by exp’encnce n c first become acquamted with the different forms 
of geometrical magnitudes, and the axioms, or the fundamental ideas of 
their cquaht} or mequahty appear to rest on the same basis The con- 
ception of the truth of the axioms docs not appear to be more remove;^ 
horn, experience than the conception of the dcfimtions / 

These axioms, or first principles of demonstration, are such theorems 
as cannot be resolved into simpler theorems, and no theoi m ought to be 
admitted as a first pnnoiplc of reasonmg -nhich is capable of being de- 
monstrated All axiom, and (when it is convertible) its converse, should 
both be of such a nathre as that neither of them should require a formal 
demonstration 

The first and most simple idea, derived £rom experience is, that every 
magnitude fills a certam space, and that several magnitudes may succes- 
sivelv fill the same space 

All the knowledge -wo have of magmtude is purely relative, and the 
most simple relations are those of equality and mequmity In the com- 
parison of magmtudes, some are considered as given or known, and Ae 
unlmown are compared with the known, and conclusions are syntheti- 
cally deduced with respect to the equality or mequahty of the magmtudes 
under consideration In this manner we form our idea of ^uahty, 
which IS thus formally stated in the eighth axiom “ Magmtudes whi^ 
coincide with one another, that is, which exactly fill the same snace. ^ 
equal to one another " » “e 

-Every specific defimtion is referred to this umversal prmciple With 
regard to a few more general defimtions which do not furnish mi equahty. 
It wiU be found that some hypothesis is alwajs mode reduemg tiiem to 
that pmciplo, before any theory is built upon them As for example, 
the defimtion of a straight hne is to be referred to the tenth axiom , fte 
defimUon of a right angle to the eleventh axiom , and the defimtion of 
P'^^cl straight lines to the twelfth axiom 

.no f 1 axiom IS called the principle of superposition, or, the 

mental process by which one Gcomctncal magnitude may be eonceived 

f exoctty to comcide with it, m the parts 
which are made the subject of comparBon Thus, if one straieht line be 
eiTn^fh another, so that their extremities are com- 

straight Imos are equal If the direcbonB of two lines 
which mclude one ^gle, coincide with the directions of the two Imea 
another angle, where the points, from which the anclM 
the two angles ore equal the lengths of the Itoes 
not affectmg m aiy w ay the magnitudes of tlie angles %hen one plane 
Pl^ed^upon another, so^that the bZdS 
comcide with the boundaries of the other, then the twe 
fc remarked, that the convers?5 

rninl ° ®'l“a‘» they comcide wnth one another smee two maemmdA 
37 parallelograms or two triangles, i at 

, out their boundaries may not be equal and conscnnontlv 
raperposmo^ the figmes could not exactly comcide all such 

.be mdr^®coSd“rsitt? “ “ra^ement pf their parte; 
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Tins axiom is the criterion of Geomctnc-il equality, and is csscntinll> 
difiVreni from Ac entenon of Aiitlimctical cqualit) Two gcometncnl 
magnitudes arc equal, -wlicn they comcide or may be made to coincide 
in o abstract numbers are equal, when thej contain Ac same aggregate 
of umts, and two concrete numbere arc equal, when they contain the 
eamo number of units of the same kind of magnitude It is at once ob- 
vious, that Arithmetical rcprescntaiioni! of Geometrical magnitudes are 
\jpt admissible in Euclid’s criterion of Geometneal Equality, as he has not 
toed the unit of magnitude of ciAer Ac straight hne, the angle, or Ac 
^pcrfieiea Perhaps Euchd intended that Ao first seven axioms should 
be applicable to numbers es well as to Geometneal magnitudes, and Ais 
is m accordance inA Ac words of Proclua, who calls the axioms, eommon 
noltoiu, not peculiar to the subject of Geometry 

Sea era! of Ac axioms ma\ be gcncrallv cxcmphftcd thus 
Axiom 1 If the straight line A B be equal 
to Ac straight line CD, and if the straight 
line HP be ruso equal to Ao straight line CD , 

Am Ac straight line AB is equal to Ao 
straight hne hF 

Axiom ir If Aclinc AJJbecqualtothclino 
CD , and if the line HF be also equal to the 
line OU then tlic sum of Uic lines A B and LF 
IS equal to tlic sum of Ao lines CD and GlI 

Axiom in If Ac line AB be equal to the 

line CD , and if Ac line /,/^bo also equal to the 

^-^ine GlI, Aon the difference oi AB and EF, r V Q n_ 

IS equal to the ASercnce of CD and GII 

Axiom IV admits of being cxemplifiLd under the two following forms 
1 If Ao line Ail be equal to the line CD , a 
and if Ac Ime EF be ijreatertJian Ac line Gtf, 
then thesum of the lines APand FFu greater F 
than Ac sum of tlic lines CD and GII 
2 If the hne AB be equal to Ac line CD , A 
and if Ac line EF be less than Ac lino GJT, 
then the sum of the lines AB and EFss lest p 
than the sum of the lines CD and GIT ' 

'Axiom V. also odmits of two forms of exemplification 

1 If Ac line A 2? be equal to the line C/i, A B CD, 

and if the lino /.f 6e^«ofcr Mom Ae line Ci/, 

then Ac AfTerence of the lines AB and EF tj E F O n 

pettier than Ac difference of CiJnnd GII 

2 If Ao hne AB bo equal to the line CD , ^ ® ^ 

and if Ac line El be less than Ao Imo GH, 

then Ac difference of the lines A JJ and 7'7’w ? p E 

lest than Ac difference of Ac lines CD and GII 

The axiom, " If uncqaals he taken from equal', the rernamder' are 
unequal,” may bo exomphfied in Ac same manner 

Axiom vr IfAehno A/Jbedouhlcofthc A B 

line CD , and if Ae Imc El be also double of CD 

Ac Ime CD, E F 

Acn the Ime AB is equal to tho hne FF ' 

Axiom VII If Ao lino A B be the half of A B 
Ac hne CD, and if the Imo EPhe alco Ac 0 D 

half of tlie hne CD , F F 

tlici) the line A B is equal to Ac line EF ““ 
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It m&y lie oLserved that -nrhen equal magnitudes are token from an< 
equal magmtudes, the greater reme^der exceeds the less remamder by 
as much as the greater of the unequal ma^tudes exceeds the less 
If unequals he taken from unequals, the remomders ore not alirays 
unequal , they may be equal also if unequals be added to unequals the 
urholes arc not oluaya unequal, they may also be equal 

Axiom IX The whole is mcater than its part, and conversely, the 
part IS less than the whole This axiom appears to assert the contra^ 
of the eighth axiom, namely, that two magmtudes, of uhich onefu 
greater than the other, cannot be mode to comcide with one another ' 
Axiom X The property of straight lines expressed by tenth 
axiom, namely, ** that two straight Imes cannot enclose a space,” is ob' 
viously unphed m the defimbon of straight Imes , for if they enclosed a 
space, they could not comcide between bieir extreme points, when the 
two lines are equal 

Axiom XI This axiom has been asserted to be a demonstrable theo- 
rem. As an angle is a species of magmtude, this axiom is only a parb- 
cular appheabon of the eighth axiom to right angles 
Axiom XU See the notes on Prop xxix Booki 


^ ON THE PROPOSITIONS 

■Whekevur a judgment is formally expressed, there must ha some- 
thmg respeebng wluch the judgment is expressed, and somethmg else 
which consbtutes the judgment The former is called the siil^ect of the 
proposibon, and the latter, thepreAcafe, which may be anything which V 
can be affirmed or demed respeebng tho sulgeel ^ 

The proposibons m Eudid's Elements of Geometry may be divid^ 


metn^ prMerty is to bo demomtrated Every proposibon is natxi 
'tally divided mto two parts , a problem confeists of the data, or thirds)/ 
and the or thinffs required a theorem, consists of thrf 

or hypot^u, and the tonelutton, or predicate Hence the distmcbow 

a problem consists of thb 
jaia^es solubon and a theorem consists of 
the h^othesis and the predicate, and requires demonsbabon 

^at IS, they either assert 
Em ? ^ *1?® existence of some property, as 

^ ^ery proposibon wiuch is affinnabvely stated ha^con- 

tmirersoSy affirmative, or toii- 
OX partindarly negative 

of reasoning by which any Geometacal tmth is 
a d^onstrabon® it is called^a ArL dT^rSon 
Wiien the predicate of the proposition is inferred dircctlT from ayo #- 

rax*"' ^ 
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These oro enumerated by him weifjhtin number “1. To deft ic noi’nn, 
“l^ch cannot be expres'-ed n'l tlcarcr terms tlian those ^n Mhicb it i 
nlrcady expressed 2 To Ica-ve no obscure or equivocal terms undefined 
3 To emp’oy in the definition no terms not alrcadv known 4 Ti 
omit nothing in the principles firom whicn v e argue, unlc-s ue arc sur 
It IS granted 5 To lav down no axiom which is not pcrfectlr evident 

6 To demonstrate no hing which is as clear alrcadv as we can make it 

7 To p-aivo cverv thing in the least doubtful bs means of sclf-cndcn 
axioms, or of propositions already cemonstrated 8 To substitub 
mcntalh the dciiniuon instead of the thing defined " Of these mice, hi 
S'* vs, ‘'the Erst, fourth and sixth arc not 'ib*olutclT necessary to avoii 
error, but the other fix e arc indispensable , and thougn thej may be foum 
m books of logic, none but the Geometers have paid any regard to the m ’ 

The course pursued in the demoustmions of the propositions n 
Euciid s Elements of Geometry, is always to refe- directly to some cx 
pressed principle to leave no nmg to be inferred from vrgue expressions 
and to male every step of the demonstrations the object of the under 
Etandmg 

It bos been m'untamcd bj some pb3osophcrs, that a genuine dcfini 
tion contains some propertv or properties which cn form a ba«is fo 
demonstration, and that llic science of Geometry is deduced from tin 
dcSn-tions, and that on tlitm 'done the dcmons*nitions dfpend Otner 
have nuni'tamed that a definition explains onlj the meaning of a teru 
and does no, embrace the nature and p-opcrties of tlie tluni defined 

If the proposiuons usnallr called po>.ualatcs and axioms art cithe 
tacitly assumed or exprcsslv stated in tne definitions , in this viti , de 
monstrations m"y be said to be legitimatch founded on definitions I* 
on tho o’hcr hand, a dcfinirim is simplv an explanation of the mearm 
of a term, whoJier abstxatt or concre‘e, by such marks as mav pre-ent 
misconception of tlie thing defined, it will be at once obxaous that pom 
conslnictivc and theoretic principles must be assumed, bciults the denn, 
tions to form the ground ol ksitimate demonstration llie'c principle 
we conceive to bo tlie postulaias and axioms The postulates decenb 
constructions w’ ich mrj be admitted as possible bv direct appeal to ot 
cxpcnCTce, nrd the axioms arsert gcnoral theoretic truths eo aimpl 
and self evident as to require no proof, bat to Vi admitted as the ass imc 
first principles of dcmoiistr men Under thw view all Gcometnc' 
rc’Sonings proceed upon the admi^cion of tho hvpotlicses assumed i 
the definitions, and the unquestioned possibility of the postulates, an 
the truth of Jic ax oms 


Dcductix ercasoning is generally delivered in the form of an cnthvmem 
or an amuraent wherein one cniuici lUon is not cxpresscfl, but isVe idiJ 
eupphed bv the reader and it max bo oV erred , that although this is U 
nrdinar} mode of speal mg and WTiUng, it, is not m the stncuy syllo >is,t 
lorm, as either the imyar or tho minor prcmiBS only is formally state 
bexore tbs conclus on ThupinEiic t 1 

Eecat^e tlie pomt ^ is the center of the cuclc fiCn , 
^^ihcrefore tho stnuj.ht lino /(H is equal to the straiehtlmc .dC 
ITic premia here omuted, is all Ftraight Imcs drawn from the cpnb 
Ol a c rcle to the circumCr'reucc arc equal 

supplied the reserved premiss in every enth 
eme one inclusion oftwoenthymemosmax form tlie major and ram 
4x5^ svUogism and so on, end thus any process of rcasonii 
IS rcducej to the ‘.‘netlx sjUog.FUo form And in tliis way it is shui 


T» 
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that the general theorems of Geometry are demonstrated bv moans of 
syllogisms founded on the asioms and definitions 

Every syllogism consists of three propositions, of which, two are called 
the prenusses, and the tiiiird, the conclusion These propositions contain 
three terms, ^e subject and predicate of the conclusion, and the imdole 
term nhich connects the predicate ard the conclusion together The 
mbject of the conclusion is called the minor, and the predicate of the con- 
:lusion is called iJie mejor term, of the syllogism The major term appears 
■n one premiss, and the minor term in the other, mtli the middle term, 
nhich IB m both premisses That premiss nhich contains the middle 
^rm and the major term, is called the major premtas , and that which 
ontains the mid^c term and the minor term, is called the minor pi emus 
jf the syllomsm As an evamplo, wo mav take the sj Uogism m the demon- 
itration of Prop l,!Book 1, n heroin it will be seen that the middle term is 
he subject of the major premiss and the predicate of the mmor 
Majorpromiss becausethestraightline^JliaeqnnltolhcBtraighthne AC, 
Mmor premiss and, because the straight lino BC is equal to the straight 
me , 


onclusion • therefore the straight Ime EC is equal to the straight \tsizAQ 
Here, BC is the subject, and AC the predicate of the conclusion 

BC IS the subject, and AB the predicate of the mmor premiss, 
AB IS the subject, and AC the predicate of the major premiss 
Also, AC IB the major term, EC the mmor term, andAE the middle term 
f the syllogism 

In this syllogism, it may be remarked that the defimuon of a straight 
nc IS assumed, and the dcfimtion of the Geometrical equahty of tu u 
traight hues , also that a general theoretic truth, or axiom, foTns the 
round of the conclusion And further, though it be impossible to mnl e 
ny point, mark or sign (inifitiov) which has not both length and brcadtli, 
^ ^^hicli Jios not both length and breadth « tho dcxnonBtmtions 

' V account become mv ahd For they arc pursued 

n the hypothesis that the pomt has no parts, but position only and the 
me has length only, but no breadth or thickness also that the surface 
M I^gth and breadth only, but no thickness and all the conclusions 
>• ® awre are mdependent of every other consideration 

The truth of the conclusion in the syllogism depends upon the truta 
t the premisses If the premisses, or only one of them bo not true, the 
onclusion is false The conclusion is said to follow fi am the premisscB 
i hereM, m truth, it is contained tn the premisses ihe expression must 
le imderstood of the mmd apprehendmg m succession, the truth of 
he presMScs, and subsequent to that, the truth of the conclusion, 

0 that tlie conclusion / oEotm / loni tno premisses in order of time 

rgume^t mmd's apprehension of tho wholo 

complete, may be divided into six parm. as 
rociDB has pointed out m his commentary 

pnjpwtiwi, OTaeneralent/nciaiiw, which states in gereral terms 
ne cwoitions of the problem or theoren^ 

t eapostlion, 01 particnlarenwieihtion, which exhibits tbasufoecl 

.t •» 

1 nomS contains the prcitcofe m particular terma as .fc 

uom^ out in ^e Vagram, and directs attention to the demonro .t on, 

1 ^uncuic the thintr aoiuj-ntA * 
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/ 4 construction applies the postulates to prepare the diagram for 
the demonstration y 

f 6 <|2’Ae rf«nCTwfrofio« is the connexion of syllogisms, uhiGhj-roTC the 
truth or falsehood of the tlicorcm, the possibilit} or impossibility of the 
problem, in that particular case exhibited in tlic diagram^ 

' 6 CTfie emeJuston is merely the repetition of the general enunciation^ 
wherein the predicate is ne*<ertcd as n demonstrated trutlO 

Prop I. In tlic hist two Books, the circle is employed as a mc> 
chanical mstnimcnt, m the same manner os the straight line, and tlic use 
made of it rests cntiicU on the third postulate properties of tlio 
circle are diccusscd in those hooks beyond tlic definition and tho third 
postulate TMicii tivo circles arc dc«cnbetl, one of uhicli has its center in 
the circumference of tho other, the two circles being each of them partly 
withm and parth "without the other, their eircuniftrcnccs must intersect 
each other m two points , and it is obvious Bom the two circles cutting 
each other, in two points one on each side of the given line, tliat two 
cqtulatcT'il trianglps may bo formed on the given line 

Prop H 'When the given jioint is neither m the line, nor in the line 
produced, this problem admits of eight different lints btmg drawn from 
the given point in different diteclions, tv try one of which is a solution 
of the problem. For, 1 The given Imc Las two extremities, to each ol 
which a lino may be drawn from the given point. 2 The cqnilaloral 
triangle may be described on ciUicr siae of this hne 3 And the side 
IJD of the equilateral triangle ABD may be produced cither wav. 

But wlitn the given point lies cither in the line or in tlie line pro 
duced, the distinction which arises from joining the two ends of the line 
with the given pomt, no longer exists, and there arc only four cases ol 
the problem 

Iho construction of this problem nEsumes a neater form, bv first de- 
ecnbing tlic circle CGJJwitli center B and rvdius BC, and producing UH 
the side of the equilateral triangle DBA to meet tlic circumference in G 
next, witli center D and radius DG, dcscnbmg tho circle GKL, andtiicn 
producing DA to meet the circumference m L 

By a similar construction tho less of tw'o giv cn straight lines mav be 
produced, so that the less together with the part produced mav bo coua] 
to the greater ^ .r i 

Prop nr This problem admits of two solution-s, and it is left undo 
tcrmincd from which end of the greater hne Uic part is to bo cut off 
Bv means of this problem, a straight line may be found equal to the 
sum or the difference of two given bnes 

Prop w TTua forms tho first case of equal triangles, tw o other case' 
Me proved in Prop vin and Prop xxvi 

Tho term base is obviously taken from tho idea of a building, and the 
same may be said of tho term altitude Jh Geometrv, however, these 
terms are not restricted to one parlunlnr position of a figure, os in the 
case of a buil^g, but may be in any position whatever 

Prop V Proclus lias giv en, in his commentarv, a proof for the 
quality of the angles at the base, without producing the equal sides 
The construction &llovvs the same order, taking m AB one side ol 
Jo isosceles tmngle /JiJG, a point D and cuttmg off from AG a pan 
Apto^iB. to AD, and then joining CD and JBC ^ 

ajwpSi^ “ “ demonstration ol 

^rop VI is the converse of one part of Prop v)(bne propositiot 
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18 defined to be the converse of another irhen the hypothcBUj of the 
former becomes the predicate of the latter , and Tice versa J 

There is besides this^ another kind of conversion, vrhen a theorem 
has several hypotheses and one predicate , by assuming the predicate 
and one, or more than one of the hypotheses, some one of the hypothcsei 
may be inferred os the predicate of the converse In this manner. 
Prop Till is the converse of Prop rv It may here be observed, 
that converse theorems are not universally true as for instance, the 
folloxnng direct proposition is universally true, “If two triangles have 
their three sides respectively equal, the three angles of each shall be 
respectivdy equal ” But the converse is not universillj true , namely, 
“If two triangles have the three angles in each respectively equal, 
the three sides are respectively equal” Converse theorems reqmro, 
in some instances, the consideration of other conditions than those 
which enter into the proof of the direct theorem Converse and contrary 
propositions are bj no means to be confounded , the contrary proposition 
demes what is assorted, or asserts what is denied, in the dtiecl pro 
position, but the subject and predicate in each ore the some A contrary 
proposition is a completely contradictory proposition, and the distmction 
consists in this — that <ico contrary propositions mav both be false, but 
of tico contradictory propositions, one of them must be true, and the 
other false It may here be remarked, that one of the most common 
bitellectual mistakes of learners, is to imagmc that the denial of a 
proposition is a legitimate ground for affirmirg the contrary as true 
whereas the rules of sound reasoning allow that the affirmation of a 
proposition as true, only afibrds a ground for the denial of the contrary 
as false 

Prop vi IS the first instance of mdirect demonstrations, and they 
are more suited for the proof of converse propositions All those pro- 
positions which are demonstrated ex absurdo, are properly analytical 
demonstrations, accordmg to the Greek notion of analysis, which firsi 
supposed the thmg required, to be done, or to be true, and then shew ed 
the consistency or mconsistency of this construction or hypothesis 
with truths admitted or already demonstrated. 

Bi mdirect demonstrations, where hypotheses are made which are 
not true Qnd contrary to the truth stated m the proposition, it seems 
desirable that a form of expression should be employed difibrcnt from 
that m which the hypotheses are true In all cases therefore, whethei 
noted by Euchd or not, the words if possible have been mtroduced, 
or some such qualifying expression, as m Euc i 6, so as not to leave 
upon the mind of the learner, the impression that tlie hypothesis 
which contiadicts the proposition, is really true 

Prm viu When the three sides of one triangle are shown to 
romcide wiui the three sides of any other, the equality of the triangles 
w at once obvious This, however, is not stated at the conclusion oi 
Jrrop vui or of Prop xxn For the equality of the areas of two 
^coincident triangles, reference is always made by Ewfiid to rv 
A dir^t demonstration may be given of this propositionjiud Prop 
vn may be dispensed with altogether 

Eet the toangles ABC, DLF be so placed that the base BC may 
''rid the vertices A, I) may be on opposltt 
•“■F Jom AD Then because EAD is an isosceles triangle, 
le BAD IS equal to the angle EDA , and because CD 4 is on 
triangle, the angle CAD is equal to the angle CDA Hence 
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Hho aa^lf^AF is cqtml to the angle EOF, (ox 2 or 3) or the angli 

I fiOC IS equal to the angle £0^ . t.* i r.TnM«»n 

* Prop « If SA^ AC 'bam the same straight line prohlen 

then Hornes the same as Prob xt, which ma-v ^jj^tgardeS as drananj 


^ Br means of this problem, any angle^ may be divided into four 
\eight, sixteen, &c equal angles - 

^ Prop X A finite straight line mar# by this problem, be dividct 
into four, eight, sixteen 3.c equal parts r i - v. 

Prop XI VThai the pomt is at the extrcmi^ of the ^ 

the second postulate the line maybe produced, and then the constructioi 

applies See note on Euc iii 31 . v v , 

The distance betneen two points is the straight line which joini 
the points , hut the distance heti, een a point and a straight line, n 
</it shortest Ittie which can be drawn from, the point to the line 

From this Prop it foUoirs tl at only one perpendicular can be drawi 
from a given point to a g ven line , and this perpendicular may bt 
shewn to bo less than any other line which can be drawn from thi 
given point to the given line and of the rest, the lino which is nearir 
to the perpendicular is less than one more remote from it also onb 
tivo equal straight lines can be draini from the same point to the line 
one on each side of the perpendicular or the least This property 
is analogous to Euc m 7, 8 I 

The coroUarr to this proposition is not in the Greek text, bu 
was added bv &imson, avho states that it “is necessary to Prop 1 
Book XI , andf otbennse ” 

Prop XII Hie third postulate requires that the line CD shouK 
be draivn before the circle can be described with tlie center C, anc 
radius CD — 

^Prop xrv IS the converse of Prop xiii^ “ Upon the opposite sidei 
mil ” If these words were onutted, it is possible for two lines to maki 
with a third, two angles, which tOTOther are equal to tw o right angles, ir 
such a manner that Sic two lines ^all not he in the same straight line 
The Imc DC may he supposed to fall above, ns in Euchd’s figure 
or below the line BD, and the demonstration is the same in form 

Prop TV IS the development of the definition of an angle. If the lines 
at the angular pomt he produced, the produced Imes haio tlie same inch- 
nation to one another as the onginal lines, but m a dificrcnt position. 

The converse of this Proposition is not proved hy Euclid, namcl} — 
If the vertical angles made by four straigbl lines at the same point 
be respectively equal to each otlier, each pair of opposite Imcs shall 
be m the same strmght Imc 

Prop xvn appears to be only a corollary to the prccodmg pro- 
position, and It seems to be introduccdj^to cxplmn Axiom tii, of which 
> Ills tiie comers^ The exact truth respecting the angles of a tnangle 
? IS proved in Prop xxxn 

Prop xvin It may here be remarked, for the purpose of giiardmg 
the student against a very common mistake, that in this proposition 
and m the converse of it, the hypothesis is stated before the predicate 
Prop (jox IS the converse of Prop xvm It maj be remarked, 
that Prop ^XTx bears the same relation to Prop x-u' , as Prop vj 
do s to Prop v^ 
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Prop xi The follo-wing corollary anses from tins proposibon — 
A Rtrairrht line is the shortest distance betwpeii two po ints Foi 
the 'straight line iitJ Js* always less than £A and AC, however near 
the point 1 may bo to the line BC , - 

It may be easily shewn from this proposition, that the difference 
of any tn o sides of a tnangle is less than the third side 

Prop XXII "When the snm of two of the linos is equal to, and 
when it 18 less than, the third line, let the diagrams be described, 
and thev will exhibit the impossibibty impbcd by the rcstncUon laid 
doim in the Proposition 

Tlie same remark may be made nere, as was made under the first 
Proposition, namely — if one circle bes pnrtlj witlun and partly without 
another circle, the circumferences of the circles intersect each other 
m two pomts 

Prop xxni CD might be taken equal to CE, and the construction 
■effected by means of an isosceles triangle It would, howewer, be less 
general than Euebd’s, but is more convenient in practice 

Prop xxiv Simson makes the angle EDG at D in the lino ED, 
the side which is not the greater of tho two ED, DF, otherwise, three 
different cases would arise, as may be seen b\ forming the different 
I figures Tho pomt G might fall below or upon the base EF produced 
as well ns above lU 7Prop xxii and Projp xxv bear to each other 
,the same relation as ^rop iv and Prop vnii_ 

Prop XXVI This forms tho third case of the equably of two tn 
^angles Every tnangle has three sides and three angles, and when 
any three of one tnangle are given equal to an^ three of another, the 
jtnangles may be proved to be equal to one another, whenever the 
I three magnitudes given in tho hypothesis arc mdependent of one another 
Prop rv contams the first case, when the hypothesis consists of two 
jsidcs and the mcluded angle of each tnangle Prop vm contams 
, the second, when the hypothesis consists of the three sides of each 
tnangle Prop xxvi contains the third, when the hy-pothcsis consists 
,,of two angles, and one side either adjacent to the equal angles, or 
opposite to one of the equal angles in each tnangle There is another 
case, not proved by Euclid, when tho hypothesis consists of two sides 
jond one angle in each tnangle, but these not the angles included bv 
jthe two gnen sides in each triangle This case however is only true 
^ under a certam rcstnction, thus 

i( triangles hate iieo sides of one of them equal to tico sides of the 

pother, each to each, and have also the angles opposite to one of the equal sides 
g m each tnangle, equal to one another, and tf the angles opposite to the other 
g equal sides be both acute, or both obtuse angles, then shall the third sides 
j,6« equal tn each triangle, as also the remaining angles of the one to the 
remaining angles of the other 

»j Let ABC, DEFha two triangles which have the sides AB, AC equal 
to the two sides DE, DF, each to each, and the angle ABC equal to the 
angle DEC then, if the angles ACB, DBF, be both acute, or both obtuse 
a^les, the third side BC shall be equal to tho thwd side EF, and also 
£ the angle BCA to the angle LFD, and the angle BAC to tho angle EDF 
^^t Let the angles ACB, DFE opposite to tho equal sides AB, 
he bath acute angles 

^^BCbe not equal to EF, let BC be the greater, and from BC, cut off 
^ual to EF, and jom AG 

len m the tnanglcs ABG, DEF, Euc i i AG is equal to DP, 
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and the an«;le AOB to DFE But mnce AC^ equal to is equrf 

to AC and therefore the angle ACG is equd to the angle AGC, wlu(J 
ts also an acute angle But because AGC, AGB are 
to two right angles, and that AGC is an acute angle, >1GB must be 
In rtol ;hich IS absurd m^fore, liC is not ^eqna 

to £/,'‘that isl BC is equal to EC, and also the remauiing angles oJ 
one triangle to the remaining angles of the oAcr , 

1 Seeondly Let the angles ACB, EFE, be hoiii ^Uae angles By 
Ipiocecdmg^in a suiular way, it may bo shewn that DC cannot be 

otherwise than equal lo EF j is , or 

11 ACB, DFE hath right angles the case falls under hue i 20 

Prop xzvu illtemate angles ore defined to he the two angler 
which Wo straight lines mal,.e with another at its extremities, but upon 

opposite sides of It ^ 

When a straight line intersects two other straight Imes, two pairs oi 
alternate angles are formed by the lines at their intersections, m tn tm 
figure, BEF, EEC are alternate angles as well as the angles AEF, EEB 
Prop xxvilt One angle is called “ tlie exterior angle, and anotlvei 
** the interior and opposite angle,*' "when they arc formed on. the §aint 
side of a straight line which tails upon or intersects two other straighi 
Imes It 18 also obMons that on each side of the line, there will be twe 
exterior and two mtenor and opposite angles The extenor angle EGi 
has the angle GED for its corresponding mtenor and opposite angle 
also the exterior angle FED has the angle EGB for its mtenor one 
opposite angle 

' Prop XXIX IS the converse of Prop xxvii and Prop xxviii 

As the defimtion of parallel straight hnes simply desenbes then 
by a statement of the negative property, that they never meet , it n 
necessary that some positive property of parallel luies should be assumec 
as an axiom, on which reasomngs on such Imes may be founded 

Euclid has assumed the statement m the twelfth axiom, which has 
been objected to, as not being self-evident A. stronger ohjectior 
appears to be, that the converse of it forms Enc r 17 , for both th« 
assumed axiom and its converse, should be so obvious os not to requite 
formal demonstration 


Sunson has attempted to overcome the objection, not by any improvec 
definition and axiom respecting parallel lines , but, by consideimg Euclid'i 
tivelfth axiom to be a theorem, and for its proof, assuming tw o oefinitiofli 
and one axiom, and then demonstrating five subsidiary Propositions 
Instead of Euclid’s twelfth axiom, the following has been proposec 
as a more simple property for tbe foundation of reasonings on paralle 
hnes, namely, “If a straight Imc fall on tsvo parallel straight Imes 
the alternate angles are equal to one another ” In whatever this maj 
exceed Euchd’s definition in sunphcity, it is liable to a similar objection 
bemg the comerse of Enc i 27 

Professor Playfair has adopted m his Elements of Geometry, thai 
'f “ Two straight lines which mtersect one another cannot he both paralle 
to the same straight hnc ’’ This apparently more simple axiom follow' 
as a direct inference from Enc i SO 


But one of the least objcctionahle of all the definitions which have 
been proposed on this subject, appears to he that which simply expressei 
the oon''eption of equidistance It may be formally stated thus 
“Parallel Imes arc such .is he m the same plane, and which neithei 
recede firom, nor approach to, each other" This moludes the con 
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ccption slated by Euclid, that parallel lines never meet Dr Walbs 
observes on this subject, Parallelismus et leqmdistantia vcl idem sunt, 

V cl certe se mutuo comitantur ’’ 

As an additional reason for this definition bemg preferred, i( may 
be remarked that the meomng of the terms ypa/ifial 'irapaWtiXoi, suggests 
the exact idea of such Imes 

An account of thirty methods vrhicli have been proposed at different 
times for avoidmg the difficulty m the twelfth axiom, will be ^ 
found in the appendix to Colonel Thompson’s “ Geometry without 
Axioms ” 

Prop XXX In the diagram, the two Imes AB and CD are placed 
one on each side of the Ime EF the proposition may also be proved 
when both AB and CD are on the same side of EF 

Prop xxxii From this proposition, it is obvious that if one angle 
ofatnanglebe equal to the sum of the other two angles, that angle 
IS a right angle, as i6 shewn m Euc m 31, and that each of the angles 
of an equilateral triangle, is equal to two thirds of a right angle. As 
It 18 shewn in Euc iv 15 Also, if one angle of an isosceles trnngle 
be a right angle, then each of the equal angles is half a right angle, as 
mEuc n 9 


The three angles of a triangle may be shewn to be equal to two 
right angles without produemg a side of the triangle, by drawing through 
any angle of the tnangle a Ime parallel to the opposite side, ns Proclus 
has remerked m his Commentary on this proposition. It is manifest 
from this proposition, that the tlurd angle of a triangle is not mde* 
pendent of the sum of the other two , but is known if the sum of any f 
two 18 known Cor 1 may be also proved by draw mg lines from any 
one of the angles of the figure to the other angles If any of tlm 
sides of the figure bend mwards and form what are called re-entering 
angles, the cnunciatiin of these two corollaries wall require some 

“ a - .B M * 


modification As xiuclid no definition of re entering angles, it 

concluded, he did not mtend to enter into the proofs 

Ct.^ 'i T- .1 « « ^ 


may fairly bo 

of the properties of figures which contam such anglc-s 

Prop xxira The words “towards the same parts ’ arc a necessary 
restriction for if they ■were omitted, it would be doubtful ■whether 
me cvtre^tics A, C, and B, D were to bejomed by the hncs AC and 
ED, or the extremities A, D, and B, C, by the hnes AD and BC 

Frop xxxiv If the other diameter be drawn, it may be shewn 
that the diameters of a parallelogram bisect each other, as well ns bisect 
the mea of the parallelogram If the parallelogram be right angled, 
me diagonals are equal , if the parallelogram be a square or a rhombus, 
Uie diagonak bisect each other at right angles The converse of this 
rtop , namely, 'If the opposite sides or opposite angles of a quadrilateral 
ngurt be e^al, the opposite sides shall also be parallel, that is, the 
hgure shall be a parallelogram,” is not proved by Euchd 

Prop XX3W The latter part of the demonstration is not expressed 
very intelligibly Simson, who altered the demonstration, seems m fact 
to consider two trnpeaums of the same form and magmtude, and from 
tnmslo ABB, and from tlie other, the tn- 
angle DCF, and then the remainders are equal by the third axiom 
Uiat IS, the pa^Ielopam ABCD is equal to the parallelogram JIBCF 
r»nhenvi8e, the triangle, whose base is DE, (fig 2 ) is takeS twace from 
trapcziim, which would appear tO be impossible, if the sense in 
Luohd appl es the third axiom, is to be retained here 
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I. sisr ba observed, that the two parallelograns exhibited in fig 
parcallv he on one another, and that the triangle nho^e base is £C is 
common part of &cm, out that the triansle whose base is Z>E is entirel 
wiihont both the parallelograms After having proved the tnanglc ^ £ 
equal to tne triangle 1>CF, if we take from these equals fBg 2 ) th 
triangle whose base is DE, and to each of the remainders add th 
trmngle who'e base is £C, then the parallelogram A BCD u equal t 
t the parallelogram EDCF-, In fig 3, the equality of the parallelograir 
' ABC D, EBCF, is shewn by ao^g tiie figure EDCD to each of th 
triangles ABE, DCF 

It this proposition, the word efual assumes a new meaning, and is n 
lon^ restricted to mean conwrdcnce m all the parts of two &^cs 

Prop soorvni In this proposit-on, it is to be understood that th 
bases of the two triangles arc m the same straight line If in th 
d-agram the po it E coinade with C, and D with A, then the ang 
of one tmagle u supplemental to ie other. Hence the foUowio 
property — If two triangles have two sides of the one respectively cqo, 
to two sides of the other, and the contained angles supplemental, li 
two triangles arc equal 

A distnction ought to he made between tqusl triangles and equitale 
I, ttiancles, the former including those whose sides and angles mntual] 

1 comcide, the latter thc^c whose areas only are equivalent. 

Prop xzxiz If the vertices of all the equal triangles which can I 
described upon the same base, or upon the equal bases as m Prop 4> 
be jomed, the Ime thus formed will be a straight Lne, and is caU^ th 
locus of the verficcs of equal triangles upon the same base, or upo 
equal bases 

A locus in plane Gcometiy is a sfraight hue or a plane curve, evo 
pomt of which and none else S3t,sfies a certain condition With tl 
CKcpfion of the straight Ime and the circle, the two most simple loo 
all other lom.^hapsincludmg also the Conic Sections, may be moi 
readily and cfiectually investiga»ed algebraically by means of the 
rectangular o” polar cquafions 

Prop sw The converse of this proposition is not proved bv Euclid 
VIZ if a parallclogiam is double of atnangle, and they have the same basi 
or equ^ faMts upon the same straight Ime, and towards the same part 
they shall he between the same parallels Also, it may easn** bo shew 
thatif two cqual^trana’es are between the same parallels , they are eitht 

Upon uX6 S3S10 DSSCy unnn ^ 

Prop xijv A ps_ . 
be applied to that Ime 

pri'blem b solved only fa- a rectilineal figure of for 

1 ^ draTOig Ettaigat lines from any angle of tl 

figure to the opposite a^Its, and then a parallelogrun emmltothetlm 
tn angle cm be appL^ to A3f, and having an angle eonal to A an 
w on for all the ^Ics of which the rectilineal ^iml ^osld 

Prop xLvi The square bsmg considered as an equilateral rectancl 

^ expressed nnmencally if the number ofS 

analogy v hich exists betwee 
ofUo etualmtnben, antt bS^ 
t?etide efa t^aare and the tpiara ml of a nvmber There h^cre 


’ upon equal bases 
A parallelogram described on a straight Ime is said t 
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' 113 distinction to be observed • it is alvrajs possible to find tlie produn 
f two equal numbers, (or to find the sptare of a number, as it la usualh 
ailed,) and to describe a square on a given line , but comcrselv, though 
le side of a given square is hnoivn from the figure itself, the csact 
umber of units m the side of a square of gi'^cn area, can only be found 
sactlv, in such cases where the given number is a square number Poi 
cample, if the area of a square coiitam 9 square units, then the spinro 
lot of 9 or 3, indicates the number of lineal units in the side of that 
luare Agom, if the area of a square contain 13 square units, the side 
'tiho square is greater than 3, but less than 4 lineal units, and there {« 
3 number which ■mil cvactlj express the side of that square an approxi- 
ation to the true length, however, maj be obtained to any assigned 
egree of accuracs 

Prop vivn In-a-n ght-anglcd triangle, the side opp osite tojtbe^ht 
igle IS colled tHe hypotSfiUSt, ahti the otlicr ti?cr5I3c57^1io base and 
brjpenuiciuor, according to Uieir position 
In the diagram the three squares are described on the ouler sides of 
ic triangle jlfiC The Proposition maj also be demonstrated (1) when 
le three squares are described upon the mner sides of llie triangle (2) 
hen one square IS described on the outer side andihe other two squares 
ti the inner sides of the triangle (3) when one square is described on the 
ner side and tlie other tu o squares on the outer sides of the triangle 
) As one instance of the third cose If the square J}£, ou the hvpotc- 
ise be described on the inner side of J3C and the squares JJCf, BC on 
1 C outer sides of ^13, AC, the point D falls on the side FG (Puclida 
1 ; ) of the square JBG, and A7/ produced moots CL m £ Let LA meet 
;C m JIf Join DA , then the square GD and the oblong L£ ore each 
I mble of the triangle DAU, pluc i 41 ), andsimilarh b\ joining L/1, 
w e square JIC and oblong LC are each double of the triangle EAC 
1 hence it follows that the squares on tlie sides AB, AC ore together 
ii ual to the square on the hypotenuse BC 

I By this proposition may be tound a square equal to the sum of any given 

II uarcs, or equal to anv multiple of a given square or equal to the 
1 iFcrcncc of tw o gn en squares 

The truth of this proposition may be exhibited to the eve in some 
1 rliculai instances As in the case of that right-angled triangle whose 
tree sides are 3, 4, and 5 units respectively If tliroiigh the points of 
I vision of two contiguous sides ofench of the squares upon the sides, lines 
i drawn parallel to the sides (see the notes on Book ii ), it wall be ob- 
h 3us, that the squares will be divided into 9, 10 and 25 small squares, 
a ch of the same magnitude , and that the number of the small squares 
3 to winch the squares on the perpendicular and base are divided is equal 
r the number mto which the square on the hypo “nuse is divided 
^ Prop VLvin IS the converse of Prop xlvui 1 this Prop is assumed 
I c Corollary that “ the squares described upon two equal linos are 
and the converse, which propcrlj ought to have been appended 
1 Prop XLvi 

’ Book of Euclid’s Elements, it has been seen, is conversant 

t th the construction and properties of rectilineal figures It first lavs 
ir wn the definitions winch limit the subjects of discussion m the Eirst 
lok, next the tlurce postulates, winch restrict the instruments by which 
^constructions in Plane Geometry aroefiTccted , and thirdly, the tw elve 
■vmich express tlie prmcinles by which a comparison is mode 
the ideas of the things defined 
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This Book may be divided mto three parts The first part treats o 
the origin and properties of triangles, bodi mth respect to their sides and 
angles , and the comparison of these mutually, both mth regard to equality 
and mequality The second part treats of the properties of parallel hues 
and of parallelograms The third part exhibits the connection of the 
properties of tnongles and parallelograms, and the equality of the squares 
Fpn the base and perpendicular of a right-angled triangle to the square 
(on the hypotenuse 

When the propositions of the Pirst Book have been read mth the 
notes, the student is recommended to use different letters in the diagrams, 
and where it is possible, diagrams of a form somewhat different &om those 
exhibited m the text, for die purpose of testme the accuracy of his know- 
ledge of the demonstrations And further, -wdien he has become suffici- 
ently famihar with the method of geometrical reasonmg, he may dis- 
pense with the Old of letters altogether, and acquire the power of express- 
mg m general terms the process of reasonmg m the demonstration of any 
proposition Also, he is advised :to answer the foUowung questions 
before he attempts to apply the prmciples of the First Book to the so 
lution of Problems and the demonstration of Tlicorems. 


QUESTIONS ON BOOK I. 


1 What IS the name of the Science of which Euchd gives the Ele 
ments? What is meant by Solid 6eometri/f Is there any distmctior 
between Plane Geometry, and the Geometry of Planes t 

2 Define the term magnitude, and specify tho different kmrla oi 
magmtude considered m Geometry What dimensions of space belont 
to figures treated of m the first six Books of Euchd ? 

3 Give Euchd’s defimtion of a “straight line" What does h( 
really use as his test of rectilmennty, ard where does he first employ it' 
\Vhat objections have been made to it, and what substitute has beer 
proposed as an available defimtion? How many points are necessary t( 
^ tho position of a straight Ime m a plane? >7hen is one straigh 
Ime said to cut, and when to meet another ? 

4 What positive property has a Geometneal pomt^ Prom th( 
defimtion of a straight Ime, shew that the intersection of two hnos is t 
pomt 


6 Give Euchd's definition of a plane rectilmeal angle WTiflt nr< 
the hmits of the angles consid^ed m Geometry ? Does Euchd conside 
angles meater than two nght angles ? 

6 men IS a straight hne said to bo drawn at nght angles, and whei 
perpendieula-, to a given straight lme> 

7 Define a tnangle , shew how many kmds of tnangles there are ac 
cordmgto the variation both of tho angles, and of the sides 

®i p “ Eu^d's defimfaon of a circle ? Pomt out the assumptioi 
involved m your defimfaon Is any axiom imphcd m it? Shew tha 
m thu as m all omw defimtions, some geometneal fact is assumed a 
fiomenow previously known 

quadrilateral figures mentioned by Euclid 

^ foundation of defimtions, axioms, 

endposmlates give lUustrations by anmstance of each 

v„oL iT 7 method and order in'whicl! 

doTO the elementary abstractions of the Science of Goo. 
metry? What other method has been sugeested? 
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12 V/hat distinctions may be made between definitions in the 
Science of Geometry and m tlie Physical Sciences ? a * „ j « 

13 "What 18 necessary to constitute an exact definition arani- 

tibns propositions > Are they arbitrary? Are they converUble r Goes 
a Matnematicjd dnfimti nn adnut of proof on the prmciples of the bcience 

to winch it relates? n t? i j 

14 Enumerate the prmciples of construction assumed oy JiucJia ^ 
16 Of what mstrumonts may the use be considered to moot approxi- 
mately the demands of Eudid’s postulates? "Why onli ap^oxtmaielyi 

16 “A circle may be described from any center, with ony straight 
hne as radius ” How does this postulate differ from Euchd s and 

which of hiB problems IS assumed m it > 

17 "VVhat prmciples m the Fnysical bcicnces correspond to axioms 
in Geometry ^ 

18 Entunerato Euchd’s twelve axioms and pomt out those which 
have special reference to Geometry State the converse of those which 
admit of bemg so expressed 

19 What two tests of equality are assumed by Eudid? Is the 
assumption of the prmciplc of superposition (ax 8 J, essential to all 
Geometrical reasonmg ? I3 it correct to say, that it iS “an appeal, 
though of the most familiar sort, to external obscryation” ? 

20 Coidd anj , and if any, which of the axioms of Euclid te turned 
mto defimtions , and unfli what advantages or disadvantages' 

21 Define the terms, Problem, Postulate, Axiom and Theorem 
Are any of Euchd’s axioms improper!} so called? 

22 Of what two parts does tne enunciation of a Problem, and of a 
Theorem consist? Distmguish them m Euc i 4,6,18,19 

23 When IB a problem said to be mdcterminate ' Gii c an example 

24 When is one proposition said to bo the converse or reciprocal of 
another? Give examples Are converse propositions uiuversally true ? 
If not, under what circumstances arc thev neccssanl} true? Why is it 
necessary to demonstrate converse propositions ? How are they proved P 

26 Explam the meonmg of the w ordpropositum Distinguish betw een 
converse and contrary propositions, and give examples 

26 State the grounds as to whether Geometrical reasomngs depend 
for their conclusiveness upon axioms or definitions 

27 Explam the meaning of enthymeme and syllogism How is the 
enthymeme made to assume the form of the syllogism ? Give examples 

28 "What constitutes a demonstration? Statethe laws of demonstration 

I 29 What are the pnncipal parts, in. the entire process of establishuig 
la proposition ? 

30 Distmguish between a direct and indirect demonstration 

31 What IS meant by the term synthesis, and what, by the term, 
\analysis1 Which of these modes of reasonmg does Euchd adopt m his 

Elements of Geometry? * 

32 In what sense is it true that the conclusions of Geometry are 
necessa^ truths ? 

33 Enunciate those Geometrical defimtions which are used m the 

( proof of the propositions of the First Book v 

’ r V* ^ Euchd I 1, an equal triangle be desenbed on the other side 
■"f the given Ime, what figure wiU the two triangles form ? 

- diagram, Euchd i 2, if GB a side of the equilateral tn- 

-4 P be produced both wuys and cut the circle whose center is 3 
lum BC m two points G and H, shew that either of the dia 
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68 State the conveise of the second cose of Euc i 20 ? Under 
what hmitations is it true ? Prove the proposition so limited ^ 

69 Shew that the angle contained between the perpendiculars drawn 
to two given straight lines which meet each other, is equal to the angle 
contamed by the hncs themselves 

60 Are tw o triangles necessarily equal m all respects, where a side and 
two angles of the one are equal to a side and two angles of the other, ^ 
each to each? ^ 


61 Blustrate fully the diderence between analytical and synthetical 
proofe "What propositions in Euclid are demonstrated analyUcally ^ 

62 Can it be properly predicated of any two straight hncs that they 
never meet if mdefinitely produced either way, antecedently to our know- 
ledge of some other property of such lines, which makes the property 
first predicated of them a necessary conclusion firom it ? 

63 Enunciate Eudid's definition and aviom relating to parallel 
straight hues , and state in what Props of Book r they are used 

64 "What proposition is the converse to the twelfth axiom of the 
Pirst Book ? What other two propositions ore complementary to these r 

66 If lines bemg produced ever so far do not meet, can they be 
ithenvise than parallel f If so, under what circumstances ? 

66 Define adjacent angles, opposxte angles, vertical angles, and alternate 
ingles and give examples from the Pirst Book of Euchd 

67 Can yon suggest anythmg to justify tho assumption in the 
■welfth axiom upon wmch tho proof of Euc i 29, depends > 

68 "What objections have been urged against the definition and the 
loctnne of paraUel straight lines as laid down by Euclid ? ■\^^lerc does 
ihe difficulty ongmate ? "What other assumptions have been sugeested 
ind for what reasons ? 


69 Assunung os an axiom that two straight Imes which cut one 
another cannot both be parallel to the same straight Ime , deduce Euchd’s 
twelfth axiom as a corollary of Euo i 29 

^ distance between two parallel 

straight hnes is constant ? ^ 

71 If two straight Imes be not parallel, shew that all straight Imes 

"S , “““ alternate angles, avhich differ by the same angle 

72 Talmg as the definition of pataUel straight Imes tUatthev ore 

straight hne towards the same parts , proie 
that bem^ produced ever so for both ways they do not meet ?” Prove 
s^oni 12, by means of the same definition 

74 Pomtoutexamplcs 

. 1 angles of a tnangle be proved equal to two right 

angles "without produomg a side of the tnangle ? ^ 

76 Shew how the comers of a tnangular piece of paper mav be 
t^ed down, so as to exhibit to the eyS that the three of a 

tnangle are e^ual to two right angles 

76 Explain the meanmg of the term cmrollary Enunciate the two 

proof of the 

' „ S. corollaries may be deduced from this proposition? 

.niL the extenor and mtenor 

® ^ parallelogram, contain a right angle mtenor 

0^ a parallelogram are eqnal to 
*fmet^ bisect it State and frove the inverse 
proposiUon Also shew that a quadiaateral Bgure, is a paml- 
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lelonam, when its diagonals bisect each other and when its diagonals 
dmde it into four triangles, which are equal, two and two, viz those 
which have the some vertical angles 

79 If two straight lines join the extremities of two parallel straight 
Imes, but not towards the same parts, when arc the joining Imcs equal, 
and a^hen are they uicqual * 

80 If either diameter of a four-sided figure divide it into two equal 
asangles, is the figure necessarily a paraUcTogram > Prove your answer 

£1 Shew how to divide one of the parallelograms in Euc i 36, 
by straight Imes so that the ports when properly arranged shall make 
up the other parallelogram ' > 

82 Distmguish between e^al tna^les and equivalent triangles, and 
give examples from the First Book of Euclid 

83 "What IS meant by the locus of a pomt? Adduce instances oi 
loci irom the first Bool- of EucUd. 

84 How IS It shewn that equal triangles upon the same base or 
equal bases have equal altitudes, whether mey are situated on the same 
or opposite sides of the same straight Ime i 

85 In Euc I 37, 38, if the tnafigles are not towards the same ports, 
shew that the straight hne joming the vertices of the triangles is 
bisected by the Ime contaming the bases 

86 If the complements (fig Euc i 43) be squares, detenmne their 
relation to the whole parallelogram 

87 What IS meant by a parallelogr'im being apphed to a straight line ? 

'^.88 Is the proof of Euc i 46, perfectly general * 

/ 89 Define a square without mclu^g superfluous conditions, and 

explain the mode of constructing a square upon a given straight Ime 
in conformity with such a definition 

90 The sum of the angles of a square is equal to four right ancles 
Is the converse true? If not, why? 

91 Conccning a square to be a figure bounded by four equal straight 

lines not necessarily m the same plane, what condition respecting thp 

angles IS necessary to complete the definition^ 

92 Li Euchd i 47, why is it necessary to prove that one side of 
each square described upon each of the sides contaming the right an<»le, 
Bhould ^ m the same straight Ime with the other side of the trian«rle“ 

93 On what assumption is on analogy shewn to exist between the 
product of two equal numbers and the surface of a square? 

94 Is the taangle whose sides are 3, 4, 6 right-angled, or not ? 

95 Can. the aide and diagonal of a square be represented sunul- 
taneously by any fimte numbers ? 

1 o®o of Euc 1 47, the square roots of the natural numbers. 

•*, o, 4, &c may be represented by straight hnns 

97 If the square on the hypotenuse in the fig Euc i 47 be 
described on the other side of it shew from the du^am how’ the 
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m Z ft mi proved 



G 1 VLCun •> 1 1 1'MEN rs 

OX TItE ANCIENT GEOMETRICAL ANALYSIS 

S\ Miivsis, or the molhod of composition, is a mode of rciisomng ^shlch 
begins M ilh somctliing gn en, and ends n ith something required, either 
to be done or to be pro^ed This mnj be termed a dnect process, as it 
leads from principli s to consequences 

Anahsis, or tlie method of resolution, is the reserse of synthe^ 
and thus it mav be considered an indirect process, a method of reaspn 
mg from consequences to principles 

The sjTithctic method is pursued by Euclid in his Elements of 
Geometrj He commences uith certain assumed principles, and pro- 
ceeds to the solution of problems and the demonstration of theorems 
bj undeniable and successn e inferences from them 

The Geo nctrical Anahsis uas a process employed bv the ancieht 
Geometers, both for the discovery of the solution of problems and for 
the in\Lstigation of the truth ot theorems In the anal) sis oi a prob- 
lem, the quicsita, or uhat is required to be done, is supposed to base 
been effected, and the consequences are traced bj a senes of geometri- 
cal constructions and reasonings, till at length they terminate in the 
data of tilt problem, or in some pre\iousl\ demonstrated or admitted 
irutli, 11110006 the direct solution of the problem is deduced 

In the Sjnthesis of a pinblcm, however, the last consequence of the 
annlisis is assumed as the first step of the process, and bv proceeding 
in 1 contrary order through the several stejis of the anahsis until tlie 
jiroccssi terminate in the qumsita, the solution of the problem is effected 
But if, in the amljsis, we arnre at a consequence which contra- 
dicts all) truth demonstrated in the Elements, or which is inconsistent 
with the data of the problem, the problem must be impossible and 
further if in certain relations of the giien magnitudes the construction 
be possible, while in other relations it is impossible, the discos er) 
of tliose rtlalions will become a neccssarj part of tlie solutidn of the 
problem 

In the anahsis of a theorem, the question to be determined, is, 
whether b\ the application of the geometrical truths proved in the 
j lemcnts, the predicate is consistent with the li)'pothesis This point 
IS ascertained bj assuming the predicate to be true, and by deducing 
the Bucccssn e consequences of tnis assumption combined with proved 
gpometncal truths, till they terminate in the hypo^csis of the theorem 
or some demonstrated truth The theorem will bo prosed synthetically 
b) retracing, in order, the steps of the imcstigation pursued in the 
anah-sis, till they terminate in the predicate, which was assumed 
in the annlj'sis This process will constitute the demonstration of the 
tlnorem 

If the assumjition of the truth of the predicate m the analysis lead 
to some consequence which is inconsistent with any demonstrated 
truth the false conclusion thus arrned at, indicates the falsehood of 
reversing the process of the analjsis, it may 
w 01 monstrated, that the theorem cannot he true 

It nini here be remarhed, that* the geometrical analjsis is more 
^ '^nsivcR useful in discoloring the solution of problems than for in- 
igitiiijj the dcnionsti-ilion of llicorcins 
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from the nature of the subject, it must be at once obiions, that no 
general rules can be prescribed, which will be found npphcable in all 
casos, and infalhbh lead to the solution of ei erv problem The con- 
ditions of problems must suggast what constructions maj be possible, 
and the consequences which lollow from these constnictions and the 
assumed solution, will shew the possibility or impossibility of amving 
sQt some known propert\ consistent with the data of the problem 
I Tliough the data of a problem may be given in magnitude and 
poiition, certain ambiguities mil ari«c, if tbcj arc not properly re- 
stricted 1 wo points may be considered as situated on the same side, 
or one on each side of a given hnc , and there maa be tivo lines drawn 
from a giicn point making equal angles with o line given m position, 
and to a\oid ambiguitj. It must bo stated on which side of the line 
tlie angle is to be lomied. 

A problem is said to be dclcnmnate when, wath the prtsenbed con- 
ditions, it admits of ore definite solution , the same construction a^hich 
maj he made on the otlicr side of mi} given line, not hcin^ considered 
a diffcient solution and a problem is said to be videtermtnate'ViYmn it 
admits of more than one definite solution This latter circumstance 
niase> from the data not alsohtlcly Jixmij, but merely restricting the 
ouEcsita, leasing certain points or Imes not fi\cd in one position onl} 
Jlie number of gi\ca conditions mas be insuificient for a single dctcr- 
^ minatf solution , or rilalions mas subsist among some of given 
conditions from which one or more of the remaining giacn conditions 
mat be deduced 

If the base of a right-angled triangle be given, and also the differ- 
ence of the squares on the haqiotei^se and perpendicular, tlie tnangle 
IS indeterminate. For though apnarentlv here arc three things given, 
iJie right angle, the base, and the dificrcnce of the squares on the 
h}i>otenuve and iicrpendicular, it is olnious that lhc^o tliree apparent 
conditions are in fact reducible to two for since in a right-angled tn- 
the sum of the squares on tlie base and on tlie ])cr]icndicular, 
IS equal to the square on the h)-potenu5e, it follows that the differ- 
ence of tlic squares on tlie ha^potenuse and perpendicular, is equal to 
the square on the base of the triangle and Uicrcfore the base is known 
from the difference of the squares on the h}q)ottnuse and perpendicular 
being known The conditions therefore are insufficient to determine 
a right-angled triangle , an indefinite nuinhcr of triangles ma} he 
found with the prescribed conditions, whose verUces will he in the line 
which IS pereendicular to the base 

If a problem relate to the determination of n sTngh point, and the 
data be sufhcicnt to determine the position of that point, the problem 
is determinate but if one or more of the conditions be omitted, the 
data which remain ma} be sufficient for the determination of more 
than one poin^ each of which satisfies the conditions of the problem . 
m that ewe, the problem is indelcitmnate and in general such points 
are found to be situated in some Ime, and hence such line is called the 
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descnbed 'vnth any point in the perpendicular os a center, and a ladiua 
equal to its distance from one of the given pointe, will pass through 
the otner pomt, and the perpendicular will he the locus of all the 
circles which can be described passing through the two given points 
Again, if a third pomt C'be taken, but not in the same straight line 
with the other two, and this pomt be joined with the fiist pomt A , 
then the perpendicular drawn from the bisection E of this line will be 
the locus of the centers of all circles which pass through the first ai^d 
third points A and C But the perpendicular at the bisection of the 
first and second points A and B is trie locus of the centers of circles 
which pass through these two pomts Hence the intersection F of 
these two perpendiculars, will be the center of a cirde which passes 
through the tlmee points and is called the intersection of the two loci 
Sometimes this method of solving geometrical problems mav be pur- 
sued with advantage, bj constructing the locus of everj two points 
separately, which are gnen m the conditions of the problem In the 
Geometrical Exercises which follow, only those local problems are 
given where the locus is either a straight line or a circle 

Whenever the qiitcsitum is a point, the problem on being rendered 
indeterminate, becomes a locus, whether the deficient datum be of the 
essential or of the accidental kind When the quccsitum is a straight 
line or a circle, (which were the only two loci admitted into the ancient 
Elementary Geometry) the pioblem may admit of an accidentally tn- 
letemiinate case , but will not tntai tably or e\ cn s cry frequently do so 
Ihis will be tlie case when the line or circle shall be so far arbitrary 
m Its position, as depends upon the deficiency of a sinqle condition to 
fix it perfectly , ^that is, (for instance) one point in the line, or two 
points m the circle, may be determined from the given conditions, but 
the remaining one is mdetermmate from the accidental relations among 
the data of the problem ^ 

Determinate Problems become mdetermmate by the merging of 
some one datum m the results of the remaining ones This may anse 
m three chfierent yiays, first, from the coincidence of two points 
secondlj, from that of two straight lines, and thirdly, from that 
of two circles These, further, are the only throe ways m which this 
accidenml coincidence of data can produce this indeteimmateness . that 
18, m otter words, convert the problem into a Porism 

In the original Greek of Euchd’s Elements, the corollaries to the 
propositions are called ponsms {>ropt<r,iaTa ) , but this scarcely explams 

w manifest that they are tbfferent from 
simple deductions from the demonstrations of propositions Some 

suppose them to have to the ponsms or 
coroUanes m the Elements Pappus (Coll Math Lib Tn pref) m 
forms us that Euclid wrote three books on Ponsms He defines “a 
te something between a problem and a theorem, or that m 

due the ment of havmg restored the ponsms of Euclid, gives the fol 
n'n propositions “Ponsma eft propositic 

..ponittr demonstrare rem ahquam, vel plures datai esle, cui 
us, utet cuihbetex rebus mnumens, non quidem, datis, sed 
ea qua' data sunt eandom habent relationem, conyemre osten 
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d^ndum est affectionem quandam communem in propositione descnp- 
tam ” That is, “ A Porism is a pioposition in which it is proposed to 
demonstrate that some one thing, or more things than one, are given, to 
which, as also to each of iimumerahle other thmgs, not gn en indeed, 
but which have the same relation to those which are given, it is to be 
shewm that there belongs some common afiection described in the 
proposition ” Professor Dugald Stewart defines a porism to be “A 
Reposition afHnning the possibihty of findmg one or moie of the con- 
ditions of an indeterminate theorem ” Professor Playfair in a paper 
^from which the following account is talcenj on Porisms, printed' in the 
Transactions of the Royal Society of Edinburgh, for the year 1792, 
defines a ponsm to be “ A proposition affirming the possibility of find- 
ing such conditions as will render a certain problem indeteiminate or 
capable of innumeiable solutions ” 

It may without much difficulty be perceived that this definition 
represents a porism as almost the same as an indeterminate problem 
There is a large class of indeterminate problems which are, in geneial, 
loci, and satisfy certain defined conditions E\cry indctermmate 
problem containing a locus may be made to assume the form of a 
porism, but not the converse Ponsms are of a more general nature 
than indeterminate problems which mvolve a locus 

The ancient geometers appear to have undertaken the solution of 
problems with a scrupulous and minute attention, which would 
^arcely allow any of the collateral truths to escape their obsenabon 
They never considered a problem as solved till they had distinguished 
all Its vaneties, and evohed separately every' different case that could 
occur, carefully distmguishing whatever change might anse in the 
construction from any change that was supposed to take place among 
the magnitudes which were given This c lutious method of proceed 
ing soon led them to see that there were circumstances in which the 
solution of a problem would cease to be possible, and this always 
happened when one oftlie conditions of the data was inconsistent with 
the rest. Such instances would occur in the simplest problems, but 
in the analysis of more complex problems, they must have remarked 
that them constructions failed, for a reas6n directly contrary to that 
assigned Instances would be found where the lines, which, by them 
intersection, were to determine the thing sought, instead of intersecting 
one another, as they did in general, or of not meeting at all, woul5 
coincide with one another entirely, and consequently leave the question 
unresolved The confusion thus arising would soon be cleared up, by 
observing, that a problem before determined by the intersection of two 
Mes, would now become capable of an indefinite number of solutions 
^is was soon perceived to anse from one of the conditions of the pro- 
blem involving another, or from two parts of the data becoming one, 
so that there was notleftasuffinent number of independent conditions 
to confine the problem to a single solution, or any determinate number 
of solutions It was not difficult afterwards to perceive, that these 
cases of problems foimed very curious propositions, of an indeter- 
minate nature between problems and theorems, and that they ad- 
mitted of being enunciated separately It was to such propositions 
BO OTunciatcd that the ancient geometers gave the name of Ponsms 
Besides, it will be found, that some problems are possible withm 
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certain limits, and that certain magnitudes increase 'whiie others de- 
crease mtliin those limits, and after having reached a certain value, 
the former begin to decrease, ulule the latter increase This circum 
stance gives rise to questions of tnoxtmn and mtmma, or the gieatest 
and least values vvliicn certain magnitudes may admit of in indeter- 
minate problems 

In the follovimg collection of problems and theorems, most vnll be 
found to be of so simple a character, (being almost obvious deduction 
from propositions in the Elements) as scarcely to admit of the prin- 
ciple of tae Geometrical Ami} sis being applied, in their solution 

It must however be recollected tliat a clear and e\act knowledge 
of the first piincijilcs of Geometry must necessanh precede any in- 
tolhgent application of them Indistinctness or defectiveness of un- 
derstanding with respect to these, will be a perpetual source of error 
and confusion The learner is theiefore recommended to understand 
the prmciples of the Science, and their connexion, full} , before he 
attempt any applications of them llie following directions may 
assist iiim m his proceedings 

ANALYSIS OF THEOREMS 

1 Assume that the Theorem is true 

2 Proceed to examine an} consequences that result from this 
admission, by the aid of other truths respecting the diagram, which 
have been ahead} proved 

3 Examine vi hetlier any of these consequences are already known 
to be irue, or to he false 

4 If any one of them be false, we have arrived at a rcductio ad ah- 
SMrdum, which proves that the theorem itself is false, as m Euc i 26 

^ vr consequences so deduced be Known to be cither 

true or false, proceed to deduce other consequences from all or anv of 
these, os m (2) 

6 Examme these results, and proceed as in (3) and (4) , and if 
stiU without any conclusive indicaUons of the truth or falsehood of 
the alleged theorem, pioceed still further, until such are obtained 


ANALYSIS OF PROBLEMS 

1 In general, any given problem will be found to depend on 
sev eral problems and theorems, and these ultimatel} on some problem 
or theorem m Euclid ^ 

^ ^agram os directed in the enunciation, and sup- 
pose the solution of the problem effected ^ 

the lines, angles, triangles, Ac in 
* ’f d^endence of the assumed solution on some 
theorem or problem in the Elements 

found, draw other lines parallel or perpem 
in the require, join given points, or points assumed 

^ ’ I ^ circles it need oe and then proceed to 

blem m Ehr*^^ assumed solution on some theorem or 

unsuccessful attempts at the solution of a 

® m have been found 

^ to the discover}- of other theorems and pio^lems. 
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PROPOSITION I. PROBLEM 
To insect a gveeti straight line 

An^l\ 8IS Let AB be the given straight line, <uid suppose it 
dinded into three equal parts in the points 2), E 

c 



On EE describe an equilateral tnangle 
then DF is equal to AD, and FE to EB 
On AB describe an equilateral tnangle ABC, 
and join AF, FB 
Then because AD is equal to DF, 
therefore the angle AFD is equal to the angle DAF, 
and the tuo angles DAF,, DFA are double of one of them DAF 
But the angle FDE is equal to the angles DAF, DFA, 
and the angle FDE is equal to DAC, each being au angle of an 
equilateral tnangle , 

tliciefore the angle DAC is double the angle DAF , 
therefore tlie angle DAC is bisected by AF 
Also because the angle FAC is equal to the angle FAD, 
and the angle FAD to DFA , 

therefore the angle CAF is equal to the alternate aJigle AFD,. 
and consequent!} FD is parallel to AC 
Synthesis Upon AB descnbe an equilateral triangle AJiC, 
bisect the angles at A and B by the straight lines AF, BF, meeting i n F , 
through F draw FD parallel to AC, and FE parallel to BC CE-i 
Then AB is trisected in the points D, E 
For since AC is parallel to FD and FA meets them, 
therefore the alternate angles FAC, AFD ore equal ,^2r ^ 
but the angle FAD is equal to the angle FA C, 
hence the angle DAF is equal to the angle 

and therefore DF is equal to DA CP fy 
But the angle FDE is equal to the angle CAB, 
and FED to CBA , (I 29 ) 

therefore the remaining angle DFE is equal to the r^maimng angle 

ACBCT^O 

Hence the three sides of the tnangle DFE are equal tO one another,^, 
and DF hos been shewn to be equal to DA, 
therefore AD DE, EB are equal to one another 
Hence the following theorem 

If the angles at the base of an equilateral tnangle be bisected by 
two lines which meet at a pomt within the triangle , the two lines 
drawn from this pomt parallel to the sides of the tnangle, dinde the 
base into three equal parts 
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Note There is another method -whereby a line may be di\ idcd 
into tlnree equal parts — by drawing from one extremity of the given 
line, another making an acute angle -with it, and taking three equal 
distances from the extremity, then joinmg the extremities, and through 
the other tuo points of division, dramng lines parallel to this Ime 
through the other two pomts of ^vision, and to the gii en line , 
three tnangles thus formed are equal in all respects This may^Be 
extended for any number of parts, and IS a particular cose of £uc VI 30 


PROPOSITION n THEOREM 

1/ Ueo oppo$iie stdet of a paroUelogram be bisected, and (too lines be draton 
from the points of biseetion to the opposite angles, these iioo lines trisect 
the diagonal 

Let ABCD be a parallelogram of -which the diagonal ib AC 
Let Ali be bisected in B, and DCmT, 
also let JDJE, FB be jomed cuttmg the diagonal m JT 
Then AC k trisected m the points G, S 



Through JD draw HZ parallel to ,4 C and meeting FB in Z 
Then because £B is the half of AB, and DF the half of DC, 
therefore ZB is equal to ZF, 

and these equal and parallel straight Imes are jomed towards the 
same parts bv ZZ and FB, 

therefore ZZ and FB are equal and parallel (l 33 ) 

And because meets the parallels 

th^efore the extenor angle is eounl to the interior angle JBA Q 

Fm a similM reason, the angle ZBZis equal to the AZG 
, triangles ABG, ZBZ, there are the t-\i o angles GAZ, 

AZG in the one, equal to the tivo angles ZZB. ZBZ m the other 

equal to ^ZB ^ angles in each triangle, namelj AZ 

therefore AG ib equal to ZZ, (r 26 ) 
but ZZis equal to GZ, (i 34 ) therefore AG is equal to GS 
tiy a Bin^ar process, it ma^ be shewn that GS is equal to SC 
Hence AG, GS, SC are equal to one another, 
and ihcrefijre AC is tnsected m the pomts G, S 
It may also he proved that BF is tnsected m JB'and Z 

PROPOSITION m PROBLEM 

Dmtt ttrowA o OTwn imint, bHween two straight lines not pa-allef, a 
ight hne which shall be bisected in that point ’ ® 

meeting m B, and let A 

given point between them. 
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Suppose the line J^jdT’dr&vm through A, bo that JE'-ct is stiuaJ to AJF’s 

V 



through A driTr A(r p-irallcl to BC, and GIF parallel to JBF 
Then A GHB is a jnnulelogram, ■wherefore AJO is equal to GJB, 
b Jt BA IS equal to h^'pothesiB, therefore GJf is equal to AF 

Hence in the mangles BJSG, GAF, 
the angles JIB <?, -l&J* arc equal, as also J5G^Zif, (l 29) 

also the side GIF is equal to AF, 
whence the other parts of the mancles arc equal, (l 20 ) 
therefore BG is equal to GF 

Synthesis “Hirough the gircn point A, draw AG parallel to BC , 
on t?J?, take 6 jF* equal to GB, 
then JT IS a second point in the required line 
join the points J?*, A and produce FA to meet SCui JSi 
__ then the line FB is busected m the point A , 

draw" GIF parallel to AB 

Then in the triancles BGIF GFA, the side BG i& equal to GF, 
and the angles GBJF, BGJF are rcspccti\elj equal to J GA, GFA , 
wherefore GJB" is equal to AF, (T 26 ) 
but GJF LS equal to AB,(i ol ) 
therefore AB is equal to AF, or BI^is bisected mA. 

PROPOSITION IT PROBLEM. 

From Ixeo fftrm f)otn*s on the sane tide of r straight line ritcn tn pov- 
iion, t’raa tiro ttraighl lines uhteh tfytlt wett tn that line, and naJe egua^ 
taiqltsvAth it, also prnre, (h'-i the sum of these Iteo lutes it less than the 
sum of any c'htr itso bnet drawn lo any other joxrt in tnc hue 

AnalvEts. Let A B he the two given points, ana CDthaijivcnlme 
Suppose 0 the reouired point in the line, such that AO and BG 
being joipcd, the angle AGCk equal lo the angle BOB 

c 



n 


perpendicular lo CD and meeting BG produced in 
Ti'cn, bc^auee <he angle BGD is equal to AOF, (h; p ) 
end alco to the vertical angle FGB, (I 15 ) 
thewqjm the angle .4<?Bis^qual to the angle BGF, 


72 


0 1'OU1 1 RICAl. KXBKCI&KS 


InuniinUion ol (713 and Jtfi , ^ ^ nr 

SyjillicHifl From A draw yti? perpendicular to CL 
It io JS, innldng equal to AF, and jom FE cutting 


nlflo tlio right angle AFG lo etmal to the right an^cEFff, 
and the «uh* FCx w common to the two triangles AFG, EFG, 
tiierpfore AG is equal to EG, and ^J^to F£ 

Hence the point E being knotvn, the point G is determined by the 

l,am«nKt'on«‘ CDm^FE _ and produce 

^ __ ing CD in G 

Join also AG 
'Hicu XGf and EG make equal angles with CD. 

For since AF is equal to FE, and FG is common to the two 
triangles A GF, EOF, and the included angles AFG, EFG are equal, 
tlicrcfore the base AG n equal to the base EG, 
and the angle ^lGJ<’to the angle EGF , 
but the angle EGF is equal to tlie vertical angle SGD, 
thoioforo the angle A GF is equal to the angle EGE, 

Uiatis, the slnught Tines AG and EG make equal angles with 
the Btraigiit line CD 

Also the sum of the lines AG, OE is a minimum 
For lake any other point II in CD, and join EH, HE, AH 
I'hon since anj t\\ o sides of a triangle arc greater than the third side, 
thoroforo EH, HE are greater than EB in the triangle EHE 
lint EG IS equal to AQ, and EH to AH, 
tlioreforo AH, HE are greater than AG, GE . 

'I'lint is, AG, GE nie loss than anv other two linos which can^ljfe 
drawn from A, E, lo am other point H in the line CD 

111 nioiuis of tills Proposition may be found the shortest path from 
one giion point to another, subject to the condition, that it shall 
inoct tno gnon lines 


PROPOSITION V PROBLEM 

tiirru OiM (Hick, a tide oppojits (o \t, and the sum of the other tidee, 
cirtjj'rMff the triongtc 

An ill SIS Suppose D-d C the triangle required, having EC equal 
to the giien suit, D.tiC equal to the given angle opposite to also 
BD equal to tlie sum of the other two sides 





Tom DC 

Then since the tn o sides D. 1 , J C are equal lo ED, by taking EA 
t-im these equils the rcnniuder AC is equal to the remainder AID 
III r cc ihe tmngle -d CD is isosciles, and therefore the angle aJmC 
1" I -^u il 10 Uie angle A CD ' 

lilt iheoMenoT ii'glo D.dCofthc triangle jdDC is equal to the 
tiro 1 anor aril opposite angles ACD and "ADC 

A\ herefore ’he argle EAQis double the angle DDC, and EDO ^ 
the halt of the angle EA C 

Hence the synthesis. 
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Afc tho point D m BD, make the angle 'BBGr equal to half the 
given angle, 

and from B tho other extremity of BB, draw BG equal to the 
given ado, and meetmg BG in G, 
at G in CB make tho angle BGA equal to the angle GBA, so 
that GA may meet BB in the point A 
Then the triangle ABG shall have tho required conditions 




PEOPOSITION TI PROBLEM 


To bisect a triangle by a line drawn from a given point in one of the sides 


Analysis Let ABG be the given triangle, and B tile given pomt 
in the side AB, 


A 



Suppose BF tho lino diimi from B winch bisects tho triangle, 

, therefore the triangle BBF is half of the triangle ABO 
Bisect BO in B, and join AE, BE, AF, 
then the taanglc ABE is half of the triangle ABO 
hence tho triando ABE is equal to tho triangle BBF, 
take away worn these equals the triangle BBE, 
therefore the remainder ADE is equal to the remainder BEF, 

But ABE, BEF arc equal triangles upon the same base BE, and 
on the same side of it 

fliey are therefore between tho same parallels, (i 39 ) 
that is, AF IS parallel to BE, 
therefore tile point F is determmed 
Synthesis Bisect tho bobo BG in E, join BE, 
from A, draw AF parallel to BE, and join BF 
Then because BE is parallel to AF, 
therefore the tiiajigle ABE is equal to tho triangle BEF, (i 37 ) 
to each of these equals, add the tnangle BBE, 
therefore the whole tnangle ABE is equal to tho whole BBF, 
but ABE IS half of the whole triangle ABO, 
therefore BBF is also half of tho triangle ABG, 


PROPOSITION TH THEOREM 

If from a pointwithout a parallelogram lines bedraion to the extremities 
of two adjacent sides, and of the diagonal which they include , of the tri~ 
angles thus formed, that, whose base is the diagonal, is equal to the sum of 
the other two 

Let ABQB be a parallelogram of which ^0^ is one of the diagonals, 
and let P bo any pomt without it and let AP, PO, BP, PB bo 
"joined ' 

Then the triangles APB, A PB are together equivalent to the tri- 
angle APO 
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Draw JPGJS parallel to AD or BC, and meeting AB in ff, and I/C 
m JS, on^oin DG, GC 

Tnen the triangles CBP, CSG are equal (l 37 ) 
and taking tlie common part CBJI from each, 
the remainders PSB, CSG are equal 
Again, the tnangles D^P, (rare equal, (l 37) 
also the triangles Dj46f, ^(r Care equal, being on the same base 
AG, and between the same parallels AGf DC 

therefore the tnangle DAP is equal to the triangle AGC 
but the tnangle PSB is equal to the triangle ClIG, 
wherefore the triangles PSB, DAP are equal lo AGC, CSG, or 
A CS, add to these wuals the triangle APS, 
therefore the tnangles APS, PSB, DAP are equal to APS, ACS, 
that IS, the triangles APB, DAP are together equal to the tnangle^ji! 
PAC 

Ifthe point P be \nthm the parallelogram, then the difference of 
the triangles APB, DAP may be proied to be equal to the tnangle 


? isosceles triangle upon a given base and bavins 

of the base, without using anv proposition 
the Elements subsequent to the first three If the base and sides be 
given, wlmt condition must be fulfilled with regard to the magnitude 

^ isosceles triangle may be 

* 1 . ? V ^ ® and BQ meet in S, then nrova 

that wdPTbisects the angle BA C ’ ^ ® 

^ ^ ® FBG be equal to the anirle 

^msh BAO ^ “ O. the angle BOf\ equal to twfee 

e^tremitiesoftbebase ofan isosceles triangle Straight 
periiendicular to &e sides, the angles made by fi 
n ith the baie are each equal to half the vertical angle ^ ^ “ 

12 A hheidmwn bisecting the angle contained h\ the two eoual 

' ^13 ^ angle^^ 

1 drawn bisectinff the vertical ansrlArtf « 

z3£o hlR<^»4he base thp tnano-la la i^n^polpit ^ 
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■s' 14 Gnen two points one on cich side of & given straight Imo i 
find a point an the line such that the angle contained by two Imef 
draora to the gnen points mav be bisected oy 'the giaen line 

15 In the fig line i 6, let F and G be tlie points in the sides 
AB and jIC produced, and let lines FJI and GIC ho drama perpen- 

^icular and equal to FO and 6B rcspectnelj also if BH, CK, or 
thfse lines produeed meet m 0 , prove tliat BR is equal to CK and 
BV to CO 

16 Prom every point of a jgnen straight line, the straight lines 
drawn to each of two gnen points on opposite side? of the Ime are 
equal prove that the line joining the gnen points will cut the given 
hne at right angles 

17 if A be the vertex of an isosceles triangle ABC, and BA bo 
produced so tliat AB is equal to BA, and JDCoo drawn, shew that 
BCD 18 a Tight angle 

18 The straight line BBT, drawn at right angles to JSC the base 
of an isosceles triangle ABC, cuts tlie side AB m B, and CA pro- 
duced in E , shew that ABB n an isosceles tnanglc 

19 In the fig Euc I 1, if AB he produced both ways to meet 
the circles in B and J?, and from C, CB and CE he drawn , tiie figure 
CBEib an isosceles tnangle having each of tlie angles at the base, 
equal to one fourth of the angle at the vertex of the triangle 

20 Prom a given point, draw two straight lines making equal 
angles with two given straight lines intersecting one another 

21 Prom a given point to draw a straight line to a giv en straight 
line, that shall bo bisected by another given straight lino 

22 Place a straight lino of given length between two given 
sbaight lines which meet, so that it shall he equally mclincd to each 
of them 

. T® determine that point in a straight Ime from which thf 
straight lines drawn to two other given points shall be equal, pro* 
Tided the line joining the two given points is not perpendiciunr to the 
given hne ^ 

24 In a given straight line to find a point equally distant from 
tw 0 given straight lines In w hat case is this impossible ? 

2o If a hne intercepted between the cxtrcmitv' of the base of an 
jsosceles triangle, and the opposite side (produced if neeessirv) ho 
equal to a side of the triangle, the angle formed by this line and the 

Produced, IS equal to tlireo times citlier of the equal angles of the 

isosceles triangle ABC, talve a point B 
and m C^ UkeCE equal to CB, let JEI? produced meet AB produced 
■?? "gilt angles + 

fTivan thc buso to tho opposite sides of an isosceles tnangle, i 

milking equal angles with the base, vaz. ' 
me from ^ extremitj , the other two from any other point in it these 

two shaU he together cc^ual to thc first * » ii, uieso 

^ J® drawn, terminated by one of tlie sides of nui 

r">ko«a. «b 4 taeikdS 

the base 5 prove that the straight lines, thus intercepted between ' 

V2 
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Vortex of the isosceles tnangle, and this straight line, axe togethct 
equal to ,tlie t\ro equal sides of the tnangle 

29 In a trian^e, if the lines bisectmg the angles at the base be 
equal, the tnangle is isosceles, and the angle contained by the hisectr 
ing lines is equ^ to an exterior angle at the base of the tnangle 

30 In a tnangle, if lints be equal "wW dravmfromthe extremj/'' 
ties of the base, (1) peraendicular to the sides, (2) bisecting the sides, 
(3) making equal angles nith the sides, the triangle is isosceles 
and then these lines which respectively join the intersections of the 
sides, are parallel to the base 


IL 

31 ASC 18 a tnangle right-angled at and Jiaving the angie A 
double the angle C, shew that the side BC m less than double the 
tvi^AJi 

32 If one angle of a tnangle be equal to the sum of the other 
two, the greatest side is double of the distance of its'middle point from 
the opposite angle 

33 If from the right angle of a right-angled tnangle, two straight 
Imes he drawn, one peiqiendiculor to the base, and the other bisecting 
It, they will contain an angle equal to the difference of fte two acute 
angles of the tnangle 

^ vertical angle CAB of a tnangle -dJBC he bisected by'' 

AD, to which the perpendiculaTs CB, BFate drawn from the remain- 
ing angles bisect the base BCmC, jom GB, GF, and prove these 
lines equal to each other 

A w d^erence of the angles at the base of any tnangle, is, 
double the angle contained by a line drawn from the vertex perpen- 
oicmor to the base, and another bisecting the angle at the vertex 
* 1 - > ®t the base of a tnangle be double of the other, 

the less side is equal to the sum or difference of the segments of the 
base made by the peipendicular from the vertex, accordmg as the 
angle is greater or less than a ngfat angle 

nn.tl extenor TOgles of a triangle be bisected, and from the 

point of mtersection of the bisecting lines, almo be drawn to the op- 
posite angle of fte triangle, it will bisect that angle ^ 

So iyrom the vertex of a scalene tnangle draw a nsht line to 

^ ““ “ » “ISrt 

39 Divide a nght angle into three equal angles 

right-angled tnangle is thro x 
^omeitas g^t the other , tnseo the smaller of these. 

^® distances of any point withm 

flmeragta 1. greate than ial/tSe pemnSer 

th| of 

DF ^ ele ABC, straight lines uiDJ? 
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lines drawn to the point D, and less tlmn tmce the same, but greater 
than two-thirds of the lines drawn through the point to the op]>osite 
sides 

44 In a plane triangle an angle is right, acute or obtuse, ac- 
cording as the hne joining the vertcK of the angle uilh the middle 
point of the opposite side is equal to, greater or less tlian half of 
vthat side 

'ijdo Jf the straight line AD bisect the angle A of the tnangJr 
ADC, and JJDJE be drawn perpendicular to AD and meeting AC oi 
.reproduced in D, shew that DD-DD 

4b The side JBC of a tnangle ASC is produced to a point Dr 
The angle ACB is bisected bj a line CE which meets AB in jfl' 
A line is drawn through E parallel to BC and mcetmg AC in F 
and the line bisecting the extenor angle ACD, in G Shew that 
£Pis eoual XjqFG 

47 The sides AB, AC, of a triangle are bisected in D and E 
respecurelj, oaiLBE, CD, are produced until jE:'jF’= A’i?, and GD^DC, 
shew Uiat the line passes through A 

48 In a tnangle ABC, AD being drawn perpendicular to the 
straight line BD which bisects the angle J?, shew that a line drauai 
flora D parallel to J?CwiU bisect .AC 

49 If the sides of a tnangle be trisected and lines be drawn * 
through tlie points of section adjacent to each angle so ns to form 
another tnangle, this shall be m all respects equal to the first 
tnangle 

gi'en straight hnes it is required to draw a 
straight line which shall be equal to one given straight line, and 
parallel to another 

31 If from the vertical angle of a triangle three straight lines ho 
dra^, one bisechng tlic angle, anotlicr bisecting the base, and tho 
third perocndicular to the base, the first is nlwajs intcnncdiatc in 
magnitude and position to the other two 

52 In the base of a tnangle, find the point from which, lines 
dra^ parallel to the sides of the tnangle and limited bj them, are equal 

od In the bKo ofn tnangle, to find a point from which if two 
lines be drawn, (1) perpendicular, (2) parallel, to the two sides of the 
rumgle, their sum shall be equal to a given Ime ' 

in 

fipre of Euo i 1, the gifen line is produced to meel 
either of the circfe m P , shew that P and the pomts of mtersectioi 
of the circles, we toe angular points of an equilateral tnangle 
fn, f j ® angles of an isosceles tnangle be one 

“J® them a line be drawn 

angles to the base meeting the opposite side produedd , thei 

^ produced to meet the circles in F, G, respeotiveh 
ndtfC be the point in which the circles cut one another on tli 
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other side of AB prove the pomts B", C', & to be in the same straight 
Ime , and the figure CFG to 1be an eqmlateral triangle 

57 ABC IS a tnandc and the exterior angles nt B and C 
are bisected bj line^ Jffl), CD respectivelj , meeting in D shew 
that the angle BDC and half the angle BAC make up a nght 
angle 

58 If the extenor angle of a tnangle be bisected, and the anglc^ 
of the tnangle made bj the bisectors be bisected, and so on, tue 
tnangles so formed will tend to become eventuall) equilateral 

59 If m tlie three sides AB, SC, CA of an equilateral triangle 
ABC, distances AS, BF, CG be t^en, each equal to a third of 
one of the sides, and the pomts J7, F, G be respectively joined 
(1) with each other, (2) with the opposite angles shew that the two 
triangles so formed, ore equilateral triangles 


60 Desenbe a right-angled tnangle upon a given base, having 
gnen also the perpendicular from the right angle upon tlic hy- 
potenuse 

61 Given one side of a right-angled tnangle, and tlie difference 
between the hypotenuse and the sum of the other two sides, to con- 
stmet the tnangle 

62 Construct an isosceles nght-angled tnangle, having given 
(1) the s^ of the hvpotcnuse and one side , (2) their difference 

63 Describe a nght-angled tnangle of which the hj-potennse 
and the difference between the oiner tno sides are given 

Gnen the base of an isosceles triangle, and the sum or dif- 
ference of a Bide and the perpendicular from Ae vertex on the base 
Construct the tnangle 

65 Make an isosceles tnangle of given altitude whose sides shall 
jms through two given pomts and have its base on a given straight 


66 Construct an equilateral tnangle, havmg given the length of 
the perpmdicular drawn from one of the angles on the opposite side. 

6< Having given the straight bnes which bisect the angles at the 
base of im equilateral triangle, deterrrare a side of the tnangle 

“Sle of a tnangle, construct 
he tnangle, distmgmshmg the different cases 

lind ® 1 ® a taangle, the difference of the sides, 

•md tile ^erence of the angles at the base, to desenbe the tnangle 

txnctit Penmeter and the angles of a tnangle, to con- 

^ tnangle, and half the sum and 
talf ^e ^crence of the angles at the base , to construct the tnangle 
given ^0 Imes, which are not parallel, and a pomi 
etvreen them, desenbe a tnangle havmg two of its angles m thp 

•SssSteorb that the 

o n inclined to the Imes which tiie> meet 

•> as 
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1i Given one ol tlie angles at the base of a tnangic, the base 
Itself, and the sum of tlic U\o remaining sides, to construct the tn- 
angle 

76 Giien the base, on angle adjacent to the base, end the dif- 
ference of tlic sides of a triangle, to construct it 

76 Given one angle, a side opposite to it, and the ditfcrence of 
n, the other two sides , to construct the tnangle 

77 Gncn the base and the sum ot the tvio other sides of a 
tnangic, construct it so that the line which bisects tlic vertical 
angle shall be parallel to a given line 

V. 

78 From a given point without a given straight line, to draw a hne 
making an angle with the given kne equal to a given icctihncal angle 

79 Ihrough a given point A, draw a straight lute ^ 2? C meeting 
two given parallel straight lines in JB and C, such that J3C maj be 
equal to a given straight line 

80 If the line joining two parallel lines bo bisected, all the lines 
drawn through tlic point of bisection and terminated bj the parallel 
lines arc also bisected in that point. 

81 'ITiree given straight lines issue from a point draw another 
straight lino cutting them so that the two segments of it intercepted 
between them may no equal to one another 

82 AJi, A 0 ate two straight lines, JJ and 0 pven points m the 
same, SD is drawn perpendicular to AC, and DjS perpendicular to 
AS, in like manner CFis drav"n pcrpcn^cular to AJB, and FG to 
A C Shew that FG is parallel to J)V 

83 ASC is a right-angled triangle, and the sides AC, AS are 
rroducedto D and !<’, bisect FT? C and SCD bv the linos BF, CE, 
“nd from E let fall the perpendiculars EF, ED Prove (without 
assuming anj properties of parallels) that ADEFk a square 

8-1 Two pairs of equal straight lines being given, aliew how to 
i onstnict with them the greatest parallelogram 

85 On the sides AB, BC, CD of a parallelogram are desenbed 
equilateral triangles ABE, ODE wilhout, and BCG witlim the figure 
"prove that EGr i3 ccpal to one, aud EG the other diagoooL 

86 Ilanng given one of the diagonals of a parallelogram, Uu 
sum of the two adjacent sides and the angle between them, construe ' 
the parallelogram 

87 One of the diagonals of a parallelogram bemg given, and th 
angle which it makes w ith one of the sides, complete the parallelc 
gram, so that the other diagonal mar be parallel to a given line 

88 A BCD, A'B Clx are two parallelograms whose correi 

pondmg sides are equal, but Iho angle A is greater tlian the ang) 
A', prove tliat the diameter AC is less than A!C, but BD great! 
than FD , ** , 

89 If in the diagonal of a parallelogram any two points oqu?; 

Jistant from its e\iremitios bo joined wiUi the opposite angles, { 
figure will be formed which is also a jmrallclognim 5 1 

90 From each angle of a parallelo^m a hne is drawn makir 1 
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the same angle towards the same parts ‘tnfh an adjacent side, taken 
alwaj s in the same order , shew that these Imes form anoOier parallelo- 
gram stmtlar to the ongmid one 

91 Along the sides of a parallelogram token m order, measure 
AA'=BS'= CC-Djy Oie figure A'B will be a parallelogram 

92 On the sides AB, BC, CD, DA, of a parallelogram, set off 
AE, BF, CO, DJS, equal to each other, and join AF, BO, CJI,DE 
these lines form a parallelogram, and the difference of the angles 
iFB, BGC, equals the difference of any two proximate angles of the 
two parallelograms 

93 OB, 00 are two straight lines at right angles to each other, 

through any point P any two straight lines are drawn intersecting 
OB, OC, in B, J3', C, C, respecti\ely If D and D be the middle 
points of BE and CO, shew that the angle P'PJD' is equal to the 
angle DOD , 

9i AlBCD 18 a parallelogram of which the angle C is opposite to 
the angle A If through A any straight line be drawn, then the dis- 
tance of C is equal to the sum or difference of the distances of B and 
»f D from that straight line, according as it hes without or within the 
^Arallelomram 

95 Upon stretching two chains AC, BD, across a field ABCD, 
I find that P2) and make equal angles wiin DC, and that AC 
makes the same angle widi AD that BD does with SC, hence proie 
that IS parallel to CP 

96 To find a pomt in the side or side produced of cay parallelo- 
gram, such that the angle it makes with the line joining the point 
and one extremity of tlie opposite side, may be bisected by Uie lino 
]oinmg It with the other extremity 

( 97 men the comer of the leaf of a book is turned down a second 
time, so that the lines of foldmg are parallel and equidistant, the space 
*n the second fold is equal to three times that in the first. 

YI 


of bisection of the sides of a triangle be loincd. 
he taangle so formed shall be one fourth of the gnen tnangle 

bisected in D, AD joined 
lind bisected in E, PP joined and bisected in F, and CP joined and 

'• he^taM^e^P^^ tnangle EFO will be equal to one eighth of 

equilateral tnangles in 

/mveftoaSlJ “ ““ ^ 

■hveftriangir “ “ “Os^les tnangle equal to a 


5^J04. Desenbe a nght-angled tnangle eqnal to a given tnangle 

f 106 *0 a given straight hne apply a tnangle which shall be equal 
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to B given paraUclogram and have one of its angles equal to a gi\en 
rccUuncal angle 

106 Transform a given rectilineal ilgure intOra triangle -whose 
verte\ shall be in a given angle of the figure, and whose base shall he 
m one of the sides 

Divide a triangle by two straight lines into three parts whicli 
wltpn properly arranged shall form a parallelogram whoso angles are 
of a given magnitude 

108 Shew that a scalene triangle cannot be divided into two 
parts which -will coincide 

109 If two sides of a tnnngle he given, the triangle -will he 
greatest when thej contain a right angle 

110 Of all tnangles haiing the same vertical angle, and whoso 
bases pass through a gn en point, tlie least is thaf w'hosc hose is bisected 
in the given point. 

111 Of all triangles having the same base and the same perimeter, 
that IS the greatest which has the two undetermined sides equal 

112 Dmde a triangle into three equal paits, (1) by lines drawn 

from a point in one of the sides (2) by lines drawn from the angles 
to a point -within the toangle (3) by lines di-aivn fiom a giicn point 
within the triangle In how many wnjs can the third case be done 
Divide an equilateral triangle into nine equal parts 

^ . Bisect a parallelogram, (1) by a lino drawn from a point in 

drawn from a gnen point within or 
without it (3) by a line perpendicular to one of the sides (4) b> a 

bne drawTi parallel to a giien line 
116 Broro a giien point m one side produced of a parallelogram, 

draw a straight hne which shall divide tlie parallelogram into two, 
equal parts ** 

116 To tnsect a parallelogram by lines drawTi ( 1 ) from a gi-\cn 
point in one of its sides, (2) from one of its angular points 


vn 

qoi^^ t^^lfi^**^^^^ rhombus which shall be equal to any given 

118 Describe a parallelogram wluoh shall he equal m area and 
jierimeter to a given triangle 

119 Fmd a ppmt in tlie diagonal of a squaroproduced, from which 
ifa straight Ime be drawn parallel to any side of, the square, and 
meeting another side produced, it wiU form together wittf the pro- 

produced side, a triangle equal to the squave 
any point vnthm a parallelogram, straight lines be 
dra-TO to the angles, the parallelogram shdl be divided mto four tri- 

theparaUelog^*^'^''^ opposite are together equal to onc-half of 

^ Parallelogram, and J? any point in the dia- 
gonal (7, or A C produced , shew tliat the triangles JBJ3C, JSDC are 
pqual, as also the tnangles EBA and JEBD , o, ve 

122 ABCD 18 a parallelogram, draw DFQ meeting BQ m F 
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anti AB produced irx G , ^Qax AF, CG , then will the triangles AS If, 
CFG he equal to one another 

123 AJBCD IB a parallelognun, F the point of intersection of its 
diagonals, and JT an} point in AD If KJi, ICC he joined, shew that 
the figure BKEC is one-fourth of the parallelogram 

124 Let AS CD be a parallelogram, and 0 any point uithin iW 
through 0 draw lines parallel to the sides of ASCD, and join Oil, 
OC, proie that the difference of the parallelograms DO, BO is twice 
thetnangle OAC 

125 The diagonals of a parallelogram intersect in 0 and 

P IS a pomt within the triangle A OB , prove that tlie difference of the 
tnangles AFB, CFD is equal to the sum of the triangles AFC, BFD 

126 If K he the common angular point of the parallelograms 
about the diameter AC (fig Euc l 43 ) and BD be the other dia- 
meter, the difference of these parallelograms is equal to twice the 
triangle BICD 

127 The perimeter of a square is less than that of any other paral- 
lelogram of equal area 

128 Shew that of all equiangular parallelograms of equal pen- 
meters, that which is equilateral is the greatest. 

129 Piove that the penmeter of an isosceles triangle is greater 
thanjhat of an equal right-angled parallelogram of the same altitude 

vm 


130 If a qua^ilateral figme is bisected by ono diagonal, the 
second diagonal is bisected bj the first 

iHw 0 opposite angles of a quadrilateral figure are equal 
between opposite sides produced are equal 

132 Prove that the sides ol any four-sided rectihnear figure are 
together ^eater than the tw o diagonals 

133 The sum of the diagonals of a trapezium is less than, the sum 

n hues which can be dra^^^ to the four angles, from any 

point wit^ the figure, except their intersection 

1 °^ a gnen quadrilateral is opposite to the 
adjacent to the shortest side are together 
grea^ Xhm the sum of the angles adjacent to the longest side 

nrJhoir, two points uv the opposite sides of a trapezium, in- 

scribe in g I'aving two of its angles at these pOmts 

Shew Aat in every quadrilateral plane figure, two parallelo- 

opposite Eldest diagonals, sueb 
that the o^et two diagonals shall be m the some straight line and equal 

13, Describe a quadrilateral figure whose sidel shaU be eo3 to 
four ™ .toght Ime. mat limitat.,,,, B ’ 

, rv of a quadrilateral figure be bisected and tin. 
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HO If two opposite Bides of a trapezium be parnilol to one another, 
the sjnight line joining their bisections, bisects the trapezium 

141 If of the four triangles into which the diagonals divide a 
tranczium, am two opposite ones nru equal, tho trapezium has two of 
Its opposite sides partllcl 

V 142 If two sides of a quadrilateral are parallel but not equal, 
OTO tbt other tn o sides are equal but not parallel, the opposite angles 
of the quadrilateral arc together equal to two nght angles and 
conversen 

143 If two sides of a quadrilateral be parallel, and the line joining 
the middle points of the diagonals be produced to meet tlie other 
sides, the line so produced will he equal to half the sum of the 

C arallel sides, and the bne between tho points of bisection equal to 
alf their difference 

141 To bisect a trapezium, (1) b\ a line drawn from one of its 
angular points (2) bj a line drawn frora a gi\en point in one side 
145 lo divide a square into four equal portions bj lines drawn 
from anj point in one of its sides 

146 It is impossible to divide a quadrilateral figure fc\copt it bo 
a parallelogram) into equal triangles by lines draavn from a point 
within it to Its four comers 

IX 


147 If the greater of the acute onglcs of a nght-anglcd tnangle, 
be double the other, tlie square on the greater side is tlu-ce limes the 
square on the other 

148 Upon a given straight line construct a nght-angled triangle 
such that tlic square on tlic other side maj be equal to seicn limes 
the square on the giaen line 

the aerte\ of a piano triangle, a perpendicular fall 
upon me base or the base produced, the difference of the squares on 
the sides is equal to the diifcrcncc of the squares on the segments of 
the base ° 


160 If from the middle point of one of the sides of a right-angled 
tnangle, a perpendicular be drawn to the lijqiotcnuso, the difference 
of the squares on tho segments into which it is dittded, is equal to the 
square on the other side 

151 If n straight line be drawn from ont of the acute angles of a 
ngbt-anglcd tnanj^e, bisecting the opposite side, the square upon that 
line is less than the square ujion the hypotenuse b\ tnree times the 
rquare upon half the hne bi<!ccled 

162 If the sum of the squares on the three sides of a trnnn'le be 

^ual to eight times the square on the line drawn from the vertex 
to the point of hisocuon of the base, Uien the icrtical angle is a 
nght angle ^ 

163 If a line he drawn pkrallel to the Inpotenuse of p nght- 
anglea tnangle. and each of the acute angles be loincd with the i 
points where this line intcn.ects the sides rcMicctneh opposite to 
them, the squares on the joining lines aie together equal to tho 
squares on the hypotenuse and on the hnc drawn parallel to 
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154t Let ACB, ADS be two ngbt angled tnanglcs banng a 
lommon bypotennee AS, jom CD, and on CD produced both ways 
Iraw perpendicnlaiSilJS, SF Shewthat OSP+ CF^=DJE*+Dj^ 

155 II perpendiculars AD, SF, OF, drawn from the angles 
>n the opposite sides of a triangle intersect in G, the diffeicnco of 
he squares on the sides AC, AS, is equal to the difference of t^^ 
iquaies on the lines CQ' SG 

156 If ASO be a triangle of which the angle ^ is a right 
mgle, and SF, CF be drawn bisecting the opposite sides re* 
ipecuvely shew that four times the sum of the squares on SF 
md CFis equal to five tunes the square on SO 

157 If ASO be an. isoacdes triangle, and CD be drawn per- 
pendicular to AS, the sum of the squares on the three sides is 
jqualto 

'ADP+2 SD*+S CD* 


158 The sum of the squaies described upon the sides of a 
rhombus is equal to the squares described on its diameters 

159 A point IS taken within a square, and straight lines drawn 
horn it to the angular points of the square, and perpendicular to 
the sides , the squares on the first are double the sum of the 
squares on the last Shew that these sums are least when the 
point IS in the center of the square 

160 In the figure Euc i 47, 

(a) Shew that the diagonals FA, AK of the squares on AS. 
A(J, lie in the same straight Ime 

JElTbe joined, the sum of the angles at the bases 
of the tnuigics SFD, OFF is equal to one right angle 

YA « Cffbe jomed, those lines will be pai-alleL 
, K) perpendiculai-s be let fall torn J? and JT on SC pro- 
duced, the parts produced will be equal, and the perpendicraars 
together wdl be equal to jBC ^ 

FD, and pi-ove that each of the tnangles 
60 formed, equals the given triangle ABC ° 

Bum of the squares on QR, KF. and EDuiU be 
square on the hypotenuse 

S,® pai*allelogi-amB described on the two 

sips of a tnangle, is equal to that of a parallelogram on the base 

draS?:^ the veS 
^ Intel section of the two sides of the former 
^aimlelogiams produced to meet, 

eanali. “Sje be a right angle, and another 

Bid^+w ^ ? ngbt angle, prove from the Eu-st Book of 

« eond to tnangle described on the hypotenuse, 

tna=glcedeaonb«a v.p<» U.^ 
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DEFINITIONS. 

I 

E\eiit right-angled parallelogram is called a reclanple, and is said 
to be contained b} an} tiro of the straight luies which contain one of 
the right angles 


n 

In eier\ mmllplogram, an} of the parallelograms about a diameter 
together witn the two complements, is called a gnomon 


A -a T> 


Y 


X' 



u G I 


"Thus the pamllelogrim 7/C together with the complements AF,FCt 
13 the gnomon, which is more briefly expressed bv the letters AGK, oi 
LIIC, which arc at the opposite angles of the panmelograjns wrhich mulct 
the gnomon ’’ 


PROPOSITION I THEOREM 

If (here ie tiro ttraight hues, one of tehtch ts divided into any nttmSei 
of parts, the rectangle contained by the two straight lines, ti equal to thi 
rectanales contained by the unditnded hnc, and the several parts of thi 
divided line 

Let A and J3Che two straight lines , 
and let If Che dinded into ant parts JfJD, Jj£, JEC, m the points D, S 
llicn the rectangle contained by the sbnight lines A and JSC, shalJ 
be equal to the rectangle containea b} A and J3JJ, together with thal 
contained b} A and jOJE, and that contained b} A niia JSC, 
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K I 

. u 


V A 

From 6ie point JS, draw BF at nght angles to SC, (I 11 ) 
and make SG equal to ^ , (l 3 ) 
tlirough Q draw GJ^arallel to SC, (^i 31 ) 

, and through D, B, C, draw DK, EL, CM parallel to SG, meeting 
GM in K, L, M 

Then the rectangle EE is equal to the rectangles SK, DL, EE 
And SE IS contained by A and BC, 
for it IS contained b^ GB, BC, and GB is equal to A 
and the rectangle BK is contained by A, BE, 
for it 18 contained by GB, BE, of which GB is equal to A 
also EL IS contained bj A, EE, 
because EK, that is, BG, ^ 34 ) is equal to A , 
and in like planner the rectangle EE is contained by A, EC 
therefore the rectangle contained bj A, BC, is equal to the several 
rectangles contained bj A, BE, and bj A, EE, and by A, EC 
MHieiefore, if there be tuo straight hnes, Ac Q e D 


> PEOPOsmoN n theoeem 

line ba divided into any two parts, the reetanyles contained 
, , ^aole and each of the parts, are together equal to the square on the 
whole line - » i 


^tthe straight Ime AB be divided into any two parts m the por 
Then the rectangle contained by AB, BC, togetlier nith that 
tamed by AS, A C, shall be equal to the square on AB 


lioint C 
con 


o B 


D F E 

Upon ^J5 describe the square AEES, (l 46 ) and through Cdraw 
CF parallel to AE or BE, (i 31 ) meeting EE m F ^ 

Then AE is equal to the rectangles AF, CE 
, square on AB , 

and AF is the rectangle contained b\ BA, A C 
for It IS contained b};J)A, AC, of which EA is equal to AB " 
and CE is contamed by AB, BC, 

- , for IS equal to 

‘“S'*® 

rectangle BC is equal to the square on AB 
If therefoie a straight line, &c Q E D. 
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PROPOSITION m TIIEOREM 

Iff a sltaxght hne bo dtvtdei tuio mtg iico parts, Hit rectangle contained by 
the teholc and one of the pai ts, ts egtial to the rectangle contained by the two 
parts, toocthcr inth the sgmre on the qfoiesaid part 

T.et the straight hne AH he tin idcd into tms ttv o parts in the point C 
Then tlic rectangle AH, JiC, shnn he cqnal to the rectangle 
, AC, OH, together mtli the square on BC 
A c B 



Upon iJCdescnho the square CDJCB, (i 4G ) and produce JCD to F, 
through A draw yiPnarallcl to CD or BF, (i 31 ) meeting EFm F 
Then the rectangle AD is equal to the rectangles AD, CD 
iVnd AD IS the icctangle contained AB, BC, 
for it is contained by A B, BD, of which BD is equal to BC’ 
and AD is contained b) A C, CB, for CD is equal to CB 
and CD is the equnre on BC 

therefore the rectangle AB, BC, is equal to the rectanjjle A C, CB, 
together with the square on BC 
if therefore a straight hne bo dinded, &c Q E D 

\ 

PROPOSITION nj THEOREM 

Jf a straight line be divided into an^lico parts, the square on the tehoh 
line IS equal to the squares on the two parts, together until tieice the rectangle 
contained by the parts 

Let tlie straight hne AB be dnidcd into anv two parts m C 
ITien tilt square on AB shall be equal to t)ie squares on AC, and 
CB, together with tv ice tlie rectangle contained bj AC, CB 


A c n 



Upon AB describe the square ADDS, (l 4G ) join BD, 
through Cdraw CG'^arnllel to AD or BD, (l 31 ) meeting BD 
in 6 and DE in Jf, 

and tlirough G draw DGIC parallel to AB or DE, meeting AD in 
JI, and BD in 1C, 

TJen, because CFis parallel to AD and BD falls upon them, 
therefore the exterior angle Cis equal to the interior and opuositi 
nn^oBDA, (i 29} 

hut the angle BDA is equ&l to the angle DBA, (i 6 ) 
because BA is equal to AD, being sides of a square. 
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wherefore the angle JBCrCis-equal to the angle DBA. or QBC 
and therefore the side BCv& equol to the side CG, (l 6 ) 
but jB(7is equal also to GK, and CG to BK, (l 34 ) 
wherefore the figure CGSB is equilateral 
It 16 hkewise rectangular , 

for, since CG is parallel to BK, and JBC meets them, 
therefore the angles KB C, BCG are equal to two right angles , (l ; 
but the angle jOCis a nglit angle, (def 30 constr) 
wherefore BCG is a right angle 

and therefore also the angles CGK, GKS, opposite to these, are right 
angles, (1 

wherefore CGKB is rectangulnr 
but it IS also equilateral, as was demonstrated , 
wherefore it is a square, and it is upon tlie side CB 
For the same reason HF is a square, 
and it IS upon the side JErff, which 18 equal to (i 34) 
Tlierefore the figures HF, OK, are the squares on AC, CB 
And because the complement is equal to the complement GK, 
(1.43) 

and that AO is the rectangle contained by AC, CB, 
for 6r(7is equal to CB, 

therefore OF is also equal to the rectangle AC, CB , 
wherefore Atr, GF are equol to twice the rectangle AC, CB, 
and jBF, CK ore the squares on AC, CB, 
wherefore the four fi^es BF, CK, AG, GF, ore equal to the 
squares on AC, CB, ond tince the rectangle A C, CB 
but MF, CK, AG, GF make up the whole figure AFFB, which 
IS the square on AB , 

^ therefore the square on is equol to the squares on A C, CB, and 
tince the rectangle ^C, CB 
"Wherefore, if a straight line be divided, &c Q E D 

Coe Prom the demonstration, it is manifest, that the parjJlelo- 
grams about the diameter of a square, ore likewise squares 

PHOPOSITION V THEOEEM, 

Tf a straight lint he divided into two egtial parts, and also into tiro 
unegual parts , the rectangle contained hy the unegnal parts, together with 
the square on the line between the points of section, ts equal to the square on 
half the line 

Let the straight line AB be divided into two equal parts m the 
point C, and into two unequal parts in the point JD 

'I'hen the rectangle AF, FB, together with the square ou CF, shall 
be equal to the square on CB 


A CDS 
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Upon CB descnbe the souare CEFB, (i 46 ) join BE, 
through £> draw poralle! to CE or BE, (l dl ) meeting BE 
mK,mAEFmG, 

and through Jff dran KLM parallel to CB or EF, meeting CE 
in L, and JBjPin 31, 

al'so through A draw AK parallel to CL or BM, meebng Jl/X^Tin K 
^cn hocause tlie complement CH k equal to the complement HF, 
(1K43 ) to each of these equals add EM, 

J therefore the whole CJLT is c^al to the whole EF, 
hut because tlie line Avia equal to CB, 
tliereforo AL is ecmal to CM, (l S6 ) 
tlicrefore also AJj is equal to EF, 
to each of these equals add CE, 
and therefore the whole AH is equal to EF and CE 
but AE IS the rectangle contained bj AE, EB, for EE is equal to EB, 
and together with CjI is the gnomon CM6, 
therefore the gnomon CMG is equal to the rectangle AE, EB 
to each of these equals add LG, winch is equal to the square on 
CE, (n 4 Cor) ^ 

therefore the gnomon ChLG, together with LG, is equal to the 
rectangle AE, EB, together with Uic square on CE 
but the gnomon CMG and LG make up the whole figure CEFB, 
which is the square on CB, 

therefore the rectangle AE, EB, together with the square on CE 
IS equal to the square on CB 

■\Vhcrcfore, if o straipht line, &.c Q E d 
C on From this proposition it is manifest, that tlie difibrence of 
the squares on two unequal lines AC, CE, is equal to the rectangle 
contained bj their sum AE and their difibrence EB 


PFOPOSmOIf TI THEOREM 

Ifattraight hnehc biseeled, and produced to any point, the rcctmwle 
•vitained hv the whole line thus prodiwed, and the part of it produced 
together with the square on half (he line bisected, is eguol to the square w 
t/ie straight line which is made up of the half and the part produced 

1 et^e straight Ime^lFbe bisected m C, and produced to the point jD. 

Then the rectangle AE, EB, together with Uie square on CB, shaU 
be equal to the square on C?i? ’ 


B D 




1 ^ 
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Vi .r 

Upon CB descnbe the square CEFE, (i 46 ) and join EE, 

° CJ?orBF; (t 31) meeting BB 

^'^^3r\^CE7n -^-0 or -EF, mceUng EF in 

d through A draw AJC pirallcl to CL or E3I, meeting MLKin K. 
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Then because the hne AC is equal to CB, 
therefore the rectangle is equal to the rectangle CIl, [1 36 ) 
but GBTas equal to KF , (i 43 ) 
therefore AL is equal to JSF, 
to each of these equals add CM, 
therefore the -whole AM ^ equal to the gnomon CMO 
but AM IS the rectangle contamed by AD, DB, 
for DMn equal to DB (n 4. Cor ) 
therefore the gnomon CMC is equal to the rectangle AD, DB 
to each of these equals add ZG which is equal to the square on C 
therefore the rectangle AD, DB, together with the square on CB, 
equal to the gnomon CMO, and me figure ZG , 
but the gnomon CMG and ZO make up the -vs hole figure CEFD, 
■ahich IS the square on CD, 

therefore the rectangle AD, DB, together with the squaie on CB, 
IS equal to the square on CD 

Wherefore, if a straight line, ic Q E D 

PEOPOSITION Vn THEOREM 
If a itratght line he divided into any two parte, the eguares on the whole 
line, and on one of the parte, are equal to twice the rectangle contained by 
the whole find that part, together with the square on the other part 

Let the straight line ^ JB be dii ided mto any two pai ts in the point C i 
Then the squares on AB, BC shall be equal to twice the rectangler 
AB, BC, together -mth the square on AC 


A c n 


G 

/k 

1/ 
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Upon AB descnbe the square ADEB, (l 46 ) and jom BD, 
through C draw CjP parallel to AD or BE {i 31 ) meeting BDva 
G,md.DEmF, 

through G draw SGK parallel to AB or DE, meeting AD m H, 
and BE in E 

Then because^© is equal to GE, (l 43) 

add to each of them CK, ' 

therefore the whole AK is equal to the uhole CE, 
and therefore AK, CE, are double oIAK 
but AK, CE, are the gnomon AKF and the square CK, 
therefore the gnomon AKF and the square CK are double of AK J 
but twice the rectangle AB, BC, is double of AK, i 

for BK 18 equal to BC, (n 4 Cor ) ; 

therefore tlie gnomon ^XPand the square CK, are equal to twice the 
rectangle AB, BC, 

to each of these equals add KF, which is equal to the square on AC 
therefore the gnomon AKF, and the squares CK, MF, are equal to 
mce the rectangle AB, B C, and the square on AC, 
but the gnomon AKF, together with the squares CK, MF, make 
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ui) the whole figure ADEB and OK, which ate the squares on AB- 
and BO, 

therefore the squares on andi^Care equal to twice the rectangle 
AB, BC, together with tlic square on AC 

'\\licrcforc, if a straight line, £.0 Q E D. 

PROPOSITION "Pin. THEOREM ' 

If a str^nqht hnc ho dittoed vita any Ueo parts, futtr times the reetmgU 
contained ly the tchoJe line, and one of tha parts, toqcthcr with the square on 
the other ^art, is equal to the square on the straight line, which is made uj 
of the whole and that part 

Let the straighthpc AB he dmded into any two parts in the point C 

Then four tunes the rectangle AB, JT/Ci together with the square on 
A C, shall he equal to the square on the straight hnc made up ol AB 
and i?C togctlier 


A OLD 



Produce AB to D, so that J?jD he equal to OB, (I. 3 ) 
upon AD describe the square ABED, (l 46 ) and join I)B, 
through B, C, draw BL, Oil jiarallel to AE or DF, and cutting DE 
in the points K, P rtsjjcctisclv, and meeting EF in Z, Jl, 
through K, P, draw MGKK, XPItO parallel to or EF 
Then because CB is equal to BD, CB to GK, and BD to KN, 
therefore GK is equal to KN, 
for the same reason, Pli is equal to ItO, 
and because CB is equal to BD, and GK to KK, 
therefore the rectangle CK is equal to BN, and GR to llN, (l 36 ) 
but CK IS equal to RN, (i 43 \ 
because thej are the complements of the parallelogram CO , 
therefore also BN is equal to GR, 

and the four rectangles BN, CK, GK RN, arc equal to one another, 
and so are quadruple of one of them CK 
Again, because CB is equal to BD, andJSJDto J7Jr,thntis,to CQ, 
and because CB is equal to GK, that is, to GP, 
therefore CG is equal to GP 
And because CO is equal to GP, and PR to RO, 
therefore the rectangle AGn equal to MP, and PL to RP, , 
but the rectangle 3£P is equal to PL, (i 43 ) 
because thet are the complements of the parallelogram hrr. 
wherefore also AG k equal to RF 
therefore the four rectangles AG, MP, PL, RF, arc equal to ono 
another, and so arc quadruple of one of them AG 
And It was dtmonstralcd, that the four CK, BN, OR, and J?2V. aio 
quadruple of CK 
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therefore tlte eight rectangles 'nhioh contain the gnomon^ Oif, aro 
quadruple of AK 

And because AR is the rectangle contained by AJB, BC, 
for BK 18 equal to BC, ' 

therefore four times the rectangle AB, BCu quadruple of AK 
but the gnomon ACSvisl^ demonstrated to be quadruple of AK, 
therefore four tunes the rectangle AS,BCi& equal to the gnomon^ Oj^, 
to each of these equals add yrhich is equal to the Eouare on 'AC, 
therefore four tunes the rectangle AB, BC, together Yfitn the square 
on AC, is equal to the ^omon A OS and the square XS, 
but the gnomon A OS and XS make up the figure AJEFJD, nhich is 
the square on AB, 

therefore four tunes the rectangle AB, JBCtogethenvith the square 
on AC, is equal to the square on AB, that is, on AB and BC added 
together in one straight line 

Wherefore, if a straight hne, &c, Q B D 

PROPOSITION IX THEOREM 

I/a straight hne be divided into iteo egual, and also into two tmegual 
parts, the squares on the tteo unequal parts are together double^ the equate 
on half the line, and of the square on the lute between the points of seeiton 

Let the straight hne AB be divided into two equal ports in thepoinV 
C, and into two unequol parts in the point B /• 

Then the squares on AB, BB together, shall be double of tho 
squareson^t?, CD. • 

E 



From the point C draw CB at nght angles to AB, fl 11 ) 
make CD equal to AC ot CB,C 3 ) and join SA, BB , 
through D draw jDi?’ parallel to CLoi meeting jE 2? in. (I 31 ) 
through F draw FG parallel to BA, andjom AF 
Then, because AC \& equal to CB, 
therefore the angle .^DCis equal to the angle EAC, fl 5 } 
and because ACB is a nght angle, 
therefore the two other angles ABC, BA C of the tnongle are together 
equal to a nght angle , (l 32 ) ® 

and since they are equal to one another, 
therefore each of them is half a nght angle 
For the same rwson, raoh of the angles CBB,BBCis half aright angled 
and therefore the whole ABB is a nght an»le ° 1 
And because the an^e GEF is half a nght angle, 
and BGF a nght angle, 

for It IS equal to the intenor and opposite angle- BCB, (i 29 1 
therefore the remaining angle BFG is half a right angle . 
wherefore the angle GEF is, equal to the angle BFG, 
and the side CF’ equal to the side EG (T 6 ) 



BOOK II PROP X 


93 


Again, because the angle at is lialf a nght angle, 
and jFjD 5 a nght angle, 

for it IS equal to the intenor and opposite angle JSCB, (l 29 ) 
therefore the remaining angle is half a nght angle , 
whcferorc the angle at JB is equal to the angle SFJ), 
and the side jyj?’ equal to tnc side 2J5 (l 6) 

And because AC is equal to CJC, 
the square on AC is equal to the square on CJO, 
therefore the squares on AC, CJ2 ore double of the .square on A C, 
but tne square on AJS is equal to the squares on AC, CE, (l 47 ) 
because ACE is a nght angle , 
therefore the square on AE is double of the square on A C. 

Again, because EG is equal to QE, 
the square on EG is equal to tlic square on GF, 
therefore the squares on EG, GFarc double of the square on GF, ' 
but the squorc on EF is eqhal to the squares on EG, GF^ (l 47 ) ^ 
therefore the square on EF is double of the square on GF, 
and trjPis equal to CD, (t 34 ) 
therefore the square on EF is double of the square on CD, 
but tlie square on AE is double of the square on A C, 
therefore tlic squares on AE, EF are double of the squares on A C, CD, 

> but the square on AF is equal to the squorcs on AE, EF, 

1 because AEF is a right angle (l 47 ) 

tliercforc the square on AFis double ol the squares on AC, CD* 
but the squares on AD, DFato equal to the square on AF, 
because the angle ADF is a nght angle , (l 47 ) 
therefore the squares on AD, DFnto double of the squares on A C, CD , 
and DF IS equal to DB, 

therefore the squares on AD, DB are double of the squares on A C, CD 
If therefore a straight line be divided, Ac Q E.D. 

PROPOSITION X THEOREM 

If a straight line he bisected, and produced to any point, the square on 
the whole line thus produced, and the square on the part of it produced, are 
together double of the square on half the line bisected, and of the square on 
the line made up of the half and the part produced 

Let the straight line AB be bisected in C, and produced to the 
point D 

Then the squares on AD, DB, shall be double of the squares on 
dr CD. ^ 


E P 



From the point C draw CE at nght angles to AB, (ill) 
moke CE equal to ^ C or CB, (l 3 ) and join AE, EB , 
through E drau JET parallel to AB, (i 81 ) 
and through D draw DF parallel to CE, meeting EFin F 
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Then because Ihe straight line SjF' meets the parallels CB, FDt 
therefore the angles CEFt EFD are equal to two right angles , (l 2^) 
and therefore the angles EEF, EFD are less than two right angles 
But straight lines, which with another straight line make the in- 
terior angles upon the same side of a line, less than two right angles, 
will meet ifproduced fax enough, (I ax 12) " y 

therefore EE FD will meet, if produced towards B, D , 
let them be produced and meet in Gi and join AG 
Then, because AQ-a equal to CE, 
therefore the angle CB-d IS etmal to the angle J5L4C, (l 6) ' 

and Ae angle A CE is a right angle , 
therefore each of the angles CEA, EA C is half a right angle (l 32 ) 
For the same reason, 

each of the angles CEB, EBC is half a nght angle , 
r therefore the whole AEB is a right angle 
•' And because EB C is half a right angle, 

^therefore DBG is also half a right angle, (l 16 } 

, for they are vertically opposite , 

- 'r' but BDG is a right angle, 

, bcdause it is equal to the alternate angle DCE, (l 29 ) 

’ ~ therefore the remaining angle DGS is half a nght angle , 

and IS therefore equal to the angle DBG, , 

A 


18 a 


wherefore also the side BD is equal to the side DG (i 6 ) 
Agam, because EGF is half a nght angle, and the angle at P 
nght angle, bemg equal to the opposite angle BCD, (i 84 ) 
therefore the remauung angle FEG is half a nght angle, 
and therefore equal td the angle EGF, 
wherefore also the side GF is equal to tiie sidd FE (l 6 ) 
And because EC is equal to CA , 
the square on BC is equal to the square on CA , 
therefore the squares on EC, CA are double of the square on CA , 
oat me square on EA is equal to the squares on BC, CA , (l 47 ) 
therefore the square on BA is double of the square on AC ' 
Again, because GF is equal to FE, 
ii. e square on GF is equal to the square on FE, 
tocrefore the squares on GF, FE are double of thej^ume on FE, 

FE, 


bnt^e square on EG is equal to ^e squaies on GF, FE, (l 47 ) 
therefoie the square on jBG is double of the square on JFjE 
and PP is equal to CD, (i 34) ' 

wherewre the square on PC is double of the square on CD 
but it was demonstrated, ^ 

♦ 1 .' r square on EA is double of the square on ^ Ci / 

therefore the squares on EA, PC are double of the squares on A C, CiL 

the squares on 1?^, pS^,1l ^ 
® 9 “”e on IS double of the squares on AC, CD 
but the squares on AD, DG are equal to ^e square on . 

therefore the squares on AD, DG axe double of the squares on A C,’CD) 
f hut DG is oqual to DP, 

therefore the8quMeBou^,DPare double of the squares on4C, CD 
^1 herefore, if a straight line, &C. Qld 
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PROPOSITION XI PROBLEM 

/ 

To divide a given straight line into tieo parts, so that the rectangle con- 
tained by the whole and one of the parts, shall he equal to the square on 
the other part ^ 

Let AB be the given sti-aight line 

\Jt IS required to divide AB into two parts, so that the rectangle 
con&ined bv the whole hne aiiu one of the parts, shall be equal 
to the square on tlie other part 

r ? 


Upon AB desciibe the square ACDB , ^ 46 ) 
bisect A C in B, (i 10 ) and join BB, 
produce CA to B, and mt^e BF equal to BB, (t 3 ) 

L upon AF desciibe the square FGHA (l 46 ) 

' ^ ‘Tlien AB shall be diiidod in S, so that the rectangle AB, BJS is 
equal to the square on 

Produce OH to meet CD in K 

Ihen because the straight line ACis bisected in B, and produced to F, 
therefore the rectangle CF, FA together with tlie fequare on AB, 
IS equal to the square on BF, (n 6 ) 

but BF 18 equal to BB , 

therefore the rectangle CF, FA together with the square on AB, is 
equal to the squaie on BB , 

but the squares on BA, AB are equal to the square on BB, (l 47 ) 

• because the ai^le BAB is a nght angle , 
therefore the rectangle CF, FA, together with the square on AB, 
IS equal to the squares on BA, AB, 
take awaj the square on AB, which is common to both , 
therefore the rectangle contained by CF, FA is equal to the square 
on BA 

But the figure FK is the rectangle contamed by CF, FA, 
for FA IS equal to FG , 

, and AD IS the ^uare on AB , 

therefore the figure F!k is equal to AD , 
take away the common part AB, 
therefore the remainder FB is equal to thoTemainder JSD-, 
but BD IS the rectangle contained by AB, BB, ’ 
for AB 13 equal to BD , < 

and FB is the square on AB, 

therefore thp rectangle AB, BB, is equal to the square on AW. 
Wheiefore the straight hne AB is divided in so that the 
J^ctangle A H, BB is equal to th^ square on AB o E F 
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I’ROPOSITION xn THEOREM 
Jn obtuse angled triangles, if a pergHsniieidar be draien from either oj 
the ttcitle angles to the apposife side produced, the square on the side sub 
tending the obtuse angle, is greater than the squares on the sides cotUaintng 
the obtuse angle, by twice the rectangle contained by the side upon lehieh, 
when produced, the perpendicular falls, and the straight hue tntcre0^ed 
without the triangle between the perpendicular and the obtuse angle 

Let^RCbe an obtuse-angled tnangle, having the obtuse angle 
A CS, and from the pomt A, let AJD be drawn perpendicular to jJC 
produced ' 

Then the square on AJ3 shall he greater than the equates on AC, 
CB, by twice the rectangle BO, CD 

A 



Because the straight Ime BD is divided into two parts in the point C, 
therefore the square on BD is equal to the squares on BC, CD, 
and twice the rectangle BC, CD, (n 4 ) 

to each of these equtds add tne square on DA , J 

thermore the squares on BD, DA are equal to the squares on BO,^ 
CD, DA, and twice the rectangle BC, CD, 
but the square on BA is equal to flie squares on BD, DA, (1 47 ) 
because tlie angle nt J) is a right angle , 
and the square on CA is equal to the squares on CD, DA , 
tnerefore the square on BA is equal to the squares on BC, CA, and 
twice the rectangle BC, CD, 

tha^, the square on BA is greater than the squares on BC, CA, by 
twice the rectangle BC, CD i j 

Therefore in obtuse-angled triangles, &c Q E D 


pROPosinoN xin theorem 

subtending either of the acute 
«2Ko>-« on Vie sides containing that angle, by twice 

straight tme^ inter. 

tZ S^Hu an^le psrpendicular let faU itpon V from^ 

uJCl any taangle, and the angle at B one of its acute 
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First, let AB foil within the tnangle AJiV 
Then because the straight line CB is divided into tuo parte in J), 
the stmoTCs on CB, BD are equal to twice the rectangle contained bv 
CjB, BD, and Ae square on DC, (ll 7 ) 

to each of these equals add the square on AB , 
therefore the squares on CB, BD, DA, are equal to twice the 
rectangle CB, BD, and the squares on AD, DC, 
but the square on AB is equal to the squares on BD, DA, (i 47 ) 

' because the angle BDA is a right angle , 

and the square on ^ O’ is equal to the squares ou AD, DC, 
therefore the squares on CB, BA are equal to the square on AC, 
and twice the rectangle CB, BD 

Uiat 18 , the square on ^ (7 alone is less than the squares on CB, BA, 
by twice the rectangle CB, BD 
Secondly, let AD fall without the triangle ABC 

A 



B CD 

Then, because the angle at is a nght angle, 
the angle A CB is greater than n right angle , (r 16 ) ^ 

and therefore the square on AB is equal to the squares on AC, OB 
and twice the rectangle if <7, CD, (n 12) 

to each of these equals add llie square on BO, 
therefore the squares on AB, BO are equal to the square on AC, 
twice the square on BO, and twice the rectangle BC, CD, 
but because BD is divided into two jiarts m C,' 

Therefore the rectangle DB, BC is equal to the rectangle BC, CD, 
and the square on BC, (li 3 ) 

and the doubles of these ore equal , 
that is, twice tlie rectangle DB, BC is equal to twice the rectangle 
BC, CD and twice the square on BC 

therefore the squares on AB, BC are equal to the square on AC, 
and twice the rectangle DB, BC 

wliereforc the square on A U alone is less than the squares on AB, SC, 
by twice the rectangle DB, BC 
Last!}, let the side ^(7 be perpendicular lo BC, 

A 



Then BC is the straight line between the nernendicnlnr and the 
acute angle at 27, ^ f 

and it IS manifest, that the squares on AS, BC, are equai lo the 
square on AC, and twice the square on J5C (l 47 ) 

Therefore in any tnangle, &c Q E D, * 


V 



qS EUCIilDb ILlilEMTS. 

PROPOSITION XIT PROBLEM. 

Td describe a sgttare that shall he equal to a given reetthneatfyu~e 

Let A be the given rectilineal figure. 

It IS required to describe a square that shall be equal to A 



Desc”ibe the rectangular parallelogram BCDE equal to the rccti 
hrcol figure A (l 45 ) 

Then, if the sides of it, BE, EB, are equal to one another, 

It IB a square, and -what r^as required is now done 
But if BE, EB, are not equal, 
produce one of them BE to F, and make EF equal to EB, 
bisect in G, (i 10) 

from the center G, at the distance df2?, or GF, describe the semicircle 
BJIF, 

and produce BE to meet the circumference in S 
The square described upon EBL shall be equal to the given lecU- 
Imeal figure A 

Join GB[ 

Then because the straight line BF is divided into two equal parts 
in the point G, and into two unequal parts in the point E, 

therefore the rectangle BE, EF, together with the square on EG 
IB equal to the square on GF, (li 6 ) 

but GF IS equal to GJT, (def J5) 
therefore the rectangle BE EF, together with tho square on EG, is 
equal to the square on GS, 

but the squares on SE, EG are Mual to the square on GE, (i 47 ) 
therefore thp rectangle BE, EF, together with the square on EG, 
IB equal to the squares on EE, EG , 
take away the square on EG, which is common to both , 
therefore the rectangle BE, EFis equal to the square on EE 
But the rectangle contained by BE, EF is the parallelogram BB 
because EF is equal to EB , 

' therefore BB is equal to the square on EE, 

but BB IS equal to the rectilineal figure A , (constr ) 
therefore the square on EE is equal to the reobhneal figure A 
"V/herefoie a square has been made equal to the gl^enlectll^l cal 
figure A, namely, the square dcsBiibcdupon VE Q e,e 
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Iv Book I, Oi'onjohioil ningmtndcs of tho some kind, Unos, nnfjlps 
i«d «urffl<.c 3 , moro particnlnrly tnanglcs and parallelograms, are com* 
pared, either ns being nbsolntcU cqnol, or nncf^ual to one onotlier 
In Ilook ir, tlio properties of right angled jvitallelograms, hat without 
‘icfercncc to their nngmtndcs, arc dewoustmlcd, and an imiiortant 
rstonsion is made of Luc i 47, to acute angletl and obtuse ingled 
tnanglcs Bcclid has given no definition of a rt.ci'intpilav parallelogram 
or redanqle probebli, bennse the Creek expression 9 epo\Krs 6 \ypaixftov 
or opfo’jSptoi siniph, is i definition of the figure In Knghsh, 
the lerm rcrIangJr, formed fitn'ii nelv<i aagnUts, ought to bo defincfl before 
its properties arc dcmtinstnited A rectangle msy be dclined to bo a 
parnUelogniii having cue niigb* a right angle, or a nghtaughd paril i, 
Itlognm , and a siiuarc is a net ingle hating oil its salts c<nnl 
As tho squares in I uelul’s dt inonstmtions are squires d'Vcnbofl or o 
EUpppsi^ to DC dcepnLel on straight Inns, the expression “tlte ’•qvan. on 
AL\ ’ IS a mow nppropnalo a!>bn iition for “Me K/p/cre drfcrrl^'i on ihe 
line AB, ’ than “ tn' wire of All " The litter cvpres'-ion more fitly 
expresses tht .•'rithmeiical or nlgelmiicil aqmraknt for tho square on tho 
hn* AL , 

In Fnc I 3”, it nij ho »een tins there mil b" an indefinite nnmlicr of' 
Irtrallclognn's on the aimc base md liclueen tho samo itarilUls v'hoso 
••rcasart ilira.scqnil to ono mother, nut tlrt onoof tliem h'fs all its 
angltn nght angles, and the length of jtsboundm Icsn tlim the houndiiy 
of any other jvaralleloin'ini iijion llie «iinrt 1 vc md b^tivicn tho smio 
pralhls The area ol this rcctangtdar pinlklngram is therefore* deter- 
miBcd by the two lines rliich contiln one of its rigid angles Hi nee it is 
silted m Def 1, tint cverj riclil mcied pinllclogram s^'d to I eoa- 
ioirtrd hi anr two of tho F'nigkt lims v,hicl contain one of tho right 
angles Xo distinction is made in Hock li, hetween fjim/i'vand vlrn^thf, 
os the recta igle mar he 'aid to ho cmi,aincd hr two lines wldJi are 
equal rc'.pi’ctu cly to the tro arliich contain one rigid angle of the fignre 
It mnj beremarltd that tho r<’ctaaglc itseT ts imuKa'i l>j four stnfght 
lines 

It IS of pnmai^ importance to discnminate the Geometrical conception 
ofa rectangle from thn Anthmctical or Algebraical rcprcsfulation of it 
Iho snhjeet of Gcometn* is •^rgmlvtiU not tit.mb'T, and thtiaforc it would 
be a departure from strict roasoniitg on space, to substitute in Gtomctnial 
demoast’ntions, the Anthmetinal or Algebtaieal repixsi nteliou of a rect- 
angle for the reetngle dsclf It is, however, ahsolutelj neccssarj tl at 
the connexion of nw»*^ r and inapttU di. ho clearly understood, as far as 
nganls the reprcsentctioa of liin s md areas. 

All lines are mcasuml by line*, and all surfaecr by surfaces ,?omo 
one line of defimto length is nrbitranij ns'un.cd as tile linear unit, and 
the length of cverv other lino is reiircstnti. 1 bj tlia numlier of liniar unijts. 
contained m it Tho square is tlio figuro a.>ninied for the mtasure ot 
surfaces The square unit or the iimtof area is ns'-umed to be lint square^ 
tlio side of which is one unit m knglh, and tho mngiiiiudc of tacn 
surface is reprcstntcd bt the number of square units conLaincd m 
it But here it maa he remarked, that the prepertus of rectangles 
and squares in tho bccond Book of Luclid nre proved indcpcudcntlj 
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sf the consideration, wiietlier the sides of the rectangles can bo ‘repro- 
lented by any midtiples of the same linear unit If, however, the 
sides of rectangles are supposed to be divisible into an exact number 
of linear units, n numerical representatioa for the area of a rectangle 
may be deduced 

On two hnes at right angles to each other, take AB equal to 4, and 
AD oqud to 3 Imear umts 

Complete the rectangle ABCD, and through the pomts of division oj^ 
AB, AD, draw EL, FM, GN parallel to AD , and HP, KQ parallel to 
A B respectively 


A £ F Q B 
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Then the whole rectangle AC is divided mto squares, all equal to each 
other 

And AC IS equal to the sum of the rectangles AL, EM, FN, GC , (ii 1 ) 
also these rectangles are equal to one another, (i 36 ) 
therefore the uhole AC is equm to four times one of them AL 
Agam, the rectangle AL is equal to the rectangles EH, HR, RD, 
and mese rectangles, by construction, ore squares described upon the 
equal hues AH, HK, KD, and are equal to ore auother 

Therefore the rectangle AL is equal to 3 tunes the square on AH, 
but the whole rectangle AC is equal lo 4 tunes the rectangle AL, 
therefore the rectangle AC is 4 x 3 tunes the square on AH, or 12 
square units 

that IS, the product of the two numbers which express the number of 
linear imits m the tu o sides, will give the number of square umts m the 
rectangle, and therefore will be an arithmetical representation of its area 
And generally, if AB, AD, instead of 4 and 3, consisted of a and b 
Imear umts respectively, it may be shewn m a similar manner, that the 
urea of the rectangle AC would contam ab square umts , and therefore the 
product ob is a proper representation for the area of the rectangle AC 
Hence, it foUows, that the term rectangle m Geometry corresponds to 
the term product m Arithmetic and Algebra, and that a similar com 
parison may be made between the products of the two numbers whicli 
represent the sides of rectangles, os between the areas of the rectangles 
themselves This forms the basis of what are called Arithmetical or 
Algebraical proofs of Geometneal properties 

If the two sides of the rectangle be equal, or if b be equal to a, 
the figure is a square, and the area is represented by aa or o* 

Also, smee a triangle is equal to the half of a parallelogram of the 
same base and altitude , 

Therefore the area of a triangle will be represented by half the rect- 
angle which has the same base and 'iltitude as the triangle m other 
words, if the length of the base be o umt , and the altitude be b umts , 
Then the area of the triangle is algcbi aically represented by Job 
The demonstrations of the first eight propositions, exemplify the 
obvious axiom, that, “ the whole area of everj figure m each case, is 
equal to all the parts of it token together ” 

Def 2 The parallelogram EK together with the complements AF 
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tiop IT might have boon deduced from tho tuo procedmg propo- 
Bitions , but Euclid has preferred the method of exhibiting, m tlio dc* 
monstrations of the second book, the equality of the spaces compared 
In the coroUarr to Prop xivi Book I, it is stated that a parallelogram 
which has one right angle, has nil its angles right angles By applymg 
this corollary, &e demonstration of Prop iv may bo considerably 
shortened 

If the two parts of the hne be equal, then the square on the whole 
Ime IS equal to four tuneathc square on half the Ime '' 

Also, if a line be divided into any three parts, tho square on the nhole 
hne 18 equid to the squares on the three parts, and tuice the rectangles 
contained by every tno parts 

Prop n Algebraically (fig Prop rv) 

Let the Ime /IB contain a linear units, and the ports of it AC and BC, 
m and n Imcar imits respectii cly 

Then at=m + n, 

squanng these cqutds, o’ = (m + n}*, 
or o* = «i* + 2mn + n* 

That IS, if a number be divided mto any tn o parts, tho square of the 
number is equal to the squares of the two parts together with tivice the 
product of the two ports 

Prom Euc ii 4, may be deduced a proof of Euc i 47 In the fig 
take DL on DE, and CM on EB, each equal to BC, and jom CII, IIL, 
LM, ifC Then tho figure I! EMC is a square, and the umr triangles 
CAlf, JiDL, LBM, MBCare equal to one another, and together are equal 
to the tuo rectangles AG, GE 

Non AG, GE, FH, CK are together equal to the whole figure ADBB , 
uid liLMC, -with tho four triangles CAIl, IWL, LEB, MBO also make 
ap the whole figure ADCB , 

Hence AG, GE, FH, CK ore equal to HLMC together with the four 
xiangles 

but AG, GE ore equal to the four triangles 
wherefore FH, CK are equal to HLMC, 

^hnt IS, the squares on AC, AH are together equal to the square on CH 
Prop V It must be kept m mind, that the sum of two straight hnes 
n Geometry, means the straight line formed by joining the two lines 
xigcther, so that both may bo in the same straight hne 

Tho follow mg simple properties rcspectmg the equal and unequal 
hvision of a hne are worthj of bemg remembered 

I. Smee AB = 2PC = 2 {BD + DC) = 2BD + 22)C, (fig Prop v ) 
and AB >= AD + DB , 

2CD + 2DB <=AD+ DB, 
md by subtractmg 2DB from these equals, 

2CD ^AD- DB, 

' exii CD=i{AD -DB) 

That 18 , if a line ABbe divided into two equal parts m c, and mto two 
inequal parts in D, the part CD of the lino between tho pomts of section 
B equal to half the difference of the unequal parts AD and DB 

II Here AB = AC + CD, the sum ofthe unequal parts, (fig Prop v ) 
and DB «= AC — CD their difference 
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Hence b} adding these cqu'ds togetber, 

AD + DB = 2AO, 

or the sum and difference of two lines AC, CD, are together equal to 
twice the greater Ime 

the halves of these equals are equal, 

i AD -Pi DB = AC, 

■or, half the sum of two unequal lines AC, CD added to half theu diffe- 
rence IS equal to the greater Ime AC 

in Again, smee aD = AC -j- CD, and DB = AC — CD, 
bj subtractmg these equals, 

AD-DB = 2CD, 

or, the difference between the sum and difference of two unequal luies i 
equal to tincc the less Ime 

And the halves of these equals are equal, 

i AD DB = CD, 

or, half the difference of two hues subtracted from halt tlieir sum is cqui 
to the less of the two lines 

IV Smee AC — CD = DB the difference, 

AC=CD+ DB, 

and addmg CD the less to each of these equals, 

AC + CD r^2CD ■{; DB, 

or, the sum of two unequal lines is equal to twice the less Ime togotbsr 
with the difference betw ecu the hues 
Prop T Algebraically 

Let AB contain 2almear units. 

Its half BC wiU contam a hnear units 
And ict CD the Ime between the points of section contain m hnear units 
Ihen AD the greater of the two unequ*!! parts, contains o+m hnear urn's , 
and DB the less contains a — »i imits 
Also m IE lialf tlic diffbicncc of o m and « — w , , 

(n + m) (a— m) = a’ — n', 
to each of these equals add w® , 

(a + m) (a — m) +niF = a* 

That is, if a number be divided into two equal parts, and also mtotwo 
unequal parts, the product of the unequal parts toge^et with the souore 
of half their difference, is equal to the square of half the number * 
Bearing m mmd that AC, CD are respectively half the sum and half 
the difference of the two Imes AD, DB , the coroUor} to this proposition 
may be expressed m the following form “The rectangle contained by 
, two straight Imes is equal to the dofference on the squares of half their 
I sum and half their difference " 

The rectangle contamed by AD and DB, and the square on BC are 
each bounded by the same extent of Imc, but the spaces enclosed differ 
by the square on CD 

A mven strnightlinc is said to oeproixteed when it his its length increased 
in either direction, and tile increase it receives, is called the part p'-oHucM 
It a poiut be taken, m a lone or in a Jmc produced, the ig said to 
be divided mtemally or externally, and the distances of the point from 
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the ends of the line are called Uie inthmal or external se^ents of tho 
line, according as ^e point of section is in the line or the line produced 
Prop Ti Algebraically 

Let AB contain 2a linear units, then its half Bc contains a units , and 
<et BD contain m units 


Ihcn AD contains 2a + m units, 
and (2a + m) »n = 2am + w’ , 
to each of these equals add a% 

* (2a + f») m + a* = o® + 2am + m* 

But a* + 2am + «* = (a + m)*, 

(2a + m) m + a* t= (a + m)» 

That is, If a number bc divided into two e^ual numbers, and another 
number be added to the uhole and to one ol tho ports , the product oi 
the whole number thusmerensed and the oUicr number, together tvith the 
square of half the mven number, is equal to the square of the number 
which IS made up of half the mven number increased 

The aigebraicol results of Prop a and Prop vi are identical, os it is 
obvious that the difference of a + m ond a — m in Prop v is equal to the 
difference of 2a + m and m m Prop vi, and one algebraical result ex- 
presses the truth 'of both propositions 

This arises from the two waas in aihich the difference between two 
I unequal lines may be represented geometrically, aahen they are in the 
some direction 

In the diagram (fig to Prop a ), the difference DB of the two unequal 
Imes AC and CD is exhibited by produemg the loss Ime CD, and mokung 
I CB equal to AC the center 

Then the part produced DB is the difference between AC and CD, 
for AC 18 equal to CB, and taking CD from each, 
the difference of AC and CD is equal to the difference of CB and CD 

In the diagram (fig to Prop vi ), the difference DB of the two un- 
equal lines CD and CA is eahibitcd by cutUng off fiuiu CD the greater, 
a part CB equal to CA the less 

Prop vn Either of the two parts AC, CB of the line AB maybe 
taken and it is cqualla true, that the squares on AB and AC are equal 
1 to twice the rectangle AB, AC, together auth the square on BC 

Prop a II Algebraically 

Let AB contam a hnear umts, and lot the parts AC and CJBcontomm 
1 and n Imear units respectivcl j 

Then a e= m n 


squanng these equaLs, 
a* = OT* + 2mn + n", 
add n* to each of these equals, 
o* + n* = TO* + 2mn + 2«® 

But 2mn + 2n* = 2 (to + n) n a 2o?i, 
a* + n* s= TO* 2a« 


I , IS, n a number be divided mto any tw o parts, thesquaresof the 
S whole number and of one of the parts areequal to twice the product of the 
whole number and that port, together with the square of the other port 
rop Mil Asm Prop VII either part of the line may be taken. 
It is also true in this Proposition, tiiat four times tlic rectangle con- 
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tamed by AB, yl<7 together -with the square on JJC, Is equal to the square 
on ’he straight line made up of AB and AC together 

The truth of tins proposition may be dedutm from Euc ii 4 and i 
For the squire on AD (hg Prop S ) is equal to the squares on AB, 
BD, and twice the rcctnnglo AB, BO, (Euc ii 4 ) or *hc squares on 
4 B, DC, ind twee the rectangle AB, BC, because BC is equal to BD 
md the square* on AB, BCirc equal to twice the rectangle AB, BC with 
the square on dC (Euc ii 7 ) thcre^iirc the squire on AD la equal to 
four times the rectangle AB, BC together wntli the square on AC 
Prop im Algebraically 

I>ct tlie whole Ime AB contain o linear units of which the parts AC, 
CB coatam m, n untis rospcctivciv 

Tlicn n + n ■= o, 

and Bublracting or tilcing « from eaih, 
m =c a — n, 

aquiriiig t' esc equals, 
ri* o* — 2rtn + u*, 

end adding 4ra to cich of these cquila, 

4itii + Ji* =i o* -f 2on + «* 

B It a* + Qnn 4 - ri* := (r -i- «)*, 

4mt + 11* n (fl -u »i)* 

llict IS, If a number be dmded into any two pirti, four time® th'' pro 
duct of the whole number and one of tlic parts, together with the square 
of the other pa-t, is cquil to the squire of the number raide of the whole 
and the part lirsi tal e n ’ 

Prop vin man be put under the following fom The square on the 
sum of two lines exceeds thevquaro on their diirtrcncc, bj four times ths 
rectangle contimcd hi tltc imes 

Prop ix The demonstnuon of this proposition may be dcducce 
from Euc it 4 and 7 

For (Euc II 4 } the square on ADia equal to the squires on AC, Cl 
and Iwncc tliPicctan/le dr, CD, (fig Prop *> ) ind adding tlie squan 
on DO to eic'*’, therefore the squares on AD, DB arc equal to the square, 
on AC, CD and twice the Tcctmglc AC, CD togetl cr mOi the squire of 
DD , or to the squires on BC, CD and twice the rcctingle BC, CD witl 
the squire on DL, bceau.se BC is equal to AC 

But the squares on DC, CD arc equal to twice Uic rcctingle BC, CL 
with Uic square on DB (Luc u 7 ) 

, ^\ herefore Uic squares on AD, DB arc equal to twice the squares o 
BC and CD ^ 

Prop IX Algcbraicnlh . 

liOt AB contain 2fi linear units, its liilfdCorDC will containn units 
trd let CD the line between the points of se-ction contain m units 
Abe AD the greater of the two unequal parts contains o + m tunta, 
and DB the less contains n — m units 
TJicn (a + m)* t= «* + 2«im + 
and (rt — T»y t=- Q* — 2n»t + m* 

Hence by adding these equals, 

(o -*• m)’ 4 (a — »«)2*=2fl » 4 2»r* 
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That IS, If a number be divided into two equal parts, and also into two 
jacqual parts, the sum of the squares of the two unequal parts is equal 

0 twice the square of half the number itself, and twice the square of 
nlf the difference of the unequal parts 

The proof of Prop x maj be deduced from ISuc ii 4, 7, as Prop nt 

1 Prop X Algebraically 

Let the line AB contom 2a linear umts, of which its half AC or CB 
nil contain a units , 

and let BD contain m units 

I Then the whole line and the part produced will contain 2o + m units, 

' and half the hne and the part produced will contain a -h m uiuts, 

(2o + m)* = 4a* + 4am + «»*, 
add m* to each of these equals, 

• (2o + ml* + m* = 4a- + 4am + 2m* 

Agam, (o + m)* = o* + 2am + m*, 
add a* to each of these equals, 

• (a + m)* + a* =a 2o* + 2am + m* 
and doublmg these equals, 

2 (a + m)* + 2o’ s= 4a* + 4om + 2m- 
But (2o + m)* + m* = 4e* + 4om + 2m* 

Hence (2a + m)* + m* = 2o* -f 2 (a + m)* 
lliat IS, If a number be divided into two equal parts, and the whole 
' umber and one of the parts be increased bv the addition of another num- 
op, the squares of the whole number thus increased, and of the number 
I r wluch It IS increased, are equal to double the squares ofhidf thenum- 
cr, aud of half the number increased 
The algebraical results of Prop ix, and Prop x, are identical, (the 
nunciations of the two Props nnsmg, as in Prop \, and Prop vi, from 
ho two waj-s of exhibiting the difference between two linos) , and both 
lay be included under the followang proposition The square on the 
um of two hnes and the square on their difference, are together equal to 
ouble the sum of the squares on the two Imcs, 

Prop XI Two senes of lines, one series dec-easing and the other 
sries mcreasing in magmtude, and each hne divided m the man- 
er may be foimd by means of this proposition 
. (1) To find die decreasing senes 

In the fig Euc u 11, AB = Alt + JBET, 
nndsmceAJS Bit = All*, {AE+BH) BH=An*, 
BW=^AE*-AH BE = All {AH -BE) 

If now m 11 A, HL be talicn equal to BE, 
then EL' = AH {AH - HL'), or AH AL = HL* 
at u, AH is divided in L, so that the rectangle contained by the whole 
ne AH and one part, is equal to the square on the other part HL By a 
unilor process, IlL may be so divided , and so on, bj always takmgfrom 
no greater part of the divided line, a part equal to the less 
* (2) To find the increasing scries 

From the fig it is obvious that OF FA = CA\ 
lenre CPis divided in A, in the same manner as AB is divided m H 
^ add^ AF a Ime equal to the greater segment, to the given Ime CA 
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or AB And by 3 ^ 00181 % civ adding to the last line thus diMdci, its 
greater segment, a senes of bncs increasing in magmtude may be fonnd 
similarlv (hi idcd to A B 

It maj also be sheuTi that the squares on the w hole line and on the less 
segment arc equal to tlirce times the square on the greater segment- 
(Euc XIII 4 ) 

To solve Prop xi, algebraicallv, or to find the point 77 in Ali such 
that the rectangle contained bt the -nhole line IB and the part IIB shall 
be equal to the square on Oic other part ^77 

Let AD contain a hncar Imics, and 777 one of the unluiown parts con 
taui X umts, 


then the other part IJB contains a — x umto 
And a(a —z) = x\ by the problem, 
or **+«* = a\ a quadratic equation 

-trr, ± o V 3 — rt 

wliencc X = s . 


The former of these values of * determines th** point B 

Vs — 1 

So that X ta ^ — aB t= ATT, one part, 

i 

and a-.xt=a- AU = - AD =1171, the other part. 

It mav he ohsened, that the parts All and TIB cannot be nuincrlcallv 
expressed bj any rational number Appro umaUon to their true values 
in terms of A fl, may be made to mj required degree of acciir'ici , bi ex- 
tending the extraction of the square root of 5 to anj number of dccinials, 

To ascertain the meaning of the other result a: = — " . a. 


In the equation c (o — a;) t= a?, 
for X imto — X, then c (o + x) = x*, 
which when translated mto words giics the following problem 

To find the length to which a giien Imc must be produced so that the 
rcctang 0 (fontaincd bj the gu cn line and the line made up of the gn cn linn 
an(l the part produced, mu be equal to the square on tlie part produced. 
Or, the problem imi also be expressed as follows 
, find two lines hanng a given aiffcrcncc, such that the rectangle con- 
^*"^11 difference and one ol them may be equal to the square on 

It may here he remarked, that Prop xi Book 11 , affords a simple 
Oeometncal construction for a quadratic equation 
Prop XII Algchrdically 
Assuming the truth of Euc 1 47 

Let Be, C 1, AB contain a, b, c linear units respectively, 
and let CD, DA, contain m, 71 umts, 
then BI) contains o + m umts 

And therefore, c® a (n + m)* + from the right-angled triangle iBD, 
also i* = «i* 4 - rt* from ACD , 

.• c» - 5^ = (a f m)* — «)2 

= a* 4 2am »• »iS _ rS 
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= a* + 2am, , 
c* = 6’ + o’ t- 2am, 

that IS, c’ 18 greater than 6* + a* by 2om 

Prop XIII Case ii may be proved more simply as foUoivs 
Since SD is divided into tn o parts in the point Z), 
tliercfote the squares on CBt BD arc equal to twee the rectangle con 
tamed by CB, BD and the square on CD , (ii 7 ) 

add the square on AD to each of these equals , 
therefore the squares on CD, BD, DA are equal to twice the rectongl 
CB, BD, and the squares on CD and DA, 
but the squares on BD, DA are equal to the square on AB, (i 47 ) 
and the squares on CD, D 1 arc equal to the square on AC, 
therefore the squares on CB, BA are equal to the square on and 
twice the rectangle CB, BD Tliat is, &c 
Prop XIII Algebraically 

Let BC, CA, AB contain respectively a, b, c Imeor amts, and let BD 
and AD also contain m and n umts 

Case I Then DC contams a — m units 
Ihcrefore c* = n* + m" £rom the right angled triangle ADD, ^ 
and 6* = n’ + (o — m)* from ADC , 
c* — 6’ «= m’ — (fl — m)* 

= i«* — a* + 2om — m* 

= — o’ + 2om, 
o* + o’ = 6* + 2am, 
or 6* + 2am = o* + o’, 

that IS, 6’ IS loss than o' + c^, b> 2am 
Case II DC = m — a umts, 

, c* =m* + n’ from the light angled triangle ABD, 
and 6’ = (m — o)* + n’ from A CD, 
o’ — 6’ = m* — (m — o)’, 

= m’ — «»* + 2om — o’ 

= 2am — o’, 
o^ + c’ = 6’ + 2am, 

or 6’ + 2am e o’ + 
that IS, 6* 18 less than o’ + c’ bj 2am 
Case III Here m is equal to a 

And i* + o* = c*, from the right-angled triangle ABC 
Add to each of these equals o’, 

6’ + 2a’ = o’ + o’, 

that IS, S’ 18 less than o’ + o* by 2o*, or 2aa 
These two propositions, Euc ii 12, 18, with Euc i 4’’, exhibit the 
relations which subsist between tlie sides of an obtuse-angled, on acu'o- 
ingled, and nght-anglcd triangle respective'y 
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NOTE ON THE ABBREVIATIONS AND ALGEBRAICAL 
SYMBOLS EMPLOYED IN GEOMETRY 


Ths ancient Geometry of the Greeks admitted no symbols besides the 
diagrams and ordmary language Li later tunes, after symbols of opera 
tion had been devised by writers on Algebra, they were very soon adopted 
^d emplo} ed on account of their brevity and convenience, in writings 
purely geometrical Dr Barrow was one of the fimt who introduced 
algebraical symbols into the langu^e of Elementary Geometry, and dis 
tmctly states in the preface to his Euchd, that his object is “to content 
the desires of those who are dehghted more with Bjinbohcal than verbtil 
demonstrations " As algebraicm symbols are employed m almost all 
works on the mathematics, whether geometrical or not, it seems proper 
m this place to give some brief account of the marks which may be re- 
garded as the alphabet of symbolic^ language 

Themark = w as first used bv Robert Recordo, in his treatise on Algebra 
entitled, " The Whetstone of '\Vitte,’’ 1657 He remarks , “ And to avoide 
the tediouse repetition of these woordcs i* eguatle to I wiU sette as I 
doe often in w oorke use, a paire of parallclcs, or Gemowe lines of one 
Icngtl^ thus =, bicause noe 2 thjmges can be more equalle ” It was 
employed by him as simply afiirmmg the equality of tw o numerical or 
algebraical expressions Geomctncal equahtj is not exaefly the same 
as numerical equahty, and when this symbol is used in geometrical rcason- 
mgs. It must be understood as having reference to pure geometrical 
equahty 

The signs of relative magmtude, > meanmg, u greater than, and <, m 
lest than, were first introduced into algebra by Thomas Hunot, in his 
“A^ Analytical Praxis,” which nas published after his death in 1631 

The signs + rad - werefirsternployedbyhlichaelStifol, inhis “Anth- 
meUca Integra," which was published m 1644 The sign + w as employed 
by hun for the word phu, and the sip -, for the word wimiim These 
signs were used by Stifel stnctly as the antlimetical or algebraical signs 
of addition and subtraction 


The sip of multiphcaUon x was first introduced by Oughtred in his 
"Clav^ Mathematica," which was published in 1631 In al«'ebraical 
multipliraUon he either connects the letters which form the factors of a 
product by the sign x , or writes them as words without any sign or mark 
between them, as had been done before by Harriot, who first uitroduced 
the small letters to dcsipate known and unknown quantities However 
concise rad convement the notation AB x BO or A B BC may be m 
practice for “<6e rectangle contained hgthelmee AB andBC”, thertudent 
IS orationed against the use of it, m the early part of his geometneal 
studies, as its use is likely to occasion a misapprehension of Euclid’s 
mearaig, by conforadmg^the idea of Geometrical equality with that ol 
^^eucal equahty Later wnters on Geometry who employed the 
lanpagc, mrolamed the notation x BC, by »AB diwtum tn 
BCr , that IS, if _^e hne AB be earned along the hne BCma normal 
posiUon to It, untn It come to the end C. il wnfl then form with BC, the 
rectangle contamed by and BC Dr Barrow sometimes exprUse! 
therectaiigle cmitained by AB and BC" by "the rectangle ABC 
Mz<uiael Stifcl waa the first Mho introduced intesral cxnnnenfR tn 
denote the powers of akebraioal symbols of qnanUty, for which he^m- 

plojred capitallett^ y^eta afterwwrds used the vow els to denote 

rad Jie consonrats, unknown quanUtics, but used words to designme the 
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powers Sunon Stevm, m I is treatise on AJgobra, which, was published 
m 1C06, improied the notation of Stifel, by facing the figures that in- 
dicated the powers withm sutdl circles Peter Ramus adopted the 
initial letters I, g, c, bg of laiut, gvadrtUus, cubtu, btgtiadrafits, as the nota- 
tion of the first four powers Harriot c-ihibited the difPsrcnt powers of 
algebraical symbols by repcatmg the svinbol, two, throe, four, i^c times, 
according to the order of the power Descartes restored the numenw^ 
eitponents of powers, placing them at the right of thenutrtbors, orsjmbols 
of quantity, os at the present tune Dr Bartow employed the notation 
JjBg, for “ <Ae sgiutre on the line AB," m lus edition of Euclid The 
notations AB*, AB\ for “ the sgmre and cube on the line tohose extremities 
are A and B," as well os AB x BC, for "the rectangle contained by AB 
and BC," are used os abbreviations in almost all works on the Mathe- 
matics, though not wholly consistent with the algebraical notations a* 
and 

The symbol a/ , being ongmallv the imtial letter of tho wordroA*, was 
first used by Stifcl to denote the square root of the number, or of the 
symbol, before which it is placed 

The Hmdus, in their treatises on Algebra, indicated the ratio of two 
numbers, or of two algebraical svmbols, by placing one above the other, 
without any line of separation The line w as first introduced by the Ara- 
bians, firom whom it passed to the Italians, and from them to the rest of 
Ewsespe Tb» hea been for tbe wcpseasim. of gwwoa- 

tncal ratios by almost all writers on the Mathematics, on account of its 
^eat convcmence Oughtred first used points to indicate propottion, 
thus, a 6 c d, means wat a bears the same proportion to 6, 03 caoes tod 


QUESTIONS ON BOOK H, 


1 Is rectangle the same as rectus angulusf Explain the distmction, 
, and give the porrcsponding Greek terms 

2 What is meant by (he sum of two, or more than two straight lines 
in Geometry J 

3 Is there any difference between the straight bncs bj which a rcct- 
auglc is said to be contained, and those by wlucli if t* boiOidcd t 

4 Define a gnomon How many gnomons appear from the same con- 
structionm the same rectangle ? Find the difference between tnem 

0 What axiom is assumed in proving the first eight propositions t i 
the Second Book of Euclid? ‘ f r 


j equal squares and equal rectangles, t/hich must necessarily roin- 

7 How may a rectongle be dissected so as to form an eqmvnlcnt 
rectangle of any proposed length ? 

r X *1^® udjacent sides of a rectangle are commensurable, the area 

01 tnc rectangle is properlj represented by the product of the number of 
i^ts m twm adjacent sid es of ^e rectangle Ifflustrato tVus by considering 
tnc when the two adjacent sides contain 3 and 4 units respectively, 
ana distinguish between the units oftbe factors and the lujits of thcTiroduct 
anew generally that a rectangle whoso adjacent sides areicpresentedby the 
.^integers a ande, is represented by oft Also anew, that in the same sense. 


•«' rectangle is represeuted by if the sides be rcprcBentod by ^ 



QT 1 STlO^S ON BOOK 11 


in 


9 V\ hv ina\ not Alstbrnunl or Anthmi.tn il proofs be subsmuted ( s 
being shorter) for the dcroonstrAlions of llio Propositions m tbo bccoiid 
Book of Puclid * 

10 In Mhnt spn«!C is the area of a tn ingle find to be equal to Inlf the 
product of itj. b'l’sc nnii its alUludc? Wiat two propositions of Iiutlid 
may be adduced to proie It? 

\n How do you shew tint the area of a rhombus is equal to half the 
rcctasglc contniicd by the dinEonals * 

12 How may a nilc be dtctuccd for finding a niimcncal expression 
for the area «i a ii parallelogram, when two adjacent sides arc gii cn * 

1 J TTie nrciot a irtiKzium which has two ufitsEidrs parallel is eqn il 
to that of a rectangle contained by its altitude and half the sum of its 
parallel sides Wlnt propositions of the 1 ir>.t and Second Books orBiicl id 
ore emploYcd to prose this ' Of what service is the abo\o in tlio men* 
sumuon of fields wath irregular borders 

14 From wlnl propositions of Lticlid mnvbe deduced tlio following 
rule for findmg the area of nnv qindrdatcrnl figure — " Multiply the Buin 
of the perpendiculars drawn trom opposite angles of tlie figure u^ioii the 
diagonal joining the other two aneles, and til c half the ^iroduct ' 

15 In Hiiclid, 11 ", where must be the pomtof diitsion of the line, so 
that the rectangle contained b\ tlio two p irts ma\ be a maximum ? Bx- 
cmplifv in the case where the lino is 12 inibcs long 

16 Ilowmai the demonstration of 1 ucUd it 4, be legitimatelv short- 
ened * Give tlic Algobraical proof, mid state on what supposiuoiis it can 
111* regarded ns a proof 

17 Show that the proof of Luc it 4, can bo deduced from the two 
preiaous propo'-Uions without am uion Mntal eoiis'niction 

18 Shew that It the two comiilc nciits be together equal to the two 
squares, the giicii line is bisected 

19 lfth( line /I /?, ns III Hue it 4, be divided into mty three parts, 
enunciate and prove the analogous proposition 

20 Prove gcomctiacallv that if n slrn ght line he trisected, the square 
on the whole hue equals nine l mes the square on a Uiird part of it 

21 Deduce from Euc n 4 a proof of I uc i 47 

22 If n straight line he divided into two parts when is the rectangle 

contained In the parts, fAc pret'ett pntnblef w lim is the sum of the* 

square's of tlic parts, f/,f least posub'et 

23 bhew that if a hue be divided into two equal parts nml into two 
unequal partf , the part of the lim between the points of section h equal 
to half the diherciice of the unequal parts 

21 If half the sum of two unequal lines bo increased by half then 
dilTe-ence, the mm will be equal to the ure Her Imi and if the sum ol 
TWO lines be diminished by half tbcir difibrciicc, Uie remainder will be 
equal to the less line 

25 Explain what is meant bv the internal and ertemal set rients of a 
IW, and show that the sum of the cxtirnal segmuits of a line or the 
iSlTcrencc of the iiitciaial segments is doubh the distance between the 
points of section and bisection of the hue 

20 bhew bow hue it. 0, may be deduced immediately from the 
preceding Proposition 

27 Prove Ocomettwally that the squares on the sum and difTorcnce 
of two lines are cqu il to trace the squares on the lines themselves 

28 A given reetnuglc is divided bv two ntraight liner into four iccu 
angles Given the areas of tlio two which have not common sides find 
the areas of the othc* two 
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euciid’s eiements 


29 In how many ays mav the difference of two lines be exhibited! 
Enunciate the propositions m Book ii w hich depend on that circumstance 

30 How may a senes of Imcs be found similarly divided to the line 
AB m Euc II 11 ? 

31 Divide Algebraicahy a given line (n) into two parts, such that 

the rectangle contained by the whole and one part may be equal to the 
square of the other port Deduce Euchd’s construction from one 
lution, and explain the other ^ 

32 Given the lesser segment of a line, divided os m Euc. ii 11, 
%id the OTcater 

33 Enunciate the AnthmcUcal theorems expressed by the following 
ALlgebraical formula. 


[a + by = o* + 2a6 + i« a* - 6* = (o+6) (a - 6) (a-6)* = o’ - 2a6 + b*, 
^ and state the corresponding Geometrical propositions 

34 Shew that the first of the Algebraical propositions, 

(a + ») (a - x) +•*• = a’ (a + as)* + (o - as)’ » 2o* + 2*’, 

IS equivalent to the two propositions v and vi , and the second of thcrai 
to the two propositions ix and x of the Second Book of Eudid 

35 Proie Eue n 12, when the perpendicular BO is ^aivn from 
B on AC produced to E, and shew that the rectangle BC, CD is equal 
to the rectangle AC, CE 

36 Include the first two cases of Euc n 13, in one proof 

37 In the second case of Euc n 13, draw a perpendicular CE from 
the obtuse angle 0 upon the side AB, and prove that the soimro an A0 
IS equal to the rectangle AB, AB together i\ith the rectangle BC, BD ^ 

38 Enunciate Euc n 13, and give an Algebraical or Arithmetical 
proof of It 

39 The sides of a triangle ore as 3, 4, 6 Determine whether the 
angles between 3, 4 , 4, 6 , and 3, 6 , respectively are greater than, equal 
to, or less than, a right angle 

are 4 and 5 mches m length, if the 
third Bide be 6ft mches, the triangle is acute angled, but if it be 6ft 
Inches, the triangle is obtuse-angled 

txiaiigle has its sides 7, 8, 9 units respectively, a strip of 
breadth 2 units bemg taken off all round from the tnangle, find the 
urea of the remainder " 

42 H the original figure, Euc ii 14, were a nght-angled tnangle 
whose JirfM were represented by 8 and 9, what number wohld represent 
the side of a square of the same area? Shew that the penmeter of the 
square is less than the penmeter of the tnangle 

of at ». 8 »a 2 feol, rt.t „ a, ,.d, 

** plojie recti^eal fi^es admit of quadrature ” Point out 
propoismon 'which Euchd establishes tne truth of thm 

to otherpropo?U(STi?adv°^^ 
positions, and give your reasons for the alterauons 3 ou woul/makef 



GEOMETEICAL EXERCISES ON BOOK IL 


PROPOSITION L PROBLEli. 

V Divide a given straight line into tivo parts such, that their rectangle may 
bd^ual to a given sjuare, and determine the greatest square which the 
rectangle can equal 

Let AS be the given straight hne, and let M be the side of the 
given square 

It IS required to dmde the hne AS into two parts, so that the 
rectangle contained bj them may be equal to tlie square on M 


I) z 



Bisect AS in C, with center C, and radius CA or CS, describe the 
•micircle ASS 

At the point S draw SS at right angles to AS and equal to M 
> Through S, draw SD parallcr to AS and cutting the semicircle 
inD, 

and draw DF parallel to ES meeting AS m F 
Then AS is divided in F, so that the rectangle AF, FS is equol 
to the square on M (ll 14 ) 

The square will be the greatest, when ED touches the semicircle, 
or when M is equal to half of the gii en line AS ^ 


PROPOSITION n THEOREM 


The square on the excess of one straight Ime above another m less than the 
quares on the two lines by twice their rectangle 


Let AS, SChe the two straight lines, whose diSerencc \s AC 
Then the square on ^ C is less than the squares on AS and JBC by 
rice the rectangle contamed bj AS and SC 


A CD 



Constructing as in Prop 4 Book It 
Because the complement AG a equal to GE, 
add to each CK, 

therefore the whole AK is equal to the whole CE, 
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GEOMETRICAL EXPPCISES 


and AKs CE topetber are double of AK , 
but AK, CE are the gnomon jlXPand CK, 
and AK is the rectangle contained by EC, 
therefore the gnomon AKF and CK, 
are equal to tnace the rectangle AS, SC, 
but AE, CK are equal to the squares on AS, SC, . 

taking the former equals from these equals, ' 
therefore the difference of AE and the gnomon aKF is eqntU to 
the Terence between the souares on AS, C, and tin,-e the rectangle 
AS, SC, 

but the difference AE and the gnomon A KP is the figure KF, 
which is equal to the square on ^ C 
"Wherefore the square on ^Cis equal to the difference between the 
squares on AS, EC, and twice the rectangle AS, SC 


PROPOSmOX in THEOREil 


Jn any irtwjlt ttie ijuarts on iht Ueo sides are toysther double of the 
sguora on half the base and on the straight hne joining its biseetion leitn the 
opposite angle 


Let ^5 Che a tnangle, and ^23 the line drawn from the rertex 
to the bisection D of the base SC 

A 



B D IV C 


A 

/ 


From A draw AB perpendicular to SC 
Then, in the obtuse angled tnangle ABE, (n 12 ) , 
the square on A S exceeds the squares on AE, ES, bj twice tfao 
rectangle SE, EE 

and m the acute-angled tnangle AEC, (ll IS ) , 
the square on AC is less tnan the squares on AE, EC, by twice 
the rectangle CE, EE 

wherefOTe, since me rectwgle SE, EE is equal to the rectangle CE, 
EE, it follows that the squares on AE, AC are double of the 
squares on AE, ES 


PROPOSITION IV THEOREII 

Tf straight lines be draicn from each angle of a triangle bisecting the 
opposite sides, four times the sum of the squares on these lines is equal to 
three times iht sum of the squares on the sides of the •rtangle 

Let^RCbe ant triangle, and let AE, SE CP be drawn from 
A, S, C, to E, E, E, tile bisections of the opposite sides of the tri- 
angle draw AG nemendiculat to BC 
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Tien ‘he squnrc on AJi is equal to tlie squares on JBJD, DA togethei 
«rith twice the rtctanglc J?J5, (n 12) 

and the square on A C is equal to the squares on CD, DA dinn 
ni'^hcd 0 ) twice the rectangle CD, Du, (n Id ) 
therefore Uic squares on AS, AC txe equal to i\,ice the square on 
SD, and twice llic square on AD, for DC is equal to SD 
and twice the squares on AS, ACat6 equal to the square on BC, 
and four times the square on AD for BC is twice SD 
Sinularh , twice *116 squares on AS, SC ate equal to the squnrc on 
{ C, and four times the square on SB 
also twice the squares on SC, CA are equal to tlic square on AS, 
and four tunes the square on FC 

hence, by adding these equals, 

four times the «quares on AS, AC, SC are equal to four times the 
square*! on AD,SD, CFtogelhcrwithtJie -squares on AS, A C,SC 
end lahing the squares on AS, A C, SC from thece equals, 
therefore throe times Uie «iquAre^ on AS, A C, SC are equal to four 
tunes the squares on AD, SB, C2\ 


PROPOSITION V THEOREM 


The twn of the perpen'iiculnn let fall from any point vnthin an emtth^ 
tral truniyle, if»K be ejual to the perpendicular lei fall from one of xtt 
nyles upon He opposite side Is this pronosition true xrhcit (he point ti m 
ne of (he sides of the trianyle t In vlmt manner tnus* the proposition be 
nunetaled tehen the point w iciiAou* (he inanglel 


^f-BCbe an equilnteml triangle, and P anx point within it 
^ ^d from Pletfnll PD,PB, PPpcrpendicnlarson the aides ^12/, SC, 
JA respecliveh, also from A let faU A G pcrnciidicular on the base SC 
1 nen AQ is equal to the sum of PD, PB, PF 


A 



TIjcu 

*CA 


Proni P araw PS PC to the angles A, S, C 

the tnangic ASCis equal to the three mangles PAS, PSC, 
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But since everv rectangle is double of a triangle of (lie same base 
and altitude, (l 41 ) 

therefore the rectangle AQ, JBC, a equal to the three rectangles 
AS, PD, AC, PF and SC, PE 

Whence the line is equal to the sum of the lines PD, PD, PF 
If the point P fall on one side of the triangle, or coincide with E 
then the triangle ABCk equal to the two triangles A PC, SPAj/ 
whence AG la equal to the sum of the two pcrpcndictilnrs PD, PF 
If the point P fall without the base SC of the triangle 

then the triangle ASC is equal to the diiTcrcncc between the sum 
of the two triangles ^IPC, SPA, and the triangle PCS 

Whence (? 13 equal to the diifcrcncc between the sumofPJO, 
PP.andPJS 


6 If the straight line AS be duidcd into two unequal parts In 
D, and into two unequal parts in D, the rectangle contained oj AE, 
DB, will bo greater or less than the rectangle contained bj AD, DB, 
according as U is nearer to, or further from, the middle point of AB. 
tlian D » 1 * 

a given straight line in such a manner that the square 
on the whole hne thus p>oduccd, shall be equal to twice Oic square on 
the given line ' ^ 

8 If be the line so divided in the points Condi) ffig Euc. 

II 6) shew that = 4 CD' ADDS ' 

9 I)i\ ule a straight line into tw o parts, such that the sum of their 
squares may he the least possible 

10 ])nide a line into two parts, such that the sum of their 
squares shall he double the square on another line 

I difference between the squares on the two un- 

f^7t! ® ” equal to twice the rectangle contained 

bj the whole line, and the part between Uic points of section 

ru^ible rases, n straight lino mav be 
snail be equal to a given square ^ 

f f?" line into two parts, such that the 

I««» « b« .Q«.Uo 

eoud na2,‘'thl3o be divided into two equal and into two im- 
\ squares on the two unequal parts are cnunl to twici 

times 

17 Ifnnvn/imf Wn" the square constructed OP CD 

-.which perpendfculara^re krfaU on£''\ ” parallelogram from 

hich include it the r/.nin«»i ® diagonal, and on the sides 

t, cctangle of the diagonal and the perpendwtilar 
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on it, IS equal to the sum or difference of the wctangles of the sides 
find the perpendiculars on them 

18 AJSCD 18 a rectangular parallelogram, of irhich A, C are 
opposite angles, JB an) point in JBC, F am point in CD Prove tliat 
tivice the area of the triangle AFP together vnth the rectangle DP, 
2)^8 equal to the parallelogram AC 

II 

19 Shew how to produce a gi\en line, so that the rectangle con- 
lamed by the whole line tnos produced and the produced part, shall be 
equal to the square (1) on the given line J2) on the part produced 

20 If m tne figure Euc li 11, we join and CIS; and produce 

CI£ to meet FF in i, CL is perpendicular to FF * 

21 If a Ime be divided, as m Euc II 11, the squares on the whole 
hne and one of the parts are together three tunes the square on the 
other part. 

22 If in the fig Euc II 11, the points F, D be jomed cutting 
AHF, ORK in/, a respectively, tlien sliall Ff-Dd 

m. 

23 If from the three angles of a triangle, lines be drawn to the 

E oints of bisection of the opposite sides the squares on the distances 
etween the angles and the common intersection, are together one-third 
of the squares on the sides of the triangle 

24 AFC IS n triangle of which the angle at C is obtuse, and the 
anrfe at ^ is half a right an le D is the middle point ofAF, and CF 
IS drawn perpendicular to AF Shew that the square onACis double 
of the squares on AD and DE 

25 If an angle of a triangle be two-thnrds of two right angles, 
shew that the square on the side subtending that angle is equal to the 
squares on the sides containing it, together wiA the rectangle con- 
tused b\ those sides 

26 The SQuare described on a straight line dravTi from one of 
the angles at the base of a triangle to the middle pomt of the opposite 
side, IS equal to the sum or difference of the square on half the side 
bisected, and the rectangle contained between the base and that part of 
It, or of It produced, which is intercepted between the same an'^le and 
a pe^endicular drawn from the vertex. ** 

\ 27 Ifthestreightlines.i4I),iSS, CP, drawn from the angles of 
^tnangle to D, F, P, the points of bisection of tne opposite sides in- 
tersect in G, the squares on the 8ide5.<4P FC, and CA, are together 
’'^ree tunes the squares on the Imes AG, FQ, and CG 
P i jdure one side of a scalcce inanule, so that the reclangle 
i he produced part may be equal to the difference of the 
"'Other two Sides 

V' base of any triangle, the area, aud the Ime bisectme 
" the triangle 
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IV 


80 Show that the square on the hypotenuse of a nght-angled 
tnangle, is equal to four times the area of the triangle together m ith 
the square on the dilTerence of the sides 

31 In the tnangle ASC, if AD bo the perpendicular lot fall 
upon the side JSC, tlien the square on AC together \nth therectan^e 
contained hy 5 C, JBD IS equal to the square on AJB together '^ith 
the rectangle CD, CD 

32 ABCk a triangle, nglit angled at C, and CD is the perpen- 
dicular let fall from CuTfonAJB, if DK is equal to tlie sum of the 
sides A C, CD, and DM to the sum of AD, CD, shew that the square 
on HK toother with the square on CD is equal to the square on iilf. 

3 i AD C 18 a tnangle hai ing the angle at i? a right angle it is 
required to find in AD a point P such that the square on AC mav 
exceed the squares on Ar and PC by half the square on AD 

34 In a nght-angled tnangle, tlie square on that side which is the 
greater of the tivo sides contamuig the nght angle, is equal to the 
lectangle by the sum and difference of the other sides 

35 The h^-polenuse AD of a nght-angled triangle ADC is tn- 

sected in the pomts D, D, prove that if CD, CD be joined, the sum 
of the squares on the sides of the tnangle CDD is equal to two-thirds 
of the square on AD , 

36 From the hj-potenuse of a right-angled triangle portions 
out off equal to the adjacent sides shew tliat the square on the middle 
segment is equivalent to twice the rectangle under the extreme 
segments 

V 


37 Prove that the square on any straight bne drawn from the 
vCTtex of an isosceles triangle to the base, is less than the square on a 
side of the tnangle by the rectangle contained by the segments of the 
base and conversely 

M K from one of the equal angles of an isosceles tnangle a per- 
pendicular be ^awn to the opposite side, the rcclanglo contained by 
that side and the segnient of it intercepted between file perpendicular 
and base, 18 equal to the half of e square desenbed upop the base 
da 11 m an isosceles tnangle a nerjiendicular be let fall from one 
opposite side, the squa-e on the perpcndicu- 
intercepted between the oUier 
perpendicular, together with twice die rectangle 
contained by the segments of tiiat side ° 

an I« isosceles tnangle whose verticil 

41 the area of the triangl^ 

souare o?fbP^^^o obtiise-angled triangle, such that iHa 

du«d 

CD*=:AD^+2 DC* 
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43 ABC be an i80S»‘dco triangle, and BE be drawn paralle 
to tlie baoo BC, and EB be joined prove that = BCy BE ~CE^ 

44 If ^ JB C be an isosceles triangle of n hich the angles at B an< 

C arc each double of -4 , then the square on ^Cis equal to the squar 
on 7? C together vnth the rectangle contained by ^ C and 

VI 

'' 45 Shew that in a parallelogram the squares on the diagonals arc 
equal to the sum of the squares on all the sides 

46 liABCB he an-v rectangle, A and C being opposite angles 
-and 0 an> point either uithm or without the rectangle 

X OA*+OC*=OB'^OB* 

4n In anj qundnlateril figure, the sum of the squares on the 
diagonals together with four times the square on the line joining then 
miadle points, is equal to the sum of the squares on all the sides 

48 In any tranenum, if the opposite sides be hiscctcd, the sum 
of the squares on the other two sides, together with the squares on the 
diagonds, is equal to the sum of the squares on the bisected sides, 
together with four times the square on the line joining the points of 
bisection 

4Q The squares on the diagonals of a tiaperium are together 
double the squares on the two lines joining the bisections of the 
^opposite sides 

50 In anj trapezium two of whose sides are parallel, the squares 
, oji the diagonals arc together equal to the squares on its t\s o sides which 
‘arc not parallel, and twice the rectangle contained by the sides which 
are parallel 

61 If the two sides of a trapezium be parallel, shew that its 
area is equal to that of a rectangle contained bj its altitude and half 
the sum of the parallel sides 

62 If a trapezium have two sides parnPel, and the other two equal, 
shew that the rectangle contained by tbe two parallel sides, together 
with the square on one of the other sides, will be equal to the square 
on the straight line joining two opposite angles of the trapezium 

53 If squares he dosenhed on the sides of anj triangle and the 
angular pomts of the squares be joined , tlie sum of the squares on the 
sides of the hexagonal figure thus formed is equal to four times the 
sum of the squares on the sides of the triangle 

VII 

64 Find the side of a square equal *o a gii on equilateral tnangle 
\ 66 Fmd a square which shall ho equal to the sum of two given 
Aectilmcnl figures 

56 To uivide a given straight line so that the rectangle under its 
segments may be equal to a giscn rectangle 

57 Construct a rectangle equal to a given square and having the 
difference of its sides equal to a gnen straight line 

68 Shew how to describe a rectangle equal to a given square, and 
having one of its sides equal to a given straight line 



BOOK ITT. 


DEFINlTlOXb 


I 

Equal circles are those of which the diameters are equal, or frotn 
the centers of uhich the straight lines to the circumferences are 

^'^'tLs u not a definition, but a theorem, the truth of wluch iscvident , for, 
if the circles be apphed to one another, so that theu: centers comcide, the 
circles must likeivise coincide, smcc the straight lines from the centers are 
equal 

IL 

A straight line m said to touch a circle when it meets the circle, 
and hemg produced does not cut it 



Circles are said to touch one another, which meet do not cut 
one another 


IV 


Straight hnes are said to be equally distant from the center of a 
circle, when the perpendiculars draivn to them from the center are 
equal 



V. 


And the straight line on which the greater perpcnaicular falls, is 
said to he further from the center > 

VL \ 

A segment of a circle is the figure contained h) a straight lire, and 
^the arc or the part of the circumference which it cuts olF 
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, vn. 

The angle of a segment is that tihich is contained by a straigh 
Lne and a port of the circumference 

vm. 

An angle m a segment is any angle contained by trro straight bnei 
^drairn from any point in the arc of the segment, to the extremities o 
the straight hne •which is the base of the segment. 

IX. 

An angle is said to insist or stand upon the part of the circum 
ference intercepted between the straight lines that contain the angle 



X. 


A sector of a circle is (he figure contained by two straight lines 
drawn from the center and the arc between them 



XL 


Similar segments of circles ard those in which the angles are equal, 
or which contain equal angles 




12Si Euclid’s elements 

PROPOSITION 1 PROBLEM 
To find iht center of a given circle 
Let AJBChz the guen circle it is rcqu'red to find its center 


0 « 



h 


Draw nithin it ary straight line AB to meet the circumference in 
/L, B, and bisect AB in D, (l 10) fiom tlie point J) draw DC at 
right angles to AB (i 11 ) meeting the circumference in C, produce 
CD to D to meet the circumference again in D and bisect CD in 1' 
Then the point JF shall be the center of the circle ABC 
For,if itbenotjifpossible, let Che thecenter, and join GA,GD GB 
Then, because DA is equal to DB, (constr ) 
and DG common to the two triangles ADG, JjDG, 
the two sides AD, DG, arc equal to the two BD, DG, each to each, 
and the base GA is equal to the base GB, (l def 15 ) 
because thej are drawn from tlie center G 
therefore the angle ADG is'equal to the angle GDB (l 8 ) 
but when a strai^it bne standing upon another straight line makes 
the adjacent angles equal to one another, each of the angh<s is a right 
angle, (r def 10) 

therefore the angle GDB is a right angle 
but FDB is likewise a right angle , fconstr ) 
wherefore tlie angle FDD is equal to the angle GDB, (ax 1 ) 
the greater angle equal to the less, which is impossible , 
tliereforo G is not the center of the circle ABC 
In the same manner it can be shewn that no other point out of the 
hne CD is the center , 

and since CD is bisected in F, 

am other point in CD dnidcs CD into unequal parts, and cannot 
be the center 

Therefore no point but Dis the center of the circle ABC 
Which was to be found 

Cor From this it is manifest, Uiat if in a circle a straight hne 
bisects anotlier at right angles, tne center of the circle is in the line 
which bisects the other 


PROPOSITION n THEOREM 

If any tieo points be taken in the ctrcumfei ence of a exreie, Ihe stivigAt 
nne which joins them shall fall within the circle <. 

LetyfDCbe a circle, and A, B any tnopomts in the circumference 
Then the straight line drawn from AVa B shall fall inthin the circle 
9 
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Por if do not fall ■vntlun the circle, 
let it fall, if possible, without the circle as AEB , 
find 2) the center of the circle ABO, (ill 1 ) and join JDA, DB , 
in the circumference AB take any point F, 
join BF, and produce it to meet .4J? in F 
Then, because DA is equal to DB, (l def 15 ) 
therefore the angle DBA is equal to Uie angle DAB , fl 6 ) 
and because AF, a side of tlie tnangle DAE, is produced to B, 
the exterior angle DEB is greater than tlie interior and oppositi 
angle (l 10) 

but DAE was pro\ed to be equal to the angle DBE , 
therefore the angle DEB is greater tlian the angle DBE, 

\ but to the greater angle the greater side is opposite, (l. 19 } 
therefore DB is greater than DE 
but DB is equal to DF, (l def 15 ) 

•wherefore DF is greater than DE, 
the less than the greater, which is impossible } 
therefore tlio straight lino drawn from A to B docs not fall without 
the circle * 

In the same manner, it may ho demonstrated that it docs not 
upon the circumference , 

therefore it falls within it. t 

Wherefore, if any two points, S.c Q R D. t 


PROPOSITION ni TIIEORE^L h 

^ a tiratghl Itne draicn thrwgh the center of a circle hucct a ttrtt>^ 
lute tn it which doei not pas* through the center, tl shall cut tt at rxgt^ 
angle* and convcrselg, if it cut it at right angles, it shall bisect it 

Let ABC ho a circle , and let CD, a straight Une drawn througt 
the center, bisect any straight hne AB, which does not pass througt 
the center, in the point F > 

Then CD shall cut AB at right angles. 


c 



I) 


Tako E the center of the circle, (ill 1 ) and join EA, EB, 
Then, because AF is equal to FB, (hyp ) 
and FE common to the two tnangles ABE, BFE, 

n 9 1 
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tliere are two sides in the one equal to two sides m the other, cacn 
to each, 

and the base SA is equal to the base ES, (l def 16 ) 
therefore the angle AFE is equal to the angle EFE , 8 ) 

but when a straight line standing upon another straight hnc makes 
the adjacent angles eqjal to one another, 

each of thejn is a nght angle , (l def 10 ) ^ 

therefore each of the angles AFE, EFE, is a right angle 
wherefore the straight line CD, drawn through the center, bisecting 
another AlE '^at does not pass trough the center, cuts the same at 
nght angles 

Conversely, let CD cut AE at nght angles 
Then CD shall also bisect AE, that is, AF shall be equal to FE 
The same construction being made, 
because, EE, EA, from the center are equal to one another, 
(I def 16 ) 

therefore the angle EAFvs equal to the angle EEF , (I 5) 

, and the nght angle AFE is equal to the right ande EFE , (I def 10 ) 

I therefore, in the two tnangles, EAF, EEF, 

[there are two angles m the one equal to two angles m the other, each 
I to each , 

and the side EF, which is opposite to one of the equal angles in each, 
IS common to both , 

therefore the other sides are equal j (l 26 ) 
therefore AFia equal to FS, 

"Wherefore, if a straight line, &o Q E D 

PROPOSITION rv THEOREM 


If tn a circle two straight lines cut one another, which do not both pass 
through the center, they do not bisect each other 

Let AECD be a circle, and A C, ED two straight lines in it which 
out one another in the pomt E, and do not both pass though the center 
[ Then AC, ED, shall not bisect one another 



For, if it be possible, let AE be enual to EC, and EE to ED 
If one of the lines pass uirough the center, 
it 18 plain that it cannot be bisected by the other which does not 
pais through the center ^ 

but u neither of them passzthrougH the o’enter, 
find F the center of the c^le, (m 1 ) and join EF 
Then because FE, a^straightline dmwn through the center, bisects 
mother AC which does not pass through the center, (hyp ) 
‘hereforeJ’^ cuts ^(7 at right angles (in 3) 
wherefore FEA \s g nght angle, 
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Again, because the straight line FJS Insects the straight line BD 
which does not pass through the center, (hyp ) 

therefore FJE cuts J5D at right angles (ill 3 ) 

•wherefore FEB is a right angle • 
but FEA was shewn to he a right angle , 
therefore the angle FEA is equal to the angle hEB, (ax 1.) 
the less equal to the greater, which is imjiossible 
therefore A C, BD do not bisect one another 
■Wherefore, if in a circle Ac Q t T) 

PROPOSITION V THEOREM. 

If ij>o nrcles cut one another, they ihall not have the same center 

Let the two circles ABC, CDQ, cut one another in the points 3, O. 
The} shall not have the same center 



If possible, let E be the center of the two circles, join EC, 
nddraw anj straight line jEJP(7 meeting the circumferences inPandff 
And because E is Uie center of the circle ABC, 
therefore EF is equal to EC, (i def 16 ) 
again, because E is the ccqter ol the circle CDG, 
therefore EG is equal to EC (l def 15 ) 
but JSFwas shewn to be yiml to EC, 
therefore EF is equal to EG, (as 1 ) 
the less line equal to the greater, which is impossible 
Therefore E is not the center of the circles ABC, CDG 
MTierefore, if two circles, Ac q e D 

PROPOSITION VI. IIIEOREM. 

If one circle tovch another mtemally, they shall not have the same center 

Let the curde CDE touch the circle (7 internally in the point C 
They shall not have the same center 



If possible, let J^be the center of the two circles join FC, 
inddmw am straight lineJP’JBJS, meeting the circumferences in^andS 
And because J^’is the center of the circle ABC, 

FB IS equal to FC, (l def 16 ) 
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also, because F is tlie center of the circle CDF, 
I'E IS equal to FC (i def 15 ) 
but FB lias shewn to be Lqiml to FC\ 
therefore FE is equal to FB, (a\ 1 ) 
the less bnc equal to the f^cater, uhich is impossible 
therefore JPis not tlie center of the circles ABC, CDE 
Therefore, if two circles, &o Q E D 


PKOPosmoN vn theorem 


Jf any point be ialen tn the diameter of a circle tehteli is not the center, 
jj}/ all the straight lines which can be drawn from tl to the circumference, 
' Ihe greatest ts that tn which the center ts, and the other part of that 
j diameter ts the least, and, of the rest, that which it nearer to the 
®!me which passes through the center ts always greater than one more remote 
indfrom the same point there can be draten only two egual straight lines 
, to the circumference one upon each side of the diameter 
ui 


Let ABCD be a circle, and AJD its diameter, in which let'anj point 
F be taken which is not the center 

let the center be E 

Tlien, of all the straight lines FB, FC, 2 0&.C that can be drawn 
Uxom F to the circumference, 

a FA, that in which the center is, shall be the greatest, 

[ and FD, Uio other jiart of the diameter ^D,, shall be tlie least 
1 and of the rest, FB, the nearer to FA, shall be greater than FC 
the more remote, and FC greater than FG 



Join BE, CE, GE 

Because two sides of a triangle are greater tlian the tliird side, (l 20 ) 
therefore BE, EFtesa greater than BF 
but AE IS equal to BE, (l def 15 ) 
therefore AE, EF, that is, AF is greater than BF 
, -^ain, because BE is equal to CE, 

and FE common to tlie triangles BEF, CEF, 
the two Bides BE, EF are equal to the two CE, EF, each to each , 
but the angle BEF is greater than the angle CEF, (ox 9 j 
therefore tlie base J5jF is greater than the base*CF (l 24 ) 

For the same reason CFis greater than GF 
Again, because GF, FE are greater than EG, (I 20 ) 

I and EG is equal to EE , 

tlicrefore GF, FE are greater than EE 
take away the common part FE, 
remainder GFis greater than the remainder FE (as 6) 
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Therefore, J^A is the greatest, 

lid jplD the least of all tlie straight lines Irom to the circumference , 
and jBF is CTeater than CJ?*, and CF than ffF 
Also, there can be drawn onlj two equal straight lines from the 
loint F to the circumference, one upon each side of the diameter 
At the point J?, in the straight hne FF, moke the angle FFS 
qual to the angle FFff, (l 23 ) and join FIT 

Then, because GF is equal to FF, ft def 15 ) 
and I7F common to tlie tuo triangles GFF, FFF, 
he two sides GE, FFata equal to the two FF, FF, each to each , 
and the hngle GFF is equal to the angle FFF, (constr ) 
therefore die base FG is equal to tlie base FF (i 4 ) 
hut, besides FF, no other straight hne can be drasvn from F to the 
oircumforence equal to FG 

for, if possible, let it be FK 
and becanse FK is equal to FG, and FG to FF, 
therefore FK is equal to FF, (ax 1 ) 
hat 18 , a line neater to that which posses through the center, is equil 
to one which is more remote , 

which has been proved to be impossible 
Therefore, if any point he taken, &.c q b D *• 

PROPOSITION Tin THEOREM 

If any paint be talcn vnthout a eircle, and straight Uties be drawn from 
t to the circumference, whereof one passes through the center, of those 
johich faU upon the concave pari of the circumference, the greatest u that 
ehtch passes through the center, and of the rest, that which ts nearer to the 
me passing through the center xs always greater than one more remote hut 
jf those which fall upon the convex part of the ctreumferenee, the least is 
'hat between the point without the circle and the diameter , and of the rest, 
'hat which ts nearer to the least ts always less than one more remote, and 
inly tiro equal straight lines can be drawn from the same point to the circum- 
ference, me upon each side of the line which passes through the center 

Let ABCho a circle, and D any point without it, from which let 
the straight lines JO A, I)E, DF, FChe drawn to the oixcumferenoe, 
whereof FA passes through the center 


D 



Of those which fall upon tlie concave part of the circumference 
AFFC, the greatest shall he FA, which passes through the center, 
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and any line nearer to it^shall be greater than one more remote, 

■m DE shall be greater than DF, and DF greater than DC, 
but of those winch fall upon the convexpartofthe circumference JILKQ^ 
the least shall be DC between the point D and the diameter AQ , 
and any hne nearer to it shall be less than one more remote, 

Tiz DZ'less than DD, and DL less than DJI 
Take M the center of the circle ABC, (in 1 ) 
and lom ME, MF, MC, MK, ML, MH 
And because AM is equal to ME, 
add MD to each of these equals, 
therefore AD is equal to EM, MD (ox 2 ) 
but EM, MD are greater than ED , (l 20 ) 
therefore also AD is greater than ED 
\.gain, because ME is equal to il£F, and MD common to the tir- 
mgles EMD, FMD , EM, MD, are equal to FM, MD, each to each, 
but the angle EMD is greater than the angle FMD , (ax 9 ) 
therefore the base ED is greater than the case FD (i 24 ) 

In lie manner it maj be shewn that FD is greater than CD 
Therefore DA is the greatest , 
and DE greater than DF, and DF greater than DC < 
And, because MK, KD are greater than MD, (l 20 ) 
and MK is equal to M6, (l def 16 ) 
the remainder KD is greater than the remainder CD, (ax 6 ) 
that IS, CD IS less than KD 

and because MLD is a triangle, and from the Mints M, D, the 
sxtremities of its side MD, the straight lines MK, DK are drawn to 
ho point K within the triangle, 

therefore MK, KD ore less than ML, LD (l 21 } 
but MK IS equal to ML , (l def 15 ) 
hcrefore, the remainder DK is less than the remainder DL (ax 6 ) 
In like manner it may be shewn, that DL is less than DJj 
rherefore, DC is the least, and DK less than DL, and DL less 
than DH 

Also, there can be drawn only two equal straight lines from the 
joint D to the circumference, ono upon each side of the line which 
lasses through the center ' 

At the point M, in the straight line JlfD, 

Make the angle DMA equal to the angle DMK, (i 23 ) andjomDD 
And because MK is equal to MB, and MD common to the tri- 
angles KMD, BMD, 

the two sides KM, MD are equal to the two BM, MD, each to each , 
and the angle KMD is equal to the angle BMD , (constr ) 
therefore the base DK is equal to tlie base DB (i 4 ) 
but, besides DB, no straight hne equal to DK can be drawn from D 
to the circumference, 

for, if possible, let it be DN, 
and because DK is equal to DK, and also to DB, 
therefore DB is equal to DK, 
that IS, a line nearer to the least is equal to one more remot", 
which has been prosed to be impossible 
^ If therefore, any point, &c Q E d 
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PROPOSITION EC. THEOREM 

If a pant be taKcn mthm a ctrelct from rchtch tneft fall more thar 
keo e^al straiifht lines to the circumference, that point is the center of the 
bircle 

let the point Ehe taken n ithm the circle ABC, from vrhicli to the circnm' 
ference there fall more tlian t\\ o ccmal straight lines, viz DA, DB, DC 
Then the point 2) shall ne the center of the cirele 



For, if not, let E, if possible, be the center 
join DE, and produce it to meet the circumference in P, G, 
tht^a EG is a diameter of tlie circle ABC (i def 17 ) , 

and because in EG, the diameter of the circle ABC, there is taken 
the point D, xiliich is not llie center, 
th»‘reforc JDG is tlic greatest line dmsm fiom it «o the circumference 
*. and DC is grtaler than DB, and DB givuier ilian DA (in 7 ) 
hut these lines are likewise equal, (hjp ) winch is impossible 
therefore E is not the center of tlic • irf*!© AliC 
In like manner it mav be demonstrated, 

Uiatno oUiei point but’J? is the center, 

D therefore is tlic center 
■VNlicrofore, if a point be taken, S.c Q t D 

PROPOSITION X THEOREM 

One eiretmfei enet of a circle cannot cut o«mt/icr in more than tiDO pctijta 

If it be possililo let the cncumfcrcnce ABC cut the circumference 
DBF va. more than two points, tiz m B, G, F. 


A 



' Take the center K of the eiiole ABC, (in 1 ) and join KB, KG, KF, 
Tlien because JPis the center of the circle ABC, 
therefore KB, KG, JiTPare all Mual to each other (i def 16 ) 
and because within the circle DEF there is taken the point jfiT, from 
which to the circumference JDjEFfall more than two equal stiaieht 
hues KB, KG, KF, ® 

therefore tho point K is the center of the circle DEF (m 9 ) 
but K 18 also the center of tht circle ABC, (constr ) 
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therefore the same pdint is the center of two circles that out one 
ano^er, which as jmpossible (in 6") ' 

Therefore, one circumlerence of a circle cannot out aflother m more 
than two points Q E D 

PROPOSITION XI THEOREM. ' J 

If one ctrcle tottch another xntemally xn any poini, the etraigrX txne 
umch joins thexr centers being produced, shall pass through that point oj 
contact 

Let the circle ABE touch the circle ABC internally m the point A j 
and let JPbe the center of the circle ABC, and Q the center of the 
circle ABE, 

then the straight Ime which joms the centers F, Q, being produced, 
shall pass through the pomt A 

s. 

n 


B 

For, if FG produced do not pass through the point A, 
let it fall otherwise, if possible, as FOBS, and join AF, AO 
Tlien, because two sides of a triangle are together greater than the 
third side, (t 20 ) 

therefore FO, GA sreCTeater than FA 
but FA IS equal to SS, (l def 15 ) 
therefore FO, GA are greater than FS 
take away from these unequals the common part FG , 
therefore the remainder AG is greater than the remamder GS, (ax 6 ) 
butolG' is Mual to QB, (i def 16) 
therefore GB is greater than OS, 
the less than the greater, which is impossible 
Therefore the straight line which joins the pomts F, <?, being produced, 
cannot fall otherwise than upon the pomt A, 
that IS, It must pass through it. 

Therefore, if one circle, &.c q E d 

"proposition xn theorem. 

If two circles touch each other externally xn any point, the straight lint 
lorieJ- joins their centers, shall pass through that point of contact 

Let the two circles ABC, ABE, touch each other externally in the 
jiomt A , ■' 

et jPbe the center of the circle A BC, and G the center of ABE 
e straight Ime which joins the pomts F, G shall pass through 
>omt of contact A, 
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If not, let it pass othcn\ise, if possible, as FCDG, and 30m FA, AO 
And because F is the center of the circle AliC, 

FA IS equal *o FC 

also, because O is the center of the circle ADF, 

GA IS equal to GD 

therefore FA, AG arc equal to FC, FG, (n\ 2 ) 
■wherefore the uliole FG is greater than FA, AG 
but FG IS less than FA, AG, {1 20 1 which is impossible* 
therefore the straight lino which joins tiie points F, G, cannot pass 
otherwise than through A the point of contact, 

that 18, FG must pass through the point A 
Therefore, if two circles, Ac Q £ B 

PROPOSITION Xm. THEOREM 

One circle cannot touch another ttt more points than in one, icheiher it 
ouehet it on the inside or outside 

For, if It ho possible, let the circle J7J5F touch the circle ABC \rx 
norc points than in one 

and first on the inside, in the points B, D 



If 


Join BD, and drawr G'/f bisecting BD at right angles (ill) 
because the points B, JD arc in the circumferences ofcach of tlic circles, 
therefore tiie straight line BD falls within each of them j 2 ) 
therefore Uieir centers arc in thcstraiglit line GjTw hich bisects J&JD 
et nght angles , (in 1 Cor ) 

therefore QJI passes through the point of contact (Ul 11 ) 
but It does not pass through it, 
because the pomts B, D ure ■wiUiout the straight line GH, 

which IS absurd 

herefore one circle cannot touch another on the inside in more points 
than in one. 

Nor can two circles touch one another on the outside m more thazi 
mono point 

For, if it he possible, 

let the circle AOK touch the circle ABC in the pomts A, C, 

join AC, 
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Because the two points -4, C are m the circumference of the circle 
ACK, ^ ^ . 

therefore the straight line A C which joins tliem, faBa within the circle 
ACK (in 2) ^ ^ , 

but the circle ACK « without the circle ABC, (hjTi ) 
therefore the straight hno ACm without this last circle 
but, because tlie points C are in the circumference of tlie circle AB C, 

the straight line ^ O' must be wntliin the same circle, (in 2 ) 

which IS absurd, 

therefore one circle cannot touch another on the outside in more than 
in one pomt 

and It has been shewn, that they cannot touch on the inside m more 
points than in one 

Therefore, one circle, S-c Q E D 


PBOPosmoN xrv theorem 

Egttal straight htuss tit a circle are equally distant from the center, 
and conversely, those which ore equally distant from the centet , are equal 
to one another , 

Let the straight lines AB, CD, in the circle ABDC, be equal to 
one another 

Then AB and CD shall be equally distant from the center 
c 


D 


B 

Take ^ the center of the circle ABDC, (in 1 ) 
from E draw EE, EG perpendiculars to AB, CD, (l 12 ) and join 
EA, EC 

Then, because the straight line EF passing through the center, 
cuts AB, which does not pass through the center, at right ang’es , 
bisects AB in the point F (ni 3 ) 
therefore AF is equal to FB, and AB double of AF 
For the same reason CD is double of CO 
but AB is equal to CD (hjm ) 
therefore IS equal to OC? (ax 7) 

And because AE is equal to EC, (i def 16 ) 
the square on le equal to the square on EC 
f‘ squares on AF, FEare e^al to the square on AE, (l 47 ) 
because the angle AFE is a right angle . 
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and for llie same reason, the squares on EQ, QCiix& equal to the 
square on EC , 

therefore the squares on AF, FE are equal to the i^quares on C6?, 
GE (ax 11 

but the square on AF is equal to the square C<?, 
because AF is equal to CG , 

'' therefore the remaining square on EF is equal to the remaimng 
square on EG, (ax 3 ) 

and the straight line EF is therefore equal to EG 
but straight lines in a circle are said to be equally distant from the 
center, when the perpendiculars drawn to them from the center are 
equal (lU def 4) 

therefore AB, CD are equally distant from the center 
Conversely, let the straight lines ^ JB, CD be equally distant from 
the center, (ill def 4 ) 

that 18, let FE be equal to EG , 
then AB shall be equal to CD 
For the same construction being made, ^ 
it may, as before, be demonstrated, 
that AB 18 double of AF, and CD double of CG, 
ssi ibiSl ihs sqs^saes as FFfAFsrssijm} tenths on EC?-, C?C 

but the square on FE is equal to the square on EG, 
because FE is equal to EG, (hyp ) 
therefore the remaining square m.AF is equal to the remaminc square 
on Off (ax 3 ) ^ 

and the straight Ime .4jPis therefore equal to CG 
but AB vas shewn to be double of AF, and CD double of CG , 
wherefore AB is equal to CD (ax 6 ) 

^ Therefore equal straight lines, SLc Q E i), 

PROPOSITION XV. THEOREM. 

Tht lUameter ts the greatest straight line xn a circle , and of the rest, 
that which ts nearer to the center xs always greater than tine more remote 
and conversely the greater ts nearer to the center than the lesg 

Let AB CD be a circle, of which the diameter is AD, and the center E , 
and ’et J?Cbe nearer to the center than FQ 
Ihen AD shall be greater than any straight line BC, which is not a 
diameter, and BC shall be greater than FG 


1 ) 

From E draw EH, perpendicular to BC, and EK to FG, (I 12 1 
and join EB, EC, EF 

And because AE is equal to EB, and ED to EC, (i. det 16 ) 
therefore aD is equal to EB, EC (ax S ) 
but EB, EC are greater than BC, (l 2C) ) 
a h_eteJjBr&Jilsa2kZLiR greal.Rr_than .RCl 
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And, because JBD is nearer to the center than PO, (hj^p ) 
therefore Eli is less than EK (ill dtef 6 ) 
but, as -was demonstrated in the preceding proposition, 

SC ^ double of BH, and FG double of FK, 
and the squares on E3, HB are equal to the squares on EK, KF 
but the square or EH is less than the square on EK, , 
because jBjBT IS less than jBa, ■' 

therefore the square on BH is greater than the square on FK, 
and the straight Ime BH greater than PK, 
and therefore BCia greater than FO 
Next, let SC he greater than FG, 
then BC shall be nearer to the center than FG, tliat is, the same con 
struction being made, EH shall be less than EK (m def 5 ) 
Because BCia greater than FG, 
likewise IS greater than KF 

and the squares on BH, HE are equal to the simares on FK, KE, 
of uhicn the square on BH is greater than the square on FK, 
because BH is greater than FK 
therefore the square on EHja less than the square on EK, 
and the straight bne EH less than EH 
and therefore jBO IS nearer to the center than JPG' (m def 6) 
■VlTierefore the diameter, &c Q E d 


PEOPOSmON XYI THEOEEM 

"■ The straight line drawn rt right angles to the diameter of a circle, from 
the extremity of it, falls icithouithe cttcle, and no straight hue can be drawn 
from the extremity between that straight line and the circumference, so as not 
to cut the circle or, which is the same thing,/ no straight line can make so 
great an acute angle with the diameter at itsfiXtremity, or to small an angle 
with the straight line which is at right angles to it, as not to cut the circle^ 

Let ABCh^ a circle, the center of whicAis H, and the diamtter AS 
" "Then the straight bne draini at right angles to AS from its ex- 
tremity A, shall fall "without the circle 



For, if it does not, let it fall, 'if possible/within the circle, AC, 
and draw DC to the point C, where it mcetsUie oucuniference 
And because EA is equal to JDS', (I def 15 ) 
the angle DA C is equal to the angle A CD (l 6 ) 
but D AC IS a nght angle , (h}"p ) 
therefore ACD is a right angle , 

and therefore the angles DAC, ACD are equal to two right angles , 
'' which IS impossible (i 17 ) ’ 

e ^e straight line drawn from A at right angles to BAtiaca 
fall within thr> pirrli> 
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In the R3me manner it ma% be tlemonstRitcd, 
that It docs not fall u^on the circumference , 
therefore it mn^t fall without the circle, ns ^JE 
.Uso, between the straicht }ino.A(£an(l the circumfercnLe, no straight 
bnc I m be drawn from the point A which docs not cut the circle 
For, if possible, let ./IP fall between them, ~ 


- fc 



and from the point JD, 'let J)(r be drawn perpendicular to AF, (J 12 ) 
and let It metl the circumference in JI 
And because A OJD is o right angle, 
and DAO less than n right angle, (1 17 ) 
therefore DA is greater tlmn DO (l 19 ) 
but DA IS equnl to U//, (I def 16 ) 
therefore DH is greater than DO, 
the less Uian the greater, which is impossible 
therefore no straight line can be drawn from the point A, between 
AE and the circumference, which docs not cut tlie circle 
or, which amounts to the same thing, howeser great an acute angle 
a sinight line makes with the dnmetwnt the point xt, orhoweier 
small an angle it makes with tlic' circumference must pass he 
tween that straight line and the peqicndicular AE Q e D 

Cou. From this it is manifc'»l, that the straight line which is 
drawn at right angles to th8„diameti^of trzlfClt'lroTn-the.marcniitj 
of It touchcii the circle , (itl def 2 ) and that it touches it onK^one 
point, because, if it did meet the circle in two, it would faU Wilhm it 
(HI 2) "Also It IS cMflent, that there can be but one straight_lme.v, 
which touches the circle m tlic same point ~ ~ 'j 

PROPOblTION ' 

7b draa a airaiifht line from mlhmt tf<e cir- 

cumference, xchich tltall touch aytren etreh ^ ^ ' 

First, let A be O'given noint piifiout the given circle BCD , 
jt IB required to draiv o otroiglit line from A ‘w Inch shall touch the circle 



Find the center E of the circle, (lll 1 ) and Join AE., 
and from the center E, at the distincc EA di'scribe the circle AFG , 
from the point D draw DF at nght angles to EA, (l 11 1 me“*'ng 
the circumference of the curcle AFG m F\ - 

nnil yi?P. A 7i_ _ " 
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Then AB shall touch the circle BCD in the point 3 
Because E is the center of the circles BCD, AFG, (r def 15 ) 
therefore EA is equal to EF, ojid JBD to E3 , 
therefore the two sides AE, EB, ore equal to the two FE, ED, 
each to each 

and they contain the angle at E common to the two triangles A EB, 
FED, 

therefore the base DF is equal to the base AB, (I 4 ) 
and the tnangle FED to the triangle AEB 
and the other angles to the other angles > 
therefore the angle EBA is equal to the angle EDF 
but EDF IS a right angle, (constr ) 
wherefore EBA is a right angle (ax 1 ) 
and EB is drawn from the center 

but a straight line drau n from the extremity of a diameter, at right 
angles to it, touches the circle (HI 16 Cor ) 

, therefore AB touches the circle , 

and It IS drawn from tiie given point A 
Secondly, if the giien point be in the circumference of the curcle, 
as the point D, 

draw DE to the center E, and DF at right angles to DE 
then DF touches the circle (UI 16 Cor ) Q E P 

ppnposmoN xvin theokem. 

If a straight hue couch a circle, the straight line drawn from the center to 
(A« point of contact, shall he petyeiidtcular to the line touching the circle 

I,et the straight line DE touch the circle AB C in the poirt C, 
take the center F, and draw the straight line FC (hi 1 ) 

Then FC shall be perpendicular to DE 


A 



If J'C'be not perpendicular to DE, from the point F, if possible, 
let FBG be drawn perpendicular to DE 

And because FGC is a right angle, 
therefore GCF is an acute angle, (i 17) 
and to the greater angle the greater side is opposite (L 19 1 
therefore FC is greater than FG 
but FC IS equal to FB , (i def 16 ) 
therefore FB is greater than FG, 
the less than the greater, which is impossible 
therefore FG is not perpendicular to DE 
In the same manner it may be shewn, 
that no other hne is perpendicular to DE besides FC, 
that IS, FCm perpendicular to DE 
-Th£re£Qre..i£j tBtjaiiyhtJinp R.r of n 
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riioposmox xix theorem 

If o straiffhi hne touch a circle, aid frari the point of eanloel a itr’iiah- 
lint be draten at njht envies to the touching hne, the center of the circle tha'l 
te in that fine 

Let the btraiffht hne DJB touch the circle AJS C m C 
and from C Tti CA be draim at ripht angles to DJE 
Then the center of the circle shall he m CA 
A 


B 


D C E 

For, if not. let Phe the center, if possible, and join CF 
Bicause DJ7 touches the circle ABO, 
end FC is drarni from the cente* to the point of contact, 
therefore JF^is pcmendicular to JDJi, (til IS ) 
therefore FOB is a right angle 
hut A CB IS also a nght angle , fhjrp ) 
therefore the angle FOB is equal to the angle A OB, (as 1 ) 
the kss to tlve greater r-hich is urpossiblc 
therefore JPis not the center of the circle ABC 
In tlie same manner it maj be shewn, 
that no other point which is not in CA, is the center, 
that IS, the center of the circle is m CA 
Therefore, if a straight line, &:c. o. L. o 

pROPOsrnox xx theorem 

The angle at the center of a ctrele is double of the anole at the ctrciimfer- 
cnee upon the same base, fltat is, upon the same part of the etreumferenee 

Let ASCbi a circle, and BBC an angle at the center, and BA C 
an angle at the circumference, which have RCthe same part of the 
circumference for their base 

Then the angle BBC shall be double of the angle BA C. 



c 


Join AE, and produce it to JFl 
First, let the center of the circle be within the angle 3 AC 
Because BA is coual to EB, 

therefore the angle EBA is equal to the angle EAB , (l 5 ) 
therefore the angles EAB, EBA are double of the angle EAB 
but the angle BEFvs equal to the angles BAB, BBA , (l 32 ) 
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therefore also the angle SUFk double of the angle EAS 
for the same renson, the angle FBCk double of the angle FAC 
therefore the nhole angle BFC is double of thp nhole angle FAC 
Secondl}, let the center of the circle be without the angle FAC 


It may be demonstrated, as in the first case, 
that the angle FFC is double of the angle FAC, 
and that FFF, a part of tlie first, is double of FAF, a part of the other , 
therefore the remaining angle FFC is double of the remaining 
angle FAC 

Therefore the angle at the -center, &o Q E E 

PROPOSITION XXI THEOREM 
The angles tn the same segment of a circle are equal to one another 
Let AFCD be a circle, 

and FAF, BED angles in the same segment FAED 
Then the angles FAD, FED shall be equal to one another 
First, let the segment FAED be greater tlian a semicircle 

A E 



c 


Take JP, the center of the circle AFCD, (nr 1 ) and join FF, FD 
Because the angle FFD is at the center, and the angle FAD at 
the circumference, and tliat they haie the same part of the circum 
ference, iiz the arc FCD for their base , 
therefore the angle FFD is double of the angle FAD (jii 20 ) 
for tlie same reason the angle FFD is double of the angle FED - 
^erefore the angle FAD is equal to tlie angle FED {a\ 7 ) 
Ne^t, let the segment FAED be not greater than a semicircle 

A E 



0 


Draw AFio the center, and produce it to C, and join CE 
Because AC no. diameter of the circle, 
therefore the segment JBAJ)C is greater than a semicircle , 
and the angles in it FA C, FFC are equal, bj the first cose 
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for ITic <^1110 reason, because CBED is greater than a semicircle, 
the angles CAD, CED, are equal 

therefore the whole angle iscqual to then hole angle BED (ax, 2,} 

lil'hcrcforo tlie angles in the same segment, &c Q B D 


^ PROPOSmOJt XXII. THEORPM. 

Tht ojtpoute angles of any ymdnlateral figure wacnhed in a etrele, are 
together cgital to too right angtea 

Let ABCD be a quadrilateral figure in the circle A BCD 
Then am two of its opposite angles shall together be equal to two 
right angl >s. 

n 


Join AC, BD 

And because the three angles of c\cry triangle ore equal to too 
nght anglcN, (l 32 ) 

the three angles of the triangle CAB, mz the angles CAB, ABC. 
^ BCA, are equal to tn o nght angles 
but the angle CAB is equal to the angle CDB, (ill 21 ) 
becousc they arc m the same segment CDAB} 
and the angle ACB is equal to the angle ADB, 
because they are in the same segment ylUCJJ 
therefore the two angles CAB, ACS ore together equal to the whole 
angle ADC (ax 2 ) 

to each of these equals add the angle ABC, 
therefore the three angles ABC, CAB, BCA arc cqual'to the two 
angles ABC, AD C (ax 2) 
but ABC, CAB, BCA, are equal to two right angles , 
therefore also the angle* ABC, ADC arc equal to two right angles 
In the same manner, the angles BAD, DCB, maj be sheim to be 
equal to two nglit angles 

Therefore, the opposite angles, S,c a.B.D. 


PROPOSITION XXin THEOREM 

seme atrttxght line, and upon the same aide of it, there catiMt 
oe iiM •tmifar aegmenta of circles, not eotnctding tctlh one another 

If it be possible, upon the same straight line AB, and upon the 

similar segments />£ circles, A CB, 
ADB, not coinciding with one another 
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Then, because the circumference A CJB cuts the circumference ADj 
in the two points A, B, they cannot cut one another in an 
other pomt (in 10 ) 

therefore one of the sclents must fall withui the other 
let ACB fall within ABB 
draw the straight line JB(7i),nnd join CA, BA 
Because the segment ACB is similar to the segment ABB, ^vp<J 
and that similar segments of circles contain equal angles , ^ii. aef 11 
therefore the angle ACB is equal to the angle ABB, 
the exterior angle to the interior, which is unpossible (l 16 ) 
Therefore, there cannot be two similar segments of circles upon th 
same side of the same Ime, which do not comcide Q E S 


PROPOSITION XXrV THEOREM 
Similar segments of circles tqion equal straight lines, are equal to one anotha 

Let ABB, CFB be similar segments of circles upon the eqm 
straight hnes AB, CB 

Then the segment ABB shall be equal to the segment CFB 
B E 

A B CD 

For if the segment ABB be applied to the segment CFB, ^ 
so that the pomt A may be on C, ancT the straight luie AB upon Cl 
then the pomt B shall coincide with the point D, 
because AB is equal to CB 
therefore, the straight Ime AB coinciding with CB, 
the segment ABB must coincide with the segment CFB, rm 23 1 
and therefore is equal to it. (l a\ 8 ) 

'Wherefore similar segments, &c Q E D 


PROPOSITION XST PROBLEM 


A segment of a circle being given, to describe the circle oj which it is th 
segment 

Let AB C be the given segment of a circle 
It IS required to descnbe the circle of which it is the segment. 
Bisect AC mB (1 10 ) and from the pomt B draw BB at righ 
anglp to AC, {I 11 j and join AB 
TiTst, let tlie angles ABB BAB be equal to one another 


m \ 

ADC I 

then the straight Ime BA is equal to BB, (l 6 ) and therefore, to DC 
and because the three straight lines BA, BB, DO are all equal, 
therefore D is the center of the circle (ni 9 ) 

From the center D, at the distance of any of the three BA, B1 
BC, describe a circle, 

this shall pass through the other points , 
and the circle of which ABC is a scgpnent has been described 
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and 'bccaiiEo the center D is in AC, the segment ASC is a somicirclo 
But if the angles ABD, BAD are not equal to one another 
B B 



ADC 


at the point A, in the straight bne AB, 
make the angle BAB equal to the an^e ABD, (l 23 ) 
and produce BD, if necessary, to meet AB m B, and join BC 
Because the an^le ABB is ei^ual to the angle BAB, 
therefore the straight hne BA is equal to BB (l 6 ) 
and because AD is equal to 17(7, and DB common to the tnangUs 
ADB, CDB, 

the two sides AD, DB, are equal to the two CD, DB, each to each , 
and the angle ADB is equal to the angle CDB , 
for each of them is a nght angle , (constr ) 
therefore the base BA is equal to the base BC (i 4 ) 
but BA was shewn to be equal to BB 
wherefore also BB is equal to BC 1 ) 
and therefore the three straight lines BA, BB, BC me equal to one 
another ' 

wherefore B is the center of the circle (in 9 ) 

From the center B, at the distance of any of the three BA, BB, 
BC, desenbe a circle , 

this shall pass through the other pomts , 
and the circle of which ABC is a segment, is desenbed. 

And it IS evident, that if the angle ABD be greater than the angle 
BAD, the center B falls without uie segment ABC, which therefore 
IS less than a semicircle 

but if the angle ABD be less than BAD, the center B falls within 
the segment ABC, which is therefore greater than a semicircle 

Tllierefore a segment of a circle bemg given, the circle is desenbed 
of which it IS a segment. Q E f. 


PROPOSITION XXVI THEOREM 

In egtial circles, equal angles stand upon egual arcs, whether the angles be 
tti the centers or circumferences ' ' 

Let ABC, DBF he eqnal cuicles, 

/ and let the angles BGC, BJlFet their centers, 

|and BAC, EDFet their circumferences be equal to each other 
I Then the arc BKC shall be equal to the arc BLF 

A D 
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Join sc, EF 

And beenuEe the circles ABC, EEF arc equal, 
the straight lines drau-n from their centers are equal (xil def 1 ) 
therefore me tnro sides BO, GC, are equal to the two EE, EF, eacl 
to each 

and the angle at is equal to the angle at E, (h)p ) k 
therefore the base JBC is equal to the base EF (i 4 1 / 

And because the angle at ^ is equal to the angle at E, (nyp ) 
the segment B AC is similar to the se^ent EDF ^il def 11 ) 
and they are upon equal striught lines SC, EF 
but similar segments ot circles upon equal straight lines, are equal t( 
one another, (in 24 ) 

therefore the segment SAC is equal to the segment EDF 
but the whole circle ABC is equal to the whole DEF, (hj'p ) 
therefore the remoming segment BKC is equal to the xemaming seg 
ment^ii!; (l ax 3 ) . 

and tlie arc SEC to the are ELF 
Wherefore, m equal circles, d.c Q E 

PROPOSITION XXYIT THEOREM 

In equal circles, the angles winch stand vpon equal arcs, are cqgtal tow 
another, whether they be at the centers or eireumferenccs 

Let ABC, DEF he equal circles, 
and let the angles BGC, EELFxA, their centers, 
and the angles SAC, EDF at their circumferences, 
stand upon the equal arcs BC, EF 
Then the angle BGC shall bo equal to the andc EEF, 
nnd the angle BAC to the angle EDF 

A 


p 

If the angle BGC he equal to the angle EEF, 
it IS manifest that the angle 5^4(716 also equal to JEOJ* (in 20 am 
1 a\ 7) 

Bid, if not, one of them must be greater than the other 
if possible, let the angle J?GC7be greater than EEF, 
and at the point G, in the straight lino BG, \ 

make the angle BGK equal to the angle VtTTV (i 23) p 
Tlmn because the angle BGE is equal to the angle EEF, •} 
and that equal angles stand upon equal arcs, when they are at th 
centers, (in 26) 

^erefore the are BE is equal to the arc EF 
but the arc EFvs equal to the arc J?C, (hyp ) 
therefore also the arc BE is equal to the are B C, 
the less equal to the greater, which is impossible (l ax 1 ) 
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therefore the angle JBG'C'is not unequal to the angle JEHFi 
! that IS, it IS equal to it 

hut the angle at A is half of uie angle (ill 20 ) 

and the angle at D, half of the angle ESF^ 
therefore the angle at ^ is equal to the angle at i) (l ax 7 ) 

^ "WTierefore, in equal circles, &c Q E D 

PROPOSITION XXVIII THEOREM 

In equal eirclee, equal straight lines cut off equal arcs, the greater equal 
to the greater, and the less to the less 

Let ABC, DBF he equal circles, 

iiid B C, EF equal straight lines in them, v hich cut off the tn o greater 
arcs BAC, EDF, and the two less BGC, EIIF 
Then the greater arc (7shall be equal to the greater EDF, 
and the less arc to the less 
A I) 



G n 

''^ako K,L, thecenters of the circles, (iii 1 ) and join BK, KC, BL, LF 
Because the circles ABC, DEF are equal, 
the straight lines from their centere are equal (iii def 1 ) ' 
therefore BE, EC are equal to EL, LF, each to each 
> and the base JBC is equal to the base EF, in the tnangles B CE, EFL, 

' therefoie the an^e BEC is equal to the angle ELF (i 8 ) 
but equal angles stand upon equal ates, wnen they are at the 
centers (ni 26 ) 

therefore the arc BGC is equal to the aic EEF 
but the whole circumference ABC vs equal to the whole EDF, (hyp ) 
therefoVe the remaining part of the circumference, 

VIZ the arc BA C, is equal to the lemaining part EDF (l ax. 3 ) 
Therefore, in equal circles, £.c q E D 

PROPOSITION XXIX THEOREM 
In eqiial circles, equal arcs are subtended by equal straight lines 

Let ABC, DEF he equal circles, 
and let the arcs BGC, EHF also be equal, 
and joined bj the straight hnes BC, EF 
Then the straight hne BC shall be equal to the straight line EF 
* A D 



Q a 
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Take JT, JS, (in 1 ) the centers of the circles, andjom JBK, KC, J3L, LF 
\ Because the ore jBGC is equal to the arc EIIF, 
therefore the angle SKC is equal to the angle JBLF (ni 27 ) 
and because the circles AJBC, DEF, are equal, 
the straight lines from their centers are e^al , (ill def 1 ) 
therefore BE, EC, are eoual to EL, LF, each to each 
and thev contain equal angles in the triangles BCE, EFL, 
therefore the base BCn equal to the base EF (I 4 ) 
Therefore, in equal circles, &c Q B D ^ 

PROPOSITION XXX PROBLEM 
To hxsect a given are, that is, to divide it into two equal parts. 

Let ABB be the given arc 
it IS required to bisect it. 

D 



Join AB, and bisect it in C, (l IQ ) 
from the point (7 draw CD at right angles to AB (l 11 ) 

Then the arc ADB shall be Bisected in the point D 
Join AD, DS 

And because AC is equal to CS, 
and CD common to the tnangles CD, BCD, 
tho two sides AC, CD are e^al to the tuo BC, CD, each to each, 
and the angle A CD is equal to the angle BCD, 
because each of them is a nght angle 
therefore the base AD is equal to the base BD (i 4 ) 

But equal straight lines cut off equal arcs, (in 28 ) 
the neater arc equal to the greater, and the less arc to the less , 
and the arcs AJL), DB are each of them less than a semicircle , 
because DC, if produced, passes through the center 1 Cor } 
therefore the arc AD is e^um to the arc DB 
Therefore the given arc ADB vs bisected in D a B F. 

PROPOSITION XXXI THEOREM 

In a arch, the angle t» a temiarale is a i iglU angle , hvt the angle in a 
segment greater than asemunrelets less than a nght angle, and the angle 
m a segment less than a semunrcle ts greater than a nght angle 

Let ABCD be a circle, of which the diameter is DC; and center W, 
and Jet CA be drawn, dividing the circle into the segments ABC, AJ^ 
Join BA, AD, DC 

Then tlie angle in the semicircle BAC shall be a nght angle, 
and the angle m the segment ABC, which is greater than a semicwde, 
shall be less than a nght angle, 

end the angle in the segment ADC, which is loss than a semicircle, 
shall be greater than a nght angle. 
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Join j 427, and produce BA to 1^ 

Tir'd, because BB is equal to BA, (J def to) 
the angle BAB is equal to BBA t Q 
also, because BA is equal to Bc, 
the angle BOA is equal to BAC, 
wherefore the whole angle BACis equal to the two angles BBA, 
ECA, {1 2) 

bat FAC, the exterior angle of the triangle ABC, is equal to the tuo 
angles BBA, BCA , (l 32 ) 

therefore the angle BAC is equal to the angle FAC, (ax 1 ) 
and therefore each of tliem is a right angle (l def 10 ) 
wherefore the angle BAC in a semicircle is a right angle 
Sccondl}, because the tuo angles ABC, BAC of the triangle 
ABC are together less than two nght angles, (l 17 ) 

and tliat BA 0 has been pros ed to be a nght angle , 
therefore ABC must be less than a nght angle 
and therefore the angle in a segment ABC greater than a semicircle, 
is less than a right angle 

And Iftstlj, because ABCJ) is a quadrilateral figure m a circle, 
any two of its opposite angles are cquol to two right angles (in 22 ) 
tlicrefore the angles ABC, ABC, are equal to two right angles 
and ^HClms been proved to be less than a light angle, t 
wherefore the other ABC is greater than a nght angle 
Therefore, in a circle the angle in a semicircle is a right angle , 5.C Q t D 
Cor Prom this it is manifest, that if one angle of a tnanglo bc 
equal to the other tw o, it is a nght angle because the angle adjacent 
to it IS equal to the same two , (l 32 ) and when the adjacent angles 
arc equal, they are right angles (i aef 10 ) 

PROPOSITION XXXn THEOREM. 

1/ a stratffht Ime touch a circle, end from the point of contact a straight 
hne he dmvm meeting the circle, the angles which this line males with the 
line touching the Circle shall he equal to the angles tchich are in the alter~ 
note segments of the circle 

/ Xet the straight line BF touch the circle ABCB in i7, 

and from the point B let the straight line BB bc diawn, meeting 
the circumference in B, and dividing it into the segmen Is JDC'i?,IL47A 
of which BOB IS less than, and BAB greater than a scmicticlc 
Then the angles which BB makes with the touching line BF, 
shall be equal to the angles in the alternate B"gmcnis of the circle , 
that IS, the angle BBF shall be equal to the angle winch is in the 
Begnient BAB, 

n 
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and the angle USE sliall be eq[ual to the angle m the altcmnlc 
segment 


From the point S draw SA at right angles toJJJF’, (i 11 ) meeting 
the circumference in A , 

take any point 0 in the arc TiS^ and join AS, EC, CB 
Fecause the straight line EF touches the circle ASCE in the 
pomt B, 

and BA is drawn at right angles to the touching line from the 
pomt of contact B, 

the center of the circle is in BA (in 19 ) , 

therefore the angle -dDJS in n semiarclo is a right angle (ill 31 ) 
and conscqnenllj the other tno angles BAD, ABJJ, aie equal to 
a right angle, (l 32 J 

but ASS' IS likcmee a right angle, (constr ) 
therefore the angle ABF is equal to Uio angles BAE, ABE (I a’l 1 ) 
take from tliese equals the common angle ABE 
therefore the remaining angle EBFys equal to tlicanglcIf-dD, (l ax 3 ) ^ 
nhich 18 m BE A, the alternate segment of the circle 
And because ABCE is a quadnlatcral figure m a circle, 
the opposite angles BAE, B CE arc tqunl to tw o right angles (HI 22 ) 
but the angles EBF, EBEoxe likciusc equal to tno right angles, 

(I 13) 

therefore the angles EBF, EBB arc equal to the angles BAE, 
BCE, (I a\ 1 ) 

and EBFhoi hcen prosed equal to BAE, 
therefore the remaining angle EBB is equal to ilie angle BCE in 
BEC, the altcmate segment of the circle (l ax 2 ) 

Wherefore, if a straight line, &c Q I D 


HioposrrioN xxxm problem 

Upon a ipvcn ilraighi Imc to describe a segment of a Circle, rchtch shall 
contain an angle equal to a gtven reelilittittl angle 

Let AB bo the gnen straight line, 
and the angle (7 the giseii rectilineal nng’e 
It IB required to desonbe upon tlie gi\ en straight line AB, a segnieutL 
of n circle, which shall contain an angle equal to tlie angle C, 

- First, let the angle C be a right angle 

A F B 
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Bisect AJJ in JT, (I 10 ) 

t.nd from the center P, at the distancePJff, describe tlic ECTnicirclc^ZTB, 
and dnw All, Jill to nnv point If in the circumference 
' Ihercfore the ongU AJJJi m a Bcmicircle is equal to the right 
angle C (in dl ) ' 

But if the angle Cbe not a nglil angle 



D 


at the point A, in the straight line Ali, 
make the angle JLtJi cqi iil to the angle C, (l 53 ) 
and from the po nt drau .IL at nght angles to AJJ, (l 11 ) 
b sect AJi in J\ (I 10 ) 

and from J’draw et rigbi aiig’cs to ^lli, (i 11 ) and join OJi, 
Because is equal to Fli, and J G common to the triangles 
AFG, FFOy 

die wo s.dts AF, 1 G are cqnal to the tsvo i/F, FG, each to nch, 
and the angle AFG is equal to Uic angle JU'O (i dtf 10 ) 
therefore die base AO k equal to the bi'e OJi, (I 1 ) 
and the circle dc>cnbt(l from the center G, nt the utstanco OA 
shall pass through the point Jl 

let tins be the circle AJJJi 

Ihe fcpmcnt AJJJi shall contain an angle equal to the given nc- 
tihnial angle C 

Because from the point A the cvlrcmity of the diameter AF, 
AD IS drawn at nght niniks to AJJ, 

therefore AD touchi s the circle (ui IG Cor ) 
and because AJI, draw n from the point of contact -f, cuts the circle, 
the angle DAIi is equal to the angle in the alternate segment 
AJJJi (m 32) 

but the angle JJAJl is equal to the angle C, (tonstr ) 
ibcreforc the mgk C is equal to the angle in the segment A TUJ 
■Wherefore, upon t^'c gnen straight line AJI, the segment AJJD 
ofac.rclcis described, which contains ml angle equal to die gntn 
angle C Q E r 

* mOPOSITIOX XXXIV PBOBLEM 

Frm a gitcn circle lo cut ejj a segment, which shall coutaiti an arg i 
tqiml to a givi n reetihneal angle 

“Let AJiChc the given circle, and D the gnen rectibncnl angle 
It w required lo cut off from tlic circle AJiC a segment that sluill 
contain an angle equal to the giscn angle D 
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Draw the straight line EF touching tlio circle ABC in any poiul 27, 
(m 17) 

and at the point B, in'" the straight line BF, 
make the angle equal to the angle (i 23) 

Then the segment 27^(7 shall contain an angle equal to thc^vcn 
angle D / 

Because the straight line BF tcmohes the curclc ABCj 
and BC IS drawn from the point of contact B, 
therefore the angle FBO is equal to the angle in ^e alternate 
segment (7 of the circle (m 32') 

but the angle FBO is equal to the an^le E, (constr ) 
therefore the angle in thet segment BAC^is equal to the angle 
D (I ax 1^ \ 

AVherefore from the given circle ABC, the ^gment BAC is cut 
off, containmg an angle equal to the given angle I) Q I:-? 

PROPOSITION XXXV THEoAm 

If two itratghl lines cut one another within a eirele, the rectangle contained 
by the segments of one of them, is equal to the rectangle contained by the 
segments of the other ^ 

Let the two straight lines AC, BD, cut one onother in the point 
27, within the circle ABCD 

Then the rectangle eontnmed hy AE, EC shall be equal to the 
rectangle contamcd by BE, ED 





Pirst, if ACi'BD pass each 'of them through ihe center, so that JS 
b the center, ^ ■> 

it IS eiident that since AT EC, EE, ED, bemg all equal, (I def 15 ) 
therefore the rectangle AE, EC is equal to the rectangle BE, ED 
Secondly, let one of them BD pass through the center, and cut the 
other AO, which does not pass through the center, at right angles, ir 
the point E ^ 
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Then, if BD he bisected in jT, 

Pis the center of the circle ABCD 
Join AF 

Beciuse BJ) Trluch passes through the center, cuts the straight 
hne^C, which docs not p3«!S through the center, at right angles in B. 
therefore jiP IS equal to PC' (ni i) 
and because the straight line BD is cut into two equal parts in the 
point P, and into two unequal parts in the point E, 
therefore the rectangle BE, ED, together Mith tlio square on PP, 
IS equal to the square on FB , (ir 5 ) 

that i*!, to the square on FA 

but the squares on AB, BF, are equal to the square on FA : (r 47 ) 
therefore tlic rectangle BB, BD, together witli the square on PP, 
IS equal to the squares on AL, BF (l ax 1 ) 
tahe awaj the common square on PP, 
and the remaining rectangle BB, BJ) is equal to tlie remaining 
square on AB, (l a\ 3 ) 

that IS. to the rectangle AB, BC 

Thirdly, let BD, nluch passes through tlie center, cut the other yt C, 
which does not pass Ihrougn tlie tenter, m B, but not at right angles 



Then, ns before, if BD be bisected in P, 

- P IS the center of the circle 

Join j 4P, and from P draw PC perpendicular to .4(7, (r 12) 
tbercforc AO is equal to GC, (in 3 ) 
wbercforc tlic rectangle AB, BC, together with the square on EG, 
is equal to the square on .4 C (n 3 ) 

to each of these equals add the square on OF, 
therefore tlic rcclinglo AE, BC, togcOicr witli the squares on BG, 
GF, IS equal to Uie squares cn A G, GI'', (i ax 2) 
hut the squares on BG, GF, are equal to the square on BF, 0 47 ) 
and the squares on AO, GF arc equal to the square on A F 
therefore tlie rectangle AB, BC, together watli the square on PP, 
18 equal to the square on AF, 

that IS, to the square on FB 

but the square on FB is Munl to tlie rectangle BE, ED, together 
with tJio square on BF, (n 5 ) 

therefore the rectangle AB, BC, together with the square on PP, 
fi equal to the rectangle BB, BD, together with the square on 
BF, (I ax 1 ) 

take away the common square on BF, 
and the remaining rectangle AE, EC, is therefore equal to the re- 
maining rectangle BE, ED (ax 3 ) 

Ijisth, let neither of the straight lines ylC, BD pass through the 
center 
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Take the center F, (ni 1 ) 

and tlirougli F the intciscction of the straight hninAC, DS, 
dran the diameter GEFH 

And because the rectangle AE, ^Cis equal, os has been sheun, 
to the rectangle GE, EU, 

and for the some reason, the rectangle EE, ED is equal to the 
same rectangle OE, ER, 

therefore the recfangle AE, EC is equal to the rectangle EE, ED 
(I ux 1) , 

"Wheiefore, if tuo straight lines, Ac q r D 

PROPOSITION XXXVI THEOREM 
/ 

If from any point without a circle two straight lines be drawn, one of 
which cuts the circle, and the other touches it, the rectangle contained by 
the whole line which cuts the circle, and the part of tt without the ctrch, 
shall be equal to the square on the line whten touches it 

Let D be any point ■withbut the circle AEC, 
and let DCA, DE be two straight lines dra-wn from it, 
of which DCA cuts the circle, and DB touches the same 
y Then the lectangle AD, DC shall be equal to the square on DB 
Either DCA posses through the center, or it docs not 
first, let it pass through tlie center E 

D 



Join EE, 

therefore the angle IS a right angle rtrr 18) 

And because the straight hne ACta bisected in E, and produced 
to the point D, 

therefore therectangle AD, DC, together with the square on JSC, is{ 
equal to the square on ED (il 6 ) \ 

but CE IS equal to EE , 

therefore the rectangle AD, DU, together with the square on EE, 
is equal to the square on ED 

but the square on ED is equal to the semares on EE, ED, (i 47 ) 

\ because ESD is a right angle 

” -fore the rectangle AD, DC, together with the square on EE, 
IS equal to the squares on EB, ED (ax 1 ) 
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tnkc tlie common squire on JIS, 

'Ibcreforo llic remaining rcctinglc AD, JDCii equal to the squat 
on the tangent DD (ax J ) 

■^ext, if DCA does not pass llirough the center of the circle ABC 


D 



Take B the center of the circle, (in 1 ) 
draw DF pcrjicndicular to -f C (i 12 ) and join DB, EC, ED 
Because the stmght line FF which pistes tlirough the cente 
cats the straight line A C, which does not pass tlirough the center, . 
nghl angles, it also hisecLs viC', (ni 3) 

therefore AFk equal to FC , 

and hccniLse the straight line - t C is hisectcd in F, and produced to 1 
the rectangle AI), DC, together with the «qmn* on FC, 

IS equal to the. square on FD (ii 0 ) 
to c"ch of these cqt its add the square on FE, 

‘ therefore the rcctinglc A D, D C, together witii the squares on CF, FI 
IS equal to the squares on DF, FD (l as 2 ) 
but the square on ED is coual to the som-cs on DF, FE, (l 4" ) 
because FFD is a right angle , 
and for the snme reason, 

the squire on UCis equal to the squares on CE, FE, 
therefore the rectangle AD, DC, together with the square on EC, 
IS equal to the squire on DD (o'* 1 ) 
hut CE IS equal to EB , 

therefore the rectangle AD, DC, together with the square on EB, 
IS equal to the square on ED 

but the squares on EB, BD, arc equal to tlic snuarc on ED, (l 47 
because EBD is a nghl angle 

tlicrcro’‘c the rcc'aaglc AD, DC, together with the square on EB, 
IS equal to the squares on EB BD, 

♦akc aw as the common square on LB , 
and the remaining n dangle AD, DC is equal to the squoi 
on DB (i ax 1 ) 

■\Vhercforo, if from anj point, &c Q r n 
Con If from anj point t ithout a circle, there he drawn two sirug 


A 
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lines cutting it, as AS, AC, the rectangles contained by the whole 
lines and the parts of them without the circle, are equal to one 
another, viz the rectangle BA, AS, to the rectangle CA, AF for 
each of them is equal to the square on the straight luie A D, which 
touches the ciiclc 

PROPOSITION XXXVn THEOREM 

If from a point ioithout a e ’vh Here be drawn two straight lines, one of, 
which cals the circle, and the Other meets tt , tf the rectangle contained by the 
ehole line which cats the circle, and the part of it without the circle, be equal to 
hi. square on the line which meets it, the line which meets, shall touch the circle 
Let any point D ho taken without the circle ABC, 
and from it let two straight lines DCA and DB be draivn, of which 
JDCA cuts the circle in the points C, A, and SB meets it in 
the point S 

If the rectangle AS, DC be equal to the square on SB, 
then SB shall touch the cucle 
D 



Draw the stiaight line SS, touching the circle ABC, in the point 
S, (ill 17 ) 

find F, the center of the circle, (iii 1 ) 
and join FS, FB, FS 
Tlien FSS is a right angle (in 18 ) 
and because SS touches the circle ABC, and SCA cuts it, 
theicfoie Uie rectangle AS,SCk e^ol to the square on SS (in 36 ) 
but the rectangle AS, SC, is, by hypothesis, 
equal to the sqiiare on SB 

therefore the square on SS is equal to the square on SB, (i av 1 ) 
and the straight lino SS equal to the straight line SB 
and FS is equal to FB , (i def 16 ) 
wherefore SS, SFaie equal to SB, BF, each to each, 
and the base FS is common to the two tnangles SSF, SBF, 
therefore the angle SSF is equal to the angle SBF (l 8 ) 
but SSF u as shewn to be a right angle , 
therefore also SBF is a right angle (i ax 1 ) 
and BF, if produced, is a diameter , 
and the straight line which is drawn at light angles to a diameter, 
from the extremity of it, touches the circle , (in 16 Cor ) 
theicfore SB touches the circle ABC 
Wherefore, if from a point, &c q E D 
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Ix the Third Book ot the Elements are demonstrated the most 
elementarv properties of the circle, assuming all the properties of figures 
demonstrated in the First and Second Books 

It mar be worthv of remark, that the -word circle will he foimd some- 
times taken to mean the surface included ■within the circumference, and 
sometimes the ctreumferenee itself - Euchd has employed the "word (-n-ipi- 
tptptta) periphery, both for the whole, and for a part of the circumference 
of a circle If the -word circumference trere restricted to mean the whole 
circumference, and the ■word are to mean a part of it, ambiguity might 
be aioided •when speaking of the circumference of a circle, where only 
a part of it is the subject under consideration A cucle is said to 
be given in position, ■when the position of its center is known, and 
in magnitude, when its radius is known 

Dcf I And It may be added, or of which the circumferences are 
equal And conversefy if two circles he equal, their diameters and 
radii arc equal , as also their circumferences 

Bef I states the criterion of equal cuclcs Simson calls it a theorem , 
and Euchd seems to have considered it as one of those theorems, or 
axioms, avhich might be admitted as a basis for rcasonmg on the equahty 
of circles 

Dcf II There seems to be tacitly assumed m this definition, that a 
straighthne, when it meets a circle and does not touch it,must ncccssanlj , 
when produced, cut the circle 

A straight line which touches a circle, is called a tangent to the circle, 
and a straight line which cuts a cucle is called a secant 

Def rv The distance of a straight Ime from the center of a cucle 
IS the distance of a pomt from a straight Ime, which has been already 
c^iplamcd m, note to Prop st page 63 

Def ■VI x An are of a cucle is any portion of the cucumfcrcnce , 
and a chord is the straight line joming the extreimtics of an arc Every 
chord except a diameter divides a cucle mto two ■unequal segments, 
one greater than, and the other less than a senucuclc And m the same 
manner, two radii drawn from ihe center to the cucumference, divide 
the circle into two unequal sectors winch become equal when, the two 
radii are m the same straight Ime As Euchd, however, docs not notice 
re-entenng angles, a sector of the cucle seems necessanlv restricted 
to the figure wluch is less than a semicudc A quadrant is a sector 
whose radu are perpendicular to one another, and wmeh contains a fourth 
port of the cucle 

Def m No use is made of this definition m the Elements 
Def XI The dcfimtion of similar segments of cuclcs as employed m 
the Thud Book is restneted to such segments os are tdso equal Props 
■vxiii and ■'cxrv are the only two instances, m which reference is made 
to similar segments of cucles 

Prop I " lanes drawn m a cude,” always mean m Euchd, such 
Imcs onlj as ore terminated at their extremities by Ao circumf^cnce 
If the pomt G be m the diameter CE, but not comcidmg anth the 
point F, the demonstration given in the text does not hold good At 
the same time, it is ob^nous that G cannot be the centre of the cude 
because GO is not equal to GE ‘ 
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Indireci demonstrations are more frequently empltf) cd m the Third 
Book than in the First Book of the Elements Of the demonstrations 
u of the fortj eight propositions of the First Book, nine are indirect but 
of the thirty-seven of the Third Book, no loss than fifteen are indirect 
demonstrations The tndtteet is, m general, less readily appreciated 
by the learner, than the direct form of demonstration Tho indirect form, 
hou over, is equally satisfactor j , as it excludes every assumed hypothesis 
is false, except that "which is made in the enunciation df the proposition 
ft maj bo here remarked that Euclid emplojs three methods of de-, 
monstratmg converse propositions First, by mdirect demonstrations as 
in Buc 1 6 III I, &.C Secondly, by showing that neither side ot a 
^ possible alternative can be true, and thence inferring the truth of tho 
’ proposition, as in Euc i 19, 25 Thirdly, by means df a construction, 
e thereby avoiding the mdirect mode of demonstration, as in Luo i 47 
III 37 

Prop II In this proposition, tho circumference of a circle is proved 
)i to be essentially difierent from a straight lino, by showing that cverj 
straight line joming any two points in the are falls outirclj unthin the 
circle, and can neither coincide -with nnj part of tho circumference, nor 
meet it except m the tu o assumed points It excludes tho idea of the 
,, circumference of a circle being flexible, or capable under any circum- 
“ stances, of admitting tho possibility of the Ime lolling outside the circle 
If ttie line eould fall pmtiy within and partly vfithorUt the cwclc, U\e 
eiroumferenco of tho circle ti ould intersect the line at some pomt betw eon 
Its extremities, and anj part lailhout tho circle has been shewn to bo 
lb impossible, and tho port loilhm tho circle is m accordance with tho 
enunciation of tho Proposition If the Imo could fall upon tho oir- 
tjoumferonoe and coincide "uith it, it would follow that a straight Ime 
comcidcs ivith a curved hnc 

From this proposition follows the corollary, that “a straight Ime 
^cannot cut tho circumference of a circle m more pomts than two ” 

Commandme’s direct demonstration of Prop ii depends on tho fol- 
lowing axiom, " If a pomt be taken nearer to the center of a circle than 
the circumference, that point falls wnthin tho circle ” 

Take any point JB in AS, and join DA, DD, DB (fig Euc la 2 ) 
Then because DA is equal to 27 S in tho triangle DAB, 
therefore the angle DAB is equal to the angle DBA , (i 5 ) 
but since the side AE of tho triangle D4Lia produced to B, 
therefore the extenor angle DEB is greater than the mtenor and oiiposite 
angle (i 16) 

but the angle DAE is equal to the angle DDE, 
therefore the angle DLB is greater than tlie angle DBE 
And m every triangle, the greater side is subtended bj the greater angle 
therefore the side DBis greater than the side Dh , 
but DB from the center meets the circumference of tlic circle, 
therefore DE does not meet it 
Wherefore the pomt E falls w ithm the cifcle 
and E is any pomt m the straight Ime AB 
therefore the straight Ime AB falls wathin the circle 
Prop VII and Prop vin exhibit the same propert) , m the former, 
f-the pomt IS taken m the diameter, and m tho latter, m the diameter 
ced. 

OF viii , An ore of a cirde is said to be convex or concave w ith 
to a pomt, accordmg os the straight Imes cb-aivn from the pomt 
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meet tJte ouUtdc or uwirf.* of the circular arc and the two points founu, 
in the arcuinfcroncc of a circle hr two ^ttriipht linos drawn from a gncif 
point to touch the cirtlc, dn ide the circunilorcnce into tw o portions, oinl 
of w lucli IS nwir-x and tlic otht r eoncatt, with respect to the given pomtl 
Prop. IV This appears to follow ns a Corollarjr from Luc in. 7 P 
Prop XT and Prop vri In the enunciation tt is not asserted thaf 
the contact of two circles is confined to a single point Iho meaninff 
appears to be, that supposing two circles to touch each other in nnjE 
point, tlfc straight line winch joins thou: centers being produced, shnl’i 

{ lass through that point m which the circles touch each other Ini 
’rop vnt It IS proved that a circle cannot touch another m more points 
than one. b} assuming two points of contact, and piosang that this u 
impossible 

Prop XIII Tlic follow mg is Luclid’s demonstration of the case, in 
winch one circle touches anolhcc on tlic inside 

If possible, let the circle J BF touch the circle A BO on the inside, 
m more points than m one point, nameU m the points B, D (ilg. Luc 
in 13 ) Let P be the center of Ihecircle ^1PC> and <1 the centorof FBF 
JoinP, Qy then J’Q produced shall pi«s through the points of contacts, D 
For since F is the center of the circle ABC, PB is equal to PD, but PS 
IS greater than QD, much more then is OB greater than QD Again, 
since the po'nt Q is the center of the circle I BJ , OB is equal to QD, but' 
OB has been shewn to bo greater than QD, w Inch is impossible One circle 
therefore c innot louchanothcronthemsidcinmorc points tlian in one point 
Prop N\ I mav he demonstrated dtnrtlu bs assuming the folloaving 
avtoai , •' If a point bo token further from the center of a circle tlinn the 
circumference, that point f dls wathout the circle ” 

If one circle touch another, cither tnlcrnnlbj or exUmaUy, the twe 
circles can hate, at the point of contact, onh one common tangent 
Prop xvit ^^'hcn the ghen point is without the circumference of 
the gnen circle, it is obiious that two equal tangents may be drnivn 
from the gisen point to touch the circle, osma} be seen from the diagram 
to Prop Mil 

llio best practical method of drawing a tangent to a circle from a given 
point wathout the circumference, is the following jom the giien point 
and the center of the circle, upon this line describe a Ecmicirclc cutting 
the giicn circle, then the lino drawn from the gwen pouit to the inter- 
section will be the tangent required 

Circles arc called roneentne ctrehs when thej have the same center 
Prop will appears to be nothing more thon the cons erso to Prop 
XVI , because a tangent to any point of a circumference of a circle is o 
straight line at right angles at the cvtrcmitj of the diameter which meets 
the circumference m that point 

Prop XV Tins proposition is prosed bj Luclid only in the ease in 
which the angle nt the circumforcnco is less than a right angle, and the 
demonstration is fire from objection If, howeser, tin* angle at the cir- 
cumference bo a right angle, the angle at the center disappears, bj the 
two straight hues from the center to the cvircmitius of the arc becoming 
one straight lino. And, if the angle nt tlie circumference bo an obtuse 
angle, the angle formed bi the two lines from tlic center, does not stand 
on the same arc, but upon the arc which the assumed arc wamts of the 
whole circumference 

If Luclid’s definition of an angle be stricth observed, Prop xx is 
geometncallj Ime, only when the angle at the center is less than Iwc 
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nght angles If, however, the defect of an angle from four nght angles 
may be regarded as an angle, the proposition is luuversally true, as mav 
be proved by drawmg a Ime from the angle in the ciroiimferenao throngh 
the center, and thus forming tiio angles at the center, in Euchd's strict 
sense of the term 


In the first case, it is assumed that, if there be four magmtudes, such 
that tlic first is double of tlie second, and the third double of the fourtli, 
then the first and third together shaU be double of the second and fourtli 
together also in the second case, tW if one magnitude be double of 
another, and a part taken from the first bo double of a part taken from 
the second, tlie remamder of the first shall be double the remainder of 
the second, wluch is, in fact, a particular case of Prop v Book v 

Prop XXI Hence, the locus of the vertices of all triangles upon the 
’’ same base, and uhich have tlie same vertical angle, is a circular arc 
« Prop xxtT The converse of this Proposition, namely If the oppo- 
site angles of a quadrilateral figure be equal to tno nght angles, a circle 
can be desenbed about it, is not proi ed by Euclid 
j It 18 obnous from the demonstration of this proposition, tliat if any 
side of the inscnbed figure be produced, the extenor angle is equal 
to the opposite angle of the figure 

Prop win It IS obvious from this proposition tint of two circular 
.segments upon tlie same base, the larger is that which contains tlie 
u smaller angle 

Prop wa The throe cases of this proposition may be reduced to one, 

by drawing anj two contiguous chords to the given arc, bisecting them, 
and from the pomts of bisection drawing perpendiculars The pomt in 
b which they meet will be the center of tho circle Tins problem is cqui- 
aalent to that of finding apoint equallv distant from three given points 
Props xxyi— xvix The properties predicated in these four proposi- 
tions anth respect to cjwoi cavlcs, are also true when predicated of 
the aame circle 


^ Prop wxi suggests a method of drawing a line at right angles to 
another when the given point is at tho extremity of the given line And 
that if the diameter of a circle be one of the equal sides of an isosceles 
triangle, the base is bisected bv the circumference 

Prop XXXV The most general case of this Proposi*-ion might haa o 
been first demonstrated, and tlie other more simjilo cases deduced from it 
But this IS not Euclid's method He alwavs commences anth tho more., 
iimple case and proceeds to tho more difiicult atlerw ards The foUoaraig' 
process is the reverse of Euclid’s method ^ 

Assummg the construction in the last fig to Euc ni SB Jom FA , PH, 
md draw FK perpendicular to AC, and FL perpendicular to DD 
^en (Euc n 6 ) the rectangle AE, EC antli square on EK is equal to 
ho square on AK add to these equals the square on FK therefore tho 
ectangle AE, EC, anth the squares on LK, 1 K, is cquai to tho square! 
in AK, FK But the squares on EK, FK are equal to tlie square on EF, 
md the squares on AK, FK arc equal to the square on AF Hence tho 
ectangle AE, EC, witli the square on EF is equal to the square on AF 
In a similar way may be sheavn, that the rectangle EE, ED anth the 
quaie on EF is equal to the square on FD And the square on FD is 
•qual to the square on AD 'Wlicrcfore the rectangle AE, EC wath the 
on EFis equal to the rectangle BL, ED with the square on EF 
^ u these equals the square on EF, and the rectangle AE, LG 
to the rectangle BE, ED 
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Tlic othci mo'c simple cases ma 7 easily be deduced from tlus general 
case 

fhe converse is not proved bv Euclid , namclv, — ^If two straight lines 
intersect one arothcr, so that the rectangle contained by the parts of 
one IS equal to the rectangle contamcd b} the parts of the other , then 
a mrclc mav be described passing through the extremities of tlic two 
lines Or, m other words —If the diagonals of a quadrilateral figure 
intersect one another, so that the rectangle contained bv the segments 
^f one of them is equal to the rectangle contained by the segments of the 
other , then a circle mav be described about the quadnlatcral 

Prop 3 CXXVI The converse of the corollarv to this proposition may 
be thus stated —If there bo two straight lines, such Aat, when pro- 
duced to meet, the rectangle contained by one of tlic lines produced, and 
the part produced, be equal to the rectangle contained bv the other 
Ime produced and the part produced, then a circle can be desenbed 
passing through the extremities of the two straight Imes Or, If two 
opposite sides of a quadrdatcml figure be produced to meet, and the 
rectangle contamcd bv one of the sides produced and the part produced, 
be equal to the rectangle contained by the other side produced and the 
part produced , then a circle may be described about the quadrilateral 
figure 

Prop xxxvii The demonstration of this theorem mav be mode 
shorter bv a reference to the note on Euclid iii Dcf 2 for if JDS meet 
the circle m and do not touch it at that point, the Ime must, when 
produced, cut the circle m two pomts 

It IS a circumstance worthv of notice, that in this propo>iition, ns well 
in Prop xtvin Eooki Euclid departs from the ordinary cx absttrdo 
T^dc of proof of com erse propositions 


QUESTIONS ON BOOK III. 

1 Deptke accurately the terms radius, are, circumfet ctice, chord, scc({nt 

2 How docs a sector differ mform from a segment of a circle* Are 
they m any case comcidcnt* 

3 "VlTiat IS Euchd’s entenon of the equality of two cirdcs* 'V\Tial 
IS meant bv a given circle* Howmanv pomte are necessary to deter- 
mme the magnitude andgiostiion of a circle* 

4 AVhen are segments of circles said to be similar * Enunciate the 
propositions of the Third Book of Euchd, m which this definition is em- 
ployed Is it employed in a restricted or general form * 

5 In how many pomts can a circle be cut by a straight Imc and by 
another circle ? 

6 ’i\Tien ore straight hncs cquaBv distant from the center of a circle* 

7 Shew the necessity of on mdircct demonstration in Euc in 1 

8 Eind the centre of a given circle without blscctmg any straight 
ime 

7 9 Shew that if the circumference of one of two eqnm cirdcs pass 
through the center of the other, the portions of the two circles, each of 
which hes without the circumference of the other circle, arc equal 

10 If a stmight Imc passmg through the center of a circle bisect a 
straight Ime in it, it shall cut it at n^ht angles Pomt out the excep- 
tion , and shew that if a straight Imc bisect the arc and base of a segment 
of a circle, it will, when produced, pass through the center 
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H If any point be taken mtlun a circle, and a right line be clrami 
rom it to Uic circumference, lion many lines can generiU} be drawn 
»qual to it r Draw them 

12 Find the shortest distance between a circle and a given straight 
lino without it 

13 Shew that a circle can only have one center, stabng the axioms 
apon winch your proof depends 

14 ItTij w ould iiot the demonstration ofEno m 9, hold good, i 

there were only two such equal straight linos ? ^ 

1 5 Tw 0 parallel chords m a circle are respectively six and eight inches 
iT> length, and one inch apart , how many inches is the diameter in length ? 

16 'N^Tiich IS the greater chord in a circle w hose diameter is 1 0 inches , 
that whose length is 6 inches, or that whose distance from the center is 
4 inches ? 

17 AVIint 18 the locus of the middle points of all equal straight hues 
m a circle ? 

18 Ihe radius of a circle 5 CjDCf/', (fig Hue in 16 ) whose center 
is E, IS equal to live inches The distance of the lino EG from the center 
IS four inches, and the distance of the hne liC from tlic center is tliroe 
inches, required the lengths of the lines FG, BC 

19 If the chord ot an arc bo twelve mehes long, and be divided into 
two segments of eight and four mehes bj another chord what is the 
length of the latter chord, if one of its segments bo two inches ^ 

20 "What is the radius of that circle of which the chords of an arc 
and of double the arc arc five and eight mehes respective!} ? 

21 If the chord of on arc of n circle whose diameter is 8^ mehes^ 
be five mdics, what is the length of the chord of double the arc of tlitf' 
some circle ’ 

22 State when a straight Ime is said J;o touch a ciralo, and shew 
from your definition that a straight hno cannot be drawn to touch a circle 
from a point withm it 

23 Con more cirdes than one touch a straight line m the same 

pomt? ' 

24 Shew from the construction, Euc iir 17, that two equal straight 
lines, and onl} two, can be drawn touchmg a given circle from a given 
pomt without It and one, and only one, from a pomt m tlic cir- 
cumference 

26 What is tlic locus of the centers of aU the cirdes which touch 
a straight Ime m a giv on pomt > 

26 How may a tangent be drawn at a given pomt m the circum- 
ference of a circle, without knowing the center* 

27 In a circle jilaoe two chords of giv cn length at right angles to 
each other 

28 Prom Euc in 19, shew how many circles equal to a given 
circle may bo draw n to touch a straight line m the same pomt 

29 Enunciate Luc iii 20 Is this true, when the base is greater 
than a semicircle * If so, w hy has Euclid omitted this case ? 

30 The'hngle at the center of a circle is double of that at the circui^- 

fcrcncc How will it appear hence that the angle m a semicircle is a right 
angle ? ' 

- 31 ■W^^at conditions are essential to the possibihty of the mscnption 

d circumscription of a cirtle m and about a quadrilateral figure ? 

32 MHiat conditions are requisite m order that a parallelogram mav 

inscribed m a circle ? Are there anv analogous conditions requisite 

a parallelogram may be described about a circle ? 

33 Define the angle %n a segment ot a circle, and the angle on a seg- 
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men. md shew that m tiic rrae circle, thej’ arc together equal to two 
nght 'u.plc^ 

'34 btate ard p’orc ihc c''i\lt<c of Euc lir 22 

35 All c rcic* winch pa^s through two gi% en pomts h-vc their center! 
in a certa n s raight line 

SO De*crTje~thc circle of which n pven ecgncnl i« npnrt Give 
Eucud’s more simp’c method of solving Uio same prohlcn md^pe idcntly 
of the mngtiitudc of the given sosmen.. 

07 In the sn'*'c c rclc cqua* straight Imcs cut off equal circumfer- 
ences If these straight lines hive nnv point common to one another, it 
must not be in the c rcumfcronce Is the cnuncin'ion gnen complete* 

53 rnunci-tcluc lit ,1, and deduce the p-oof of it from Euc ni 20 

09 AVhnt sthelocusofthcverticcsofaUnght-anglcdtnanglcswlucli 
can be desenhed upon the same nvpotcn-se ’ 

40 How man a pcrpcrdicular be drawm to a gi\en straight line from 
ore of ikS extremities trt'Acirt pwiitrin^ ih^ hnet 

41 If the angle in a semicircle be a ng’it angle , what .5 the nngle 
in a quadrant • 

42 Ino sum of the squares of nnv two lines drawn from any pomt 
in 1 sem circle to t^o evtrcmttv of the diameter is constant Express 
tl at csrt'en* »n *cv's of the rad us 

43 In tic demo istration of Fuc nr '*0, It is stated that “equal 
straight lines mi . off equal circumfererccs the gre iter equal to the creater, 
and tnc less to the less cxplam b) rcffrcncc to the diagram the meaning 
of thus statunent 

41 Ilow many circles mpy be described so as to p'ss through one, 
tiro, and three given paints ' 'in a hat case is it impossible tor a circle 
to pass tliroajh .hrct given paints’ 

45 Conpara the ureum'ertacc of thcscgm''nt (Euc «i 33 ) wiUi 
the whole circumference a hen Uic angle contamed in it is a right nngle 
ard a hal' 

40 Include the foar eases of Euc III 05, in one ccncml proot 

47 Enunciate the propo-i’ions wli tli arc converse to Props 32, 35 
o'" Book HI 

43 If the position of the center of a circle be Inown with respcc* 
to a given po nt ou’-.ilc a circle, and the djstancoof the circumference to 
the point be ten inches what is the length of the diameter of the circle. 
If a tangent drawn rmni the given point bo fifteen inches ’ 

4'’ If two straight lines be drawn f"om a pomt without a circle, and 
be both termmated b~ the concave part of tnc circumference, and if 
one of ’he Imts pass throuch tli** cen cr, and a portion of the other 
lino intercepted bv the circle, ba equal to tnc radius Gnd the dlarac.er 
of the c rclc, if the two hne* meet itic convex part of the circumference, 
o, h, units rcspectivclv from the given po nt 

50 Upon what propositions depends the demonstration of Euc iii. 
35 ’ Is anv extension made of this proposition in the Hurd Iloo*. 

51 AVhat conditions must be fulfilled that a circle moj puss tnrough 
fjrar gitcn points’ 

52 "WTij IS it considered necessary to demonstrate all the separate 
cases of Euc nr 35, 3C, geomctncallv, which are comprehended in one 
formula, when cep'essed b* Algcb'-aic ssmbols * 

53 F nuneiate the converse p-oposuions of the Tliird Book o'" Euclid 

which are not demonstra‘ed « and slate the three methods 

wnichEnchdemploss m the demonstration of converse prosositions in 
the First and Thud Books of the Elements 
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PROPOSITION I THEOREM 

If A^, CD he chords of a circle at right angles to each other, prove that lit 
sum of the arcs AC, BD « equal to the sum of the ares AD, BC 

Draw the diameter FGS parallel to AB, and cutting CD mS-^ 



Then the arcs FDO and FCG are each half the circumference 
Also since CD is hiscctbd in the point H, 
the aio FD is equal to the arc FC, 
and the arc FD is equal to tlie arcs FA, AD, of which, AF is 
equal to BG, 

therefore the ares AD, BG are equal to tlie arc FC, 

odd to each CG, J 

therefore the arcs AD, BC are equal to the vxv&FC, Cff, which malid^ 
up the half circumference 

Hence also the arcs A C, DB are equal to half the circumference 
MTiciefore the arcs AD, BC are equal to the arcs A C, DB 


PROPOSITION n PROBLEM 


Tlie diameter of a circle having been produced to a given point, it is required 
to find tn the part produced a point, from which if a tangent be drawn to the 
circle, it shall be equal to (he segment of the )mrt produced, that is, between the 
given point and the point Jaufld 


Analj SIS Let ABB he a circle whoso center is C, and whose dia- 
meter AB IS pioduccd to the gnen point D 

Supnose that G is the point lequired, such that the segment GD 
<s equal to the tangent OF diauTi from G to touch the cucle in 77 


F 



oin DE and produce it to meet the circumference ogam in F\ 
jom also CE and CF , 

Then in the triangle ODE, because OD is equal to GE, 
tnereforc the angle GED is equal to the angle GDE, 
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and because CE is equal to CF, 
tbe angle CJEFis equal to the angle CFE, 
therefore the angles CEF, GEE are equal to the angles CFE, 
ODE 

but since GE\s a tangent at E, 
therefore the ang^ CEG is a nght angle, {iir 18 ) 

I hence the angles &BF, GEFaie equal to a nght angle, 
and consequent!}, the angles CFE, EJDG ore also equal to a nght 
angle, 

wherefore the remaining angle FCD of the triangle CFE is a right 
angle, 

and therefore CFn perpendicular to AE 
S}'nthcsis From the center C, CF perpendicnlar to AE 
nceting the circumference of tbe circle in F 

tom EF cutting the circuhifcrcncc in 17, 
join also CE, and at E draw EG perpendicular to CE and inter- 
secting BE in G 

Then G mil be the pomt required 
For in the tnangle CFE, since FOE is a nght angle, the angles 
CFE, CEF are together equal to a nght angle , 

^0 since CEG is a nght angle, 

therefore the angles CEF, GEE are together equal to a ngJit 
angle, 

therefore the angles CEF, GEE arc equal to the angles CFE, 
CEF, 

but because CE is equal to CF, 
the angle CEF^s equal to the angle CFE, 
wherefore the remaining angle GEE is equal to the remaining 
angle CEF, 

and the side QE is equal to the side GE of the tnangle EGE, 
therefore the point G is determined according to the required 
conditions 

PROPOSITION in THEOREM 

1J a chord of a eirele he produced Ml the pari produced be equal to the 
adius, and if front tit exlremtly a lute be draum through the center and 
neeiing the convex and concave ctreumferenees, the convex ts one-third of the 
‘tmeave etrcuniference 

Let AB anv chord he produced to C, so that BC is equal to the 
'adius of the circle 



and let CCbe drawn from (7 through the center E, and meeting 
the convex circumference in F, and the concave m E 
Then the arc BF is onc-&ird of Ac arc AE 
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Draw EG parallel to AB, and join EB, DG 
Since tlie angle DEG is equal to the angle EGE, (i 5 ) 
and the angle GEEis eipal to the angles EEG, EGE, (l 32 ) 
therefore the angle GEC is double of the angle EEG 
But the angle BECia equal to tlie angle BCE, (r 61 
and the angle (SSG is equal to the altemate angle ACE , (l 29 ) 
therefore the angle GEC is double of the angle CEB / 
add to these equals the angle CEB, 
therefore the nhole angle OEB is treble of the angle CEB, 
but the angles GEB, CEB at the center E, are subtended by the 
arcs BJ?, BG, of \\hich BG is equal to AE 
Wherefore the circumference AE is treble of the circumference 
BF, and BF is one-third of AE 

Hence may be solved the following problem 
AE, BFaxa two arcs of a ciicle intercepted between a chord and 
a given diameter Determine the position of the chord, oo tliat one 
arc shall be triple of the other 

PROPOSITION IV. THEOREM , 

AB, AC and ED are iangeiitt to the etrcle CFD, at whatever point 
between C and B the tangent EFD i* drawn, the three i des of the triangle 
AED are equal to twtee AB or twice AC also the angle 'subtended by the 
tangent EFD o( the center of the ctrele, is a constant quantity « 

Take G the center of the circle, and join GB, GE, GF, GE, OC 
Then EB is equal to EF, and EC Vo EF, (iii 37 ) 


A 


therefore EE is equal to EB and 'DC, 
to each of these add AE, AE, 
wherefoie AE, AE, EE are equal to AB, AC, 
and AB is equal to A C, 

therefore AE, AE EE are equal to twice AB, or tuice AC, 
or the perimeter of the tnangle AEE is a constant quantity 
Again, the angle E6F is half of the angle BGF, 
and the angle EGF is half of the angle CGF, 
therefore the angle EGE is half of the angle COB, 
or the angle subtended by the tangent EE at G, is half of the anglp 
contained between the two tadii whi^ meet the circle at the pointe 
where the two tangents AB, A G meet the circle ^ 

PROPOSITION V PROBLEM 

Given the base, the vertical angle, and the perpendicular in a plane Margie, 
construct it 
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Upon the gi\en bn<!C AB describe a segment of a circle conUimtng 
an angle cqud to tlie gnen angle (m 33) 



At the point J? draw i?C pcrpcndtcnlnr to AB, and equal to the 
altitude of the triangle (l 11,3) 

Through C, dran CDB parallel to AB, and meeting the circum 
fercncc in X) and B (i 31 ) 

Tom DA, DB , also DA,^EB , 
then DAB or DAB is the triangle required 
It IS also manifest, that if CDE touch the circle, there will be only 
one tnnngle which can be constructed on the base AB with the giscn 
altitude 


rnoposmoN vi theohem 

If iwo chitrdt of a circle Merteel each other at right angles either mthm or 
Lteilhoal the circle, the turn of the squares desenbed upon the four trgmenfr, ti 
equal to the square described itpoti the diameter. 

Let the chords AB, CD intersect at right angles in E 



Draw the dnmeter AF, and join AC, AD, CF, DB 
Tlicn tlic angle ACF in a semicircle is a right angle, (in 31 ) 
and Mual to the angle ADD 

also the angle ADC is equal to the angle AFC (in 21 ) 
Hence in the mangles ADD, AFC, there are tao angles intne one 
rcspcctncl} cquol to two angles in the other, 

conscqucnllj, the third angle CAF is equal to the third angle 
DAB, 

therefore the arc DB is equal to the arc CF, (m 26 ) 

^and therefore also the chord DB is equal to tlie choid CD (in 29 ) 
Because ADC is a right-angled mangle, 
the squares on AD, DC mo equal to the square on AC, (r 47 ) 
similar!} , the squares on DD, DB are equal to the square on DB , 
therefore the squares on AD, DC, DE, EB, arc equal to the squares 
on-4C;JDi?, 

but DB was proved equal to FC, 
and the squares on AC, FC arc equal to the square on AF , 
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liherefore the squares on AE, EC, EE, EE, are equal to the square 
on AF, the diameter of ^e circle 
llTien the chords meet ^thout tlie cmcle, the property is proved 
in a similar manner 


7 Throrgh a given point within a circle, to drafr a chord -nliicli 
shall be bisected in Siat point, and prove it to he the least 

8 To that diameter of a given circle which shall pass at a 
given distance from a given point 

9 Fmd the locus of the middle points of any system of parallel 
chords in a circle 


10 The two straight lines which join the opposite extremities o( 
two parallel chords, intersect m a point m that diameter which is 
perpendicular to the chords 

11 The straight hnes joining towards the same parts, the extre- 
mities of any two lines in a circle equally distant from the center, are 
parallel to each other 

12 A, E, C, A', E', C are points on the curcumfercnce of a cmcle , 
if the hnes AE, AC he respectively parallel to A'E, A'C, shew that 
PC' IS parallel to EC 

13 Two chords of a circle being given in position and magnitude, 
describe the circle 


14 Two circles are drawn, one lying withm the other , prove that 
no chord to the outer circle can be bisected in tlie point in -nhicli it 
touches the mner, unless the circles arc concentric, or the chord be 
jieipendicular to the common diameter If the circles have the same 
center, shew that ev erj chord which touches the inner circle is bisected 
M the point of contact. 

Id Draw a choid in a circle, so that it maj be double of its per- 
pendicular distance from the center 

16 Thearcs mtercepted between anj two parallel chords m a circle 
ore equal 

17 If any pomt P be taken in the plane of n circle, and FA, 
FE, FC, be drawn to any number of points A, S, C, situated 
sYmmetncally in the circumference, the sum of FA, FE, is least 
VI hen P is at the center of the circle 


IL 

18 The sum of the arcs subtending the vertical angles made by 
any two chords that mtcrsect, is the same, as long as tne angle of mter- 
section 15 the same 

19 From a point without a circle two straight lines are drawn 
^cutting the convex and concave circumferences, and also respectively 

’•allcl to two radii of the circle Prove that the difference of the 
-ave and convex arcs intercepted bj the cutting hues, .a equal to 
ce the arc intercepted bv the radu. 

20 In a circle with center O, anj two chords, AE, CD nre drawn 
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cutting m E, and OA, OB, OC, OJD are joined , pioie that the angles 
AOC^BOD=2 AEC,aaiLAOB^BOC=2AED 

21 If from any point -vnthout a circle, lines tie drawn cutting the 
circle and making equal angles with the longest line, they wdl cut oii 
equal se^ents 

22 If the corresponding extremities of two mtersectmg chords of 
"a circle he joined, the triangles thus formed will be equiangular 

23 Through a given pcnnt within or without a cirde, it is required 
to draw a straight line cutting off a segment containing a giien angle 

24 If on two hues contaming an angle, segments of circles be 
descnbed contaming angles equal to it, the Imes produced will touch 
the segments 

25 Any segment of a circle hemg descnbed on the base of a tn- 
angle , to describe on the other sides segments similar to that on the 
base 

26 If an arc of a circle he divided into three equal parts by three 
straight hnes drarni from one extremity of the arc, the angle con- 
tained hj tivo of tlie straight Imes is bisected by the third 

27 If tlie chord of a given circular segment be produced to a 
fixed point, desenbe upon it when so produced a segment of a ciicle 
nhich shall be similar to the given segment, and shew that the two 
segments haie a common tangent. 

K 28 If AB, CE he drawn perpendicular to the sides BC, AB of 
the tnangle ABQ, and JDJDbe jomed, prove that the angles 
and ACE are equal to each other 

29 If from any point in a circular arc, perpendiculars ho let fall 
on Its hounding radu, the distance of their feet is invariable 

HI 

30 If both tangents be draun (fig Euc iii 17 ) and the pomfs 
of contact jomed bv a straight line which cuts EA iii H, and on HA 
ns diameter a circle be described, the hues drawn through E to touch 
this circle will meet it on tlic circumference of the given circle 

31 Draw, (1) perpendicular, (2) parallel to a given hno, a hue 
touchmg a given circle 

32 If two straight hnes intersect, the centers of all circles that 
can be inscribed between them, he m two hnes at right angles to Ctich 
other 

33 , Draw two tangents to a gi\cn circle, which shall contam an 
angle equal to a given rectihncal angle 
, 34 Describe a cnclc with a given radius touching a given hne, and 

so that the tangents drawn to it from two given points iii this luie 
f may be parallel, and shew that if the radfiis vary, the locus of the 
centers of the circles so described is a circle 

35 Deternime the distance of a pomt from the center of a given 
circle, so that if tangents be drawn &om it to the circle, the concai e 
part of the circumference may be double of the convex. 

36 In a chord of a circle produced, it is required to find a pomt, 
from which if a straight Ime be drawn touclung the circle, the hne so 
drawn shall be equal to a given i^raight hue 
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37 Find a point -without a given circle, such that the sum of the 
two hnes diawn from it touching the circle, shall be e^ual to the Ime 
drawn from it through the center to meet the circle 

38 If from a point -nithout a circle two tangents be drawn , the 
straight Ime which joins the pomts of contact -nill be bisected at right 
angles by a Ime drawn from the center to the point without the circle 

39 If tangents be drawn at the extremities of any tno diameters^ 

of a circle, and produced to intersect one another, the straight Imes 
joining the opposite pomts of intersection -will both pass through 
the center ' 

40 If from any point without a circle two Imes be drawn touchmg 
the circle, and from die extremities of any diameter, hnes be drami to 
the point of contact cutting each other within the circle, the hne drarni 
from the pomts without the circle to the point of intersection, shall be 
perpendicular to the diameter 

41 If an} chord of a circle be produced equally both wa)s, and 
tangents to the circle be drawn on opposite sides of it from its extre- 
mities, the line joining the points of contaet bisects the given chord 

42 AS 18 a chord, and AD is a tangent to a circle at A DPQ 
my secant parallel to AS meetmg the circle m P and Q Shew that 
he triangle PAD is equiangular with the triangle QAP 

43 If from any point m the circumference of a circle a chord and 
tangent be drawn, the peipendiculars dropped upon them from the 
auddle point of the subtended arc, are equal to one another 

IV 

44 In a given straight line to find a point at which two other 
straight lines being drawn to two gnen pomts, shall contain a right 
ingle Show that if the distance betiveen tlie tivo given pomts be 
prater than the tram of their distances from the given hne, there w ill 
be two such pomts, if eqtml, there may be o^y one, if less, the 
problem may be impossible 

46 Find the pomt m a given straight line at which the tangents 
to a given circle will contain the greatest angle 

46 Of ail straight lines which can be drawn from two given points 
to meet m the coni ex circumference of a gii en circle, the sum oi those 
two will be the least, which make equal angles with the tangent at the 
pomt of concourse 

47 DF 18 a straight line touching a circle, and terminated bi 
AD, BF, the tangents at the extremitiM of the diameter AB, shew 
that the angle which PPsubtends at tne center is a right angle 

48 If tangents Am, Bn be drawn at the extremities of the dia- 
meter of a scmicucle, and any hne in mPn crossmg them and touching J 
the circle in P, and if AN', BMhs mined interseoung m O and cutting T 
the semicircle in B and F, shew that O, P, and the pomt of mtersec- 
lon of the tangents at F and F, are in the same straight Ime 

% 49 If fiom a pomt P without a circle, any straight hne be drawn 

thnir tii 0 circumference m A and B, shew that the straight hues 
■ „ the pomts A and B -with the bisection of the chord ot contact 
1 “ tangents from P, make equal angles -with that chord 
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V 

50 Descnbe a circle wbicli shall pass through a given point and 
winch shall touch a given straight line in a given point. 

51 Draw a straight hnc which shall touch a given circle, and 
make a giien angle with a given straight line 

52 Describe a circle the curcumference of which shall pass through 
^gnen jmint and touch a giien circle in a gnen point 

53 Describe a circle witli a giicn center, such- that the circle so 
described and a given circle ihny touch one another intemall} 

54 Describe the circles uhich shall pass through a giien point 
and touch too gi\en straight lines 

55 Desenbe a circle with a given center, cutting a given circle in 

the extremities of a diameter ^ 

56 Describe a circle which shall have its center in a given straight 
line, touch another giicn line, and pass through a fiiLed point in the 
first given line 

67 The center of a given circle is equidistant from two given 
straight lines , to describe another circle uhich shall touch the too 
straight hues and shall cut off from the gi\ en circle a segment con- 
taining on angle equal to a given rectilineal angle 

> VL 

58 If any two circles the centers of which are given, intersect 
each otlier, the greatest line 11111011 can bo drawn through cither point 
of intersection and terminated by the circles, is independent of tlie 
diameters of the circles 

59 Two equal cucles intersect, the hnes yoming the points in 
which any straight line througn one of the pomts of section, which 
meets the circles with the otlicr point of section, are cquaL 

CO Draw through one of the points in ivhich any two circles cut 
one another, a straight hne 11 Inch shall be terminated by their circum- 
ferences and bisected in their pouit of section 

61 Desenbe two circles with given radii uhich shall cut each 
other, and haie the Ime betoeen the pomts of section equal to a giien 
line 

62 Two circles cut each other, and from the points of mtersection 
straight hnes are drawn parallel to one anothci, the portions inter- 
cepted by the circumferences are equal 

63 AOB, ADB are too segments of circles on tlie same base 
AB, take any pomt Cm tlie segment ACB, join AC, BC, and pro- 
duce them to meet the segment AJDB in JD and E respectii ely shew 
^lat the arc BE is constant 

‘ 64 ABB, A CB, are the arcs of to o equal circles cutting one 
another in the straight hne AB, draw the cliord ./t CD cutting the 
inner circumference m Cond the outer m B, such that AB and BB 
together mai be double of .<1 C and CB together 

65 If from too fixed jiomts in the circumference of a circle, 

, v-jsji'aight hnes be drawn intercepting a given arc and meetmg u ithoul 
) >thc circle, the locus of their inters ctions is a circle 
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G6 If two cades intersect, the common chord produced Insects 
the common tangent 

67 Show that, if two circles cut each other, and from any point 
in the straight line produced, which joins their mtersections, tivo tan- 
gents be drawn, one to each cucle, they shall be equal to one another 

68 Two circles intersect in the points A and B , through A and 

J? any two straight lines CAD, DBF, are drawn cutting the circles in 
the pomts C, D, B, F, prove that CB is parallel to DF r 

69 Two equal circles are drawn intersecting in the points A and 
B, a third circle »s drawn with center A and any radius not preatcr 
than AB intersecting the former circles in D and C Shew that the 
three points, B, C, I) he in one and the same straight hne 

70 If two circles cut each other, the straight line joining theu 
centers will bisect their common chord at right angles 

71 Two circles cut one another , if through a point of intersection 
a straight hne is drawn bisecting the angle between the diamcterh at 
that pomt, this line cuts off similar segments in the two circles 

72 A CB, APB are two equal circled, the center of APB being 
on the circumference of ACB,AB being tie common chord, if any 
chord AC of ACB be produced to cut APB in P, the triangle PBC 
18 equilateral 

vn 

73 If two circles touch each other externally, and two panllpWl 
hnes be drawn, so touching the circles in pomts A and B Respectively 
tliat neither circle is cut, then a straight line AB will pass through 
the point of contact of the circles 

74 A common tangent is drawn to two circles which touch each 
other externally , if a circle be described on that part of it w'liich hes 
between the points of contact, ns diameter, this circle will pass through 
the pomt of contact of the two circles, ond will touch the line which 
joins their centers 

75 If tuo circles touch each other externally or mternnlly, and 
parallel diameters be draivn, the straight line joining the extremities 
of these diameters will pass through the pomt of contact 

76 If two circles touch each other internally, and any circle be 
described touching both, prove that the sum of the distances of its 
center from the centers of the two gnen circles will be im unable 

77 If two circles touch each other, any straight line passmg 

through the pomt of contact, cuts off similar parts of their circumfe- 
rences , 

78 Two circles touch each other externally, the diameter of one 
being double of the diameter of the other , through the pomt of con- 
tact any line is draivn to meet the circumferences of both , shew th«j 
the part of the hne which hes m the larger circle is double of that m 
the smaller 

79 If a circle roll within another of twice its size, any pomt in 
its circumference will trace out a diameter of the first' 

80 With a given radius, to desoribe a circle touching two gn en 
circols 



o^r iJv<02i HI 


169 


fil Two equal circles touch one another externally, and through 
the point of contact chords are drawn, ono to each circle, at ri^t 
angles to each, prose that tlie straight line joining the other extre- 
tumes of these cWds is equal and parallel to the straight line joining 
the centres of the circles 

S2 Two circles can he described, each of which shall touch a 
^icn circle, and through two giscn points outside the circle, 
shew that the (ingles which uie two mien points subtend at the two 
points of contact, ore one greater and the other less than tlmt which 
they subtend at anj other point in the gi\cn circle 


Mil 


63 Draw a straight line which shall touch two giien circles, 
(1) on the same side , (2) on the alternate sides 

84 If two circles do not touch each other, and a segment of the 
line joining then centera be intercepted between the con\ ex circum- 
ferences, om circle whose diameter is not less than that segment may 
be so placed as to touch both the circles 

85 Given two circles . it is required to find a point from which 
tangents maj be drawn to each, equal to two gnen straight lines, 

80 IVo mfclcs arc traced on a plane, draw a straight lino 
cutting diem in such a manner that the chords intercepted within the 
circles shall haic gnen lengths 

87 Draw tt straight line w Inch shall tou(.h ono of two gn cn circles 
and cut off a given segment from tlio other Of how mam solutions 
does this problem admit? 

88 If from the point where a common tangent to two circles 
meets the line joining their centers, any lino be drawn cutting 
circles, It will cut off similar segments 

89 To find a point P, so that tangents drawn from it to the out- 
sides of two equal cu-clcs which touch each other, maj contain an anrie 
equal to a gisen angle 

90 Desenhe a circle which shall touch a given straight line at a 
gisen point, and bisect the circumference of a p\en circle 

91 A circle is desenbed to pass through a gisen point and cut a 
given circle ortliogonallj, shew diat the locus of the center is a certain 
straight line 


92 Tlirough two giicn points to desenhe a circle bisectuic the 
circumference of n giicn circle ** 

» ""Jc through a given point, and touchmg a given 
tptraightline, so that the chord joining tlic gnen point and pomt of 
contact, maj cut off a segment containing a pven angle. 

94 To desenhe a circle through two gn en points to cut a straight 
line given in position, so that a diameter of the circle draivn through 

intersection, shall make a gn cn angle with the Imc. 

95 Desenhe a circle which should pass through two given nomts 

antt cut a given circle, so that the chord of intersection ma\ be of a 
gnen length ■' 
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IX 

flG llie circumference of one circle is uhoUj mthin Hint of an 
other Find tlie greatest and the least straight lines that can be draivn 
touching the former and terminated bj the latter 

97 Draiv a straight line through two concentric circles, so that the 
chord terminated bj the extciior cncumfercnce may be double tliat 
terminated bj the intenor IMiat is the least ^ ilue of the radius pi 
the intenor circle for ■winch the problem is possible 

98 If a straight hne be draini cutUng any number of concentric 
circles, shc'w that the segments so cut off arc not similar 

99 If from anj point in the circumference of the evterior of two 
conccntnc circles, two straight lines be drawn touching the mterior 
and meeting the c'<Ltcrior , the distance bctu can the pomts of contact 
■will be halt that bctucen the pomts of intersection 

100 Shew that all equal straight hues in a circle ■will be touched 
by another circle 

101 Through a given point draw a straight hne so that the part 
intercepted by the circumfeience of a circle, shall be equal to a gnen 
straight line not greater than the diameter 

102 Two circles are described about the same center, drau a chord 
to the outer circle, uliich shall bo dnidcd mto tlirec equal parts b} the 
inner one How is the possibiht\ of the problem limited 

103 Find a pomt ■without a given circle from ubich if two tai> 
gents bo draira to it, thej shall contam an angle equal to a given 
angle, and shew that the locus of this pomt is a cude concentric ■witli 
the gitcn circle 

104 Draiv two concentric circles such that those chords of tlie 
outer circle nhich touch the mnex, ma^ bo equal to its diameter 

105 Find a point m a given straight hne from which tlie tangent 
draun to a giicn circle, is ot giien length 

106 If any number of chords be draivn m tlio inner of two con- 
centric circles, from the same point A in its circumference, and each 
of tlie chords be then produced bejond A to the circumference of the 
outer circle, the rectangle contained M the whole line so produced 
and tlie part of it produced, shall be constant for all the cases 

X 

107 The circles desenbed on the sides of an^ triangle as diametcis 
'Till intersect in tlie sides, or sides produced, of the triangle 

108 The circles which are desenbed upon the sides of a nght- 

angled tnangle as diameters, meet the hjpotenuse in the samerpomt, 
and the hne drawn from the point of intersection to the center of eilheri 
of the circles will be a tangent to the other circle j 

109 If on the sides oi atnangle circular arcsbo desenbed contain- 
ing angles whose sum is equal to two nght angles, the tnangle formed 
bj the hnes jommg their centers, has its angles equal to those m the 
segments 

110 The pupcndiculars let fall from tlie tlirce angles of any tn- 
snglc upon the opposite sides, mtcrscct each other in the same point. 

111 If AD, CE be drawn perpendicular to the sides EC, AE of 
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Jie trmnglc prove tlint tlie rectangle contained hy BC andj&2>, 
s equal to the rectangle contained b} BA and BB 

112 The lines whicli bisect the vertical angles of all tanngles on the 
>anic base and uritli the same vertical angle, dl intersect in one point. 

113 Of nil triangles on the same base and between the same 
,ni-allcls, the isosceles lias the greatest vertical angle 

j 114 It IS required within an isosceles tnonglc to find a point such, 
hat Its distanec from one of the equal angles may be double its dis- 
tance from the vcitical angle 

115 To find witliin an acute-angled tnangle, a point lirom which, 
if sti night lines be toivn to the three angles of the triangle, they shall 
make equal angles with each other 

116 A flag-staff of a giiCn height is erected on a tower whoso 
height IS also given at uhat pomt on the horizon ivill the flag-staff 
aiipear under the greatest possible angle ^ 

117 A ladder is gradually raised agamst a wall , find the locus o*' 
Its middle point 

118 The triangle formed by the chord of a circle (produced 
or not),llie tangent at its extremity, and any Ime perpendicular 
to the diameter through its other extremity uill be isosceles 

110 AJDf be arc perpendiculars from the angles A and B 
on the opposite sides of a triangle, BF perpendicular to BB or ED 
^iroduccd, shew that the angle FBD=EBA 

’ XL 

120 If direc equal circles have a common point of intersection, 
pro\ e that a straight hno loinmg any t\\ o of tlie points of intersection, 
Mill be ]]erpcndicular to the straight hno joming the other two points 
of intersection 

121 Two equal circles cut one another, and a third circle touclics 
each of these two equal circles externally the straight lino winch joins 
the points of section will, if produced, pass tlnrough the center oi the 
third circle 

122 A number of circles touch each other at the some pomt, and a 
stnught lino is drawn from it cuttmg them the straight lines joining 
each pomt of mterscction n ith the center of the circle ivill be all parallel 

123 If three circles mtersect one another, two and two, the tluee 
chords jommg the pomts of intersection shall all pass thiough one 
point 

124 If thiee circles touch each other extcmallj, and the tliree 
common tangents be drawn, these tangents shall intersect in a point 
equidistant fiom the pomts of contact of the circles 

/ 125 If tw o equal circles mtersect one another in A and JB, and 

Trom one of tlio pomts of intersection ns a center, a circle be desenbed 
which shall cut both of the equal circles, then will the other pomt of 
mterscction, and tlie two pomts in which ^e third cucle cuts the 
other two on the same side otAJi, le m the same straight Ime 

XIL 

126 Gnen tlie base, the vortical angle, and the difference of tho 
§idcs, to construct the tnangle 


12 
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127 Describe a triangle, having given tlie vertical angle, and 
the segments of the base made by a line bisecting the vertical angle 

128 Given the perpendicular height, the vertical angle and the 

sum of the sides, to constiuot the triangle 

129 Construct a triangle m which the vertical angle and the 

difference of the two angles at the base shall be respectively equal to 
two given angles, and whose base shall be equal to a giv cn straigl^ 
hue ' 

130 Given the vertical angle, the difference of the two sidas con- 
taming it, and the difference of the segments of the base made by a 
perpendicular from the vertex , construct the triangle 

131 Given the vertical angle, and the lengths of two lines drawn 
from the extremities of the base to the pomts of bisection of the sides, 
to construct the triangle 

132 Giv en the base, and vertical angle, to find the triangle whose 
area is a maximum 

133 Given the base, the altitude, and the sum of tlio two re- 
maining sides , construct the triangle 

134 Describe a triangle of given base, area, and vortical angle 

135 Given tiio base and vertical angle of a triangle, find tlie 
locus of the intersection of perpendiculars to the sides from the ex- 
tremities of the base 

xni ^ 

136 Shew that the perpendiculars to the sides of a quadrilateral 
inscribed in a circle from their middle points intersect in a fixed point. 

137 The hnes bisecting any angle of a quadrilotcml figure in- 
scribed in V circle, and the opposite exterior angle, meet in tlie cir- 
cumference of the circle 

138 If two opposite sides of a quadnlatcml figure inscribed in v 
circle be equal, prove that the other two arc parallel 

139 Ine angles subtended at the center of a circle by any two 
opposite sides of a quadrilateral figure circumscnbcd about it, arc 
together equal to two right angles 

140 Four circles are desenbed so that each may touch mtcmally 
tliree of the sides of a quadrilateral figure, or one side and the aa- 
jacent sides produced , ^ew that the centers of these four circles will 
all he in the circumference of a circle 

141 One Bide of a trapezium capable of being mscnbed m a given 
circle is giv on, the sum of the remammg three sides is giv en , and also 
one of the angles opposite to the given side construct it, 

142 If the sides of a quadrdateral figure inscribed in a circle be 
produced to meet, and from each of the pomts of intersection lu 
straight line be drawm, touching the circle, the squares of these tan-f 
gents are together equal to the square of the straight hne jommg the 
jxmits of intersection 

■x,14S If a quadrilateral figure be desenbed about a circle, the 
" 1 of the opposite sides are equal, and each sum equal to half the 

iptef of the figure 

1 A quadruateral ABCD is mscnbed in q purcle, JBC and 1)0 
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are produced to meet AD and AJS produced m E and F. The angles 
ABC andi ADC are together equm to AFC, AEB, and t-vnee the 
angle BAC 

145 If the hypotenuse AB of a nght-angled tnangle ABC b«» 
bisected in D, and EDF drawn perpendicular to AB, and DE, DF 
cut off each equal to DA, and CE, CF joined, prove that the last two 
thes wiU bisect the angle at C and its supplement respectively. 

146 ABCD IS a quadrilateral figure inscnhed m a circle 
Through its nn gnlgr points tangents are drawn so as to form another 

? uad^ateral figure FBLC3DEA circumscribed about the circle 
^d the relation which exists between the angles'of the extenor and 
the angles of the intenor figure 

147 The angle centamed by the tangents drawn at the extremi- 
ties of any chord in a circle is equal to"' the difference of the angles in 
segments made by the chord and also equal to twice the angle con- 
tamed by the same chord and a diameter drawn from either of its 
extremities 

148 If ABCD be a quadrilateral figure, and the Imes AB, AC, 
AD be equal, shew that the angle BAD is double of CBD and CDB 
together 

149 Shew that the four Imes which bisect the intenor angles of 
a quadrilateral figure, form by their mtersections, a quadrilateral figure 
v4uch can be inscribed m a circle 

loO In a quadrilateral figure AEVD is inscribed a second 

S ’niatcral by ^ouimg the middle pomts of its adjacent sides, a 
IS similarU inscribed m the second, and so on. Shew that each 
of the senes of quadrilaterals will be capable of bemg msenbed in a 
circle if the first three are so Shew also that two at least of the 
opposite sides of ABCD must be equal, and that the two squares upon 
these sides are together equal to the sum of the squares upon the 
other two ' 


XIV 

151 If from any pomt in the diameter of a semicircle, there be 
drawn two straight hues to the circumference, one to the bisection of 
the circumference, the other at nght angles to the diameter, the 
squares upon these two Imes are together double of the square upon 
the semi-mameter 

152 If from any point in the diameter of a circle, straight lines 
be drawn to the extremities of a parallel diord, the squares on these 
Imes are together equal to the squares on the segments mto which the 
diameter is divided. 

^153 From a given pomt without a circle, at a distance from the 
circumference of the circle not greater than its diameter, draw a 
straight Ime to the concave cxrcumference which shall he bisected by 
the convex (nrcumference 

154 If anj two chords he drawn in a circle peipendicular to 
each other, the sum of their squares is equal to twice the square of 
the diameter duniiushed by four times the square of the hue jomin'»' 
the center with their pomt of mtersecUon ° 
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156 Two points are taken in the dinmetor of a circle at any 
equal distances from the center , through one of these draw nny chorui 
and join its e'^tremities and the other point The triangle so formed 
has the sum ot the squares of its sides mvanahle 

166 If chords drawn from any fixed point in the circumference 
of a circle, be out by another chord which is parallel to tho tangent 
at ^at point, the rectangle contained by each chord, and the part^f 
it intercepted between the given point and the mven chord, is constant 

157 If AS be a chord of a circle inclmed by half a right angle to 

the tangent at A, and A C, AS be any two chords equally inchne to ' 
AB,AC*^AS^ = 2 AJP , ^ , 

158 A chord POQ cuts the diameter of a circle in Q, m an angle 

equal to half a nght angle , PO’+ OQ’=2 (md.1* ' 

169 Let A CSS be a semicircle whose diameter ia AS, ana 
AS, SC any two chords intersecting in P , prove that 
AS'^SA AP+CS SP 

160 If ASSChc any parallelogram, and if a oirdo be described 
passing tlirough the point A, and cuttmg the sides AS, AC, and the 
diagonal AS, in the pomts P, 6, JI respectively , shew that ‘ 

AS AF+AC AG=AS AS 

161 Produce a given straight line, so that the rectangle under the 
given Ime, and the iniole line produced, may equal the square of tip 
part produced 

162 If be a pomt within a circle, S 0 the dmmeter, and through 
A, AS be drawn perpendicular to tho diameter, and SAE meeting 
the circumference in E, then SA BE=SC SS 

163 Thediometerji CD of a circle, whose center is C, is pro- 
duced to P, determine a point Pm the line ^P such that the rectangle 
PP PC may be equal to the rectangle PS PA 

164 To produce a given straight line, so that the rectangle com 
tamed by the whole line thus produced, and tho part of it produced, 
shtdl be equal to a gi\en square 

165 Tw o straight hues stand at nght angles to each other, one of 
which passes through the center of a given circle, and from any point 
in the otlier, tangents are dnwn to the circle Prove that the chord 
joming the jioints of contact cuts the first hne in the same point, what- 
ever be the point in the second from which the tangents are dmwn 

166 A, B, C, S, arc four points in order in a straight line, find 
a pomt E between S and C, such that AE EB = ES EC, by a 
geometrical construction 

167 If any two circles touch each other m the pomt 0, and h^ 
be drawn through 0 at right angles to each other, the one Ime cuttwg 
the circles in P, P, the other m Q, O' , and if the hne jommg ihe 
centers of the curcles cut them m Ji' , tlien 
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DEFINITIONS 

I 

A rzctiuxeat figare vs said to be inscnbed in another rectilineal 
figure, -when all the angular points of the uisciibed figure are upon 
die sides of the figure in -ffluch it is inscribed, each upon each 



\ 


n 

In like manner, a figure is said to be described about another figure, 
■when aU "the sides of the circumscnbed figure pass through the an^ar 
pomts of the figure about which it is described, each through ea^ 

HL 

A xectilmeal figure is said to be inscnbed in a cucle, -when all the 
j, angular pomts of the inscnbed figure are upon the cucumfercnce of 
'the circle. 



A rectihneal figure is said to he described about a circle, when each 
side of the circumscribed figure touches the circumference of the circle 



Di like manner, a cucle is said to be inscnbed in a recUhneal figure, 
when the cucumfercnce of the cucle touches each side of the figure 

YI 

^ A cucle is said to be described about a rectilineal figure, -when the 
cucumfctencc of the cucle passes through all the angular points of 
the figure about wbicb it is described. 
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ATI 

A straight line is said to he placed in a circle, Mhen the extremities 
of it are in the circumference of the circle 


PKOPOSmON I PROBLEM 

In a given circle to place a straight line, equal to a given straight lint 
which IS not greater than the diameter of the circle 

LetASCbe the given circle, and JD the given straight line, not 
greater than the diameter of the circle 

It is required to place in the circle ABC a straight Ime equal to D 



Dravi RCthe diameter of the circle ABC 
Then, if BCia e^ol to JD, the thing required is done, 
for m the circle ABC a straight line BC is placed equal to JD 
But, if it IS not, BC IS greater than JD , (lijqi ) 
make CB equal to D, (l 3 ) 

and from the center C, at the distance CB, desenbe the circle ABF, 
andjom CA 

Then CA shall he equal to JD 
Because C is the center of the circle ABF, 
therefore CA is equal to CB (i def 16 ) 
but CB IS equal to JD , (constr ) 
thcieforo JD is equal to CA (a\ 1 ) 

AATierefore in tlio circle ABC, a straight line CA is placed equal to 
the gn cn straight line JD, vrluch is not greater than the diameter of the 
circle Q E F 

PROPOSITION n PROBLEM 
In a given circle to Inscribe a triangle equiangular to a given triangle 

Let ABC ha the given circle, and DBFiha given triangle 
It is required to inscnbe in the circle ABC a tnongle eqmangular 
to the triangle DBF 


D 

A 

t t 

\v the straightline G^JTtouching the circle in the points, (in 17 ) 
and at the point A, in the straight line A If, 
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maLe the angle 1£AC equal to the angle DEF, (l 23 ) 
and at the point A, in th^ strai^t line AG, 
make the angle GAB equal to the angle DFE, 
and jom BC then ABCshaVL he the tnanglc required. 
Because HAG touches tlie circle A JSC, 
and AC K dratin from the point of contact, 
therefore the angle HACvs equal to the angle ABC m the alternate 
segment of the circle (ill 32 ) 

but ITAC a equal to the angle DBF, ^onstr ) 
therefore also ^e angle ABC is equal to DEF (ax 1 ) 
for the same reason, the angle ACB is equal to the angle DFE 
therefore the xemaimng angle SAC is equal to the remammg angle 
EDF (I 32 andax 8) 

•wherefore the triangle ABC is cquianralar to the triangle DEF, 
and it 18 msenbed in the circle ABC Q E F ' 

PROPOSITION m PROBLEM 
Ahoul a given circle to daenbe a triangle equiangular to a given triangle 

Let ABC\i& the given circle, and DEFiJxn giien tnangle. 

It IS required to describe a Uiongle about the circle ABC equmn 
gulnr to the triangle DEF. 


L 



Produce ^J'both wavs to the points 6, JI, 
find the center K of the circle ABC, (ill 1 ) 
and from it draw any straight line KB , 
at the point E in the straight line KB, 
make the angle BEA equal to the angle DEG, (l 23 ) 
and the angle BKC equal to the angle DFJS, 
and through the points A, B, C, draw the straight lines LAM, MBIT, 
2TCL, touchmg the circle ABC (ill 17 ; 

Then LMN shall be the tnangle required. 

Because LM, MIT, NL touch the circle ABC m the pomts A,B, 
C, to which from the center are drawn KA, KB, KC, 
therefore the angles at the points ./I, B, C are nght angles (nr IS ) 
and because the four angles of the quadrilateral figure AMBK arc 
equal to four nght angles, 

for it can be divided into two tnangles , 
and that two of them KAM, KBM are right angles, 

therefore the other two AKB, AMB are equal to two right angles 
3 ) b fa 

but the angles DEG, DEF arc likewise equal to two right angles ] 
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Jierefote tlio angles AKS, AMS are equal to the angles G, DBF , 

(ax 1 ) 

of which AKS IS equal to DEG , (conslr ) 

(Therefore the remaining angle AMS is equal to the remaining angle 
DBF (ax 3) , , ^ , 

In like manner, the angle LNM may be demonstrated to be equal 

to DFB, 

and therefore the remaimng angle MLN is equal to the remaining 
angle BDF (l 32 and ax. 8 ) 

therefore the triangle LMN is equiangular to the tnangle DBF 
and it 13 desonbcd about the circle ABC Q E F 


PROPOSITION rV PROBLEM. 

To mscrtbe a mxU mi a given triangle 

Let the given triangle be ABC 
It 18 required to inscribe a circle la ABC 


A 



n t c 


Bisect the angles ABC, by the straight bnesJ?D, CD meeting 

one another in me point D, (i 9 ) 

from which draw DB, DF, D^erpendiculars to AS, S C, CA (J 12 ) 
And because the angle BBl) is equal to the angle FBD, 
for the an^c ABO is bisected b) BD, 
and that the nght angle J5JSD IS equal to the right angle JBJPD, (ax 11) 
therefore the two triangles BBD, FBD have two angles of tlie one 
equal to two angles of the other, each to each , 
and the side BD, whiiih is opposite to one of the equal angles m each, 
18 common to both , 

therefore then* other sides are equal , (I 26 ) 
wherefore DB is equal to DF 
for the same reason, DG is equal to DF 
therefore DB is equal to DO 1 ) 
therefore the three straight Imes DE, DF, DC ore equal to one 
another , 

and the circle descnbed from the center D, at the distance of any 
of them, will pass through the extremities of the other two, and 
touch the straight Imes AS, SC, CA, 

because the angles at the pomts B, F, Oaxs right angles, ^ 
md the straight line which is drawn from the extremity of a diameter 
at right angles to it^ touches the cirde (m 16 ) 

^ -fore the straight lines AS, “SC, CA do each of them touch the 

** the circle BFO is mscnbod m the tnanglo ABC Q ejp 


•V 
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PROPO'^mON V. PROURRM. 


7b fj'trr/ie a ^trclc ^otcl a fftvcn inangle -7^ ^ 

Let the gi\ct» tmnglc he AJJC. 

It 15 required to describe a circle about AUC 





AJt, AC m ihe ■points D, H, (i 10) 
iiul f uTt thc-e pointt dran- 7)7’, LF Btr*^ht angles to AS, AC, (1 11 j 
FF, FI uroduecd meet ore cnoUicr 
for, if tl.c\ tto not mcol, llicy are jiarillel, 
it’ crcforc AB, AC, which ore at right angles to them, arc parallel , 
which IS air jnl 


let them meet in F, and join FA , 
oho, if ih; point jpbe no>. in i?C, join J3F, CF 
Then, bcc’tse AD s equal to DB, and 2?7*' common, and at right 
angles to AB, 

llicTfo-c llic Inso r IS equal to tlie base FB (l 4 ) 

In like irannc", it maj be shewn tliat CF is equal to 1 A, 
and thercfo'c "BF is equal to FC, (ax 3 ) 
and I A 4 FB, FC ora cAjuat to one another 
wherefore the circle described from tl.c center F, at t’lc distance of 
one of then., mil pass throush the c^trcmiUes of the oilier two, and 
be described iboul the triangle ABC Q E.t 

Coe — And it r wan fest, that when tJic center of the cwclc falls 
within the trianclc each of its angle'- is less than a right angle, (ill 31 ) 
inch of them being in a segment greater than a stmicircle, but, when 
the center is in one of tlic sides of Uie tnangic, the angle opposite to 
this side being in a semicircle (ITI 31 ) is a nght angle , and, if tlie 
cciJi-er falls wnhout t3>e tnanirlc, ti c angle opposite to the side bej ond 
which It IS, being in a segment less than a pcmicircle, (in 31 ) is greater 
than a nght angle therefore, conscrscly, if the given tnangic bi 
acute angled, the center of tlie circle fads within it, if jt be a ngiit- 
angb d mangle, the center is in the side opposite to the nght angle , 
and if it be an obtuse-angled mangle the center falls without the tn- 
angle, bejond the «ide ojiposite to the obtuse angle. 


PROPOSITION VI PROBLE3I 


7b tn^erihe a yiwrc tr a gitett circle 

Ix?t A BCD be the gnen circle 
It IS required to inscnbe a ^qacrc is A BCD 

A 



0 
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Draw Ibc diameters, A C, BD, at right angles to one another, (iii I 
and I 11 ) 

ahd join AB, BC, CJD, J)A 
The figure ABCD shall be the square required 
Beeause BB is equal to BD, for E is tho center, and that EA is 
common, and at right angles to BD , 

the base BA is equal to the base AD (l 4 ) 
and, for the same reason, BC, CD are each of them equal to BA.> 
ox AD, ^ 

therefore the quadrilateral figure ABCD is equilateral 
It IS also rectangular , 

for the straight line BD being the diameter of the ourele ABCD, 
BAD IS a semicircle , 

wherefore the angle BAD is a right angle (ni 31 ) 
for the same reason, each of the angles ABC, BCD, CD A is a right 
angle 

therefore the quadrilateral figure ABCD is rectangular 
and it has been shewn to be equilateral, 
therefore it is a square (l def 30 ) , 
and it 18 inscnbed in the circle ABCD Q E F 


PROPOSITION Vn PROBLEM 
To deter the a tormre a5out a given circle 

Let ABCD be the given circle 
It IS required to describe a square about it 



11 c K 

Draw two diameters AC, BD of the circle ABCD, at right angles 

to one another, 

ond through the pomts A, B, C, D, draw FO, GS, J£K, KF touch- 
ing the circle (ni 17 y 

The figure GSKF shall be the square required. 

Because FG touches the circle ABCD, and EA is drawn firom the 
center E to the point of contact A, 
therefore the angles at A are right angles (m 18 ) 
for tlie same reason, the angles at the pomts B, C, D are right angles , 
pnd because the angle AJSB is a nght angle, as likewise is EBG,, 
therefore GE is parallel to AC (l 28 ) 
for the same reason AC xs parallel to FK 
and m like manner GF, EE may each of them be demonstrated to 
be parallel to BED ' 

herefore the figures GK, GC, AK, FEBK are parallelograms, 

^ therefore GF is equal to EK, and GE to FK (i 34 ) 
a because ACk equal to BD, and that ACm equal to each of tlie 
two GE, FK, ^ 
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and J?D to each of the two GF, JIK 
GH, FK arc each of them equal to GF, or HK , 
therefore tlio quadrilateral figure FGSK is equilateral 
It IS also rectangular, 

for GBEA being a parallelogram, and AEJ3 a right angle, 
therefore A GE is likewise a right angle (i 34 ) 
and in the Same manner it may be shewn that the angles at JET, K, F, 
are right angles 

therefore the quadrilateral figure FGSK is rectangular 
and it was demonstmted to be equilateral , 
therefore it is a square , (I def 30 ) ^ 

and it is desenbed about the circle ABCD Q E.F 


PROPOSITION Ym PROBLEM 
To tnscribe a etrelcM a given sgtiare. 

Let ABCD be the given square 
It « requited to inscribe a circle in. ABCD 


ABB 



B H C 


Bisect each of the sides AB, AD in the points F, E, (I 10 ) 
and through E draw ES parallel to AB or DC, (i 31 ) 
and thiough F draw FK parallel to AD Gt BC , 
therefore each of the figures AK, KB, AS, SD, AG, GC, BG, GD 
IB a nght-anglcd parallelogram , 

and their opposite eides are eimal (l 34 ) 
and because AD is equal to AJJ, (l def 30 ) 
and that AE is the half of AD, and AF the half of AB, 
therefore AE is equal to AF, (ax 7 ) 
wherefore the sides opposite to those are coual, nz FG to GE 
m the same manner it may be demonstrated that GS, GK are each 
of them equal to FG or GE ’ 

therefore the four straight hnes GE, GF, GS, GK are equol to one 
another , 

and the cirole desenbed/fifom the center O at the distance of one of 
them, will pass through the extremities of the other three, and touch 
the straight lines AB, BC, CD, DA , 

because uie angles afthe points E, F, S, K, are right angles, (i 29 ) 
and that the straight hne which is drawn from the extremity of a 
diameter, at nght angles to it, touches the circle firt 16 Cor ) 
therefore each of the straight lines AB, BC, CD, DA touenes the circle, 
which therefore is inscribed in the square ABCD Q.E r 
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PHOPOSITION IX PROBLEM 
^ C -A To dcio ihe a circle about a given squat a 

Let AD CD Le the given sq^uare 
It 18 required to describe n circle aoout A BCD 



•Join AC, BD, cutting one another in E 
and because DA is equal to AB, and vdC common to tlib triangles 
D AC, BAG, (I def 30) 

tne two sides DA,ACa.ic equal to the two BA, AO, each to each , 
and the base DC is equal to tlie base BC, 
wherefore the onrie DAC\i equal to the angle BAC, (I 8 ) 
and the angle DAB is bisected b\ the straight line A C 
in the same manner it may be demonstrated that tlie angles ABC, 
BCD, CDA arc severally bisected by the straight lines BD,AO 
therefore, because tho angle DAB is equal to the angle ABC, 

(I def 30 ) 

and that the angle DAB is the half of DAB, and DBA the half oiABC, 
therefore tho angle DAB is equal to the angle DBA , (ax 7 ) y 
wherefore the side ilA is equal to the side DB (I 0 ) 
in the same manner it may be demonstrated, that the straight lines 
DC, ED aie each of them equal to DA or DB 
therefore the four straight lines DA,DB, EC, ED ore equal to one 
another f 

and the circle described fiom the center D, at the distance of one 
of them, will pass through tlie extremities of the other three, and be 
described about the square ABCD Q F F 

PROPOSITION X PROBLEM 

To describe an isosceles inangle, having each of the angles at the base 
double of the third angle 

Take any straight line AB, and dmde it in the point C, (n 11 ) 
so that tne rectangle AB, BC ma.y be equal to the square on OA , 
and from the center A, at the distance Ah, describe the circle BDD, 
m which place the straight line BD equal to AC, nluch is not greater 
than the diameter of the cucle BDE, (rv 1 ) 
and join DA 

Tlien the triangle ABD shall be such as is required,* 
that 18 , each of the angles ABD, ADB shall be double of the angla^ 
BAD ^ / 

Join DC, and about the triangle jiD Cdescnbe the circled CD (rv 6’) 
And because the rectangle DC is equalHo the square on AC, 

^ and that ACia equal to BD, (constr ) 

the rectangle AB, BC is equal to the square on jjD (ax 1 ) 
ijjwause from the point B, without the circle A CD, two straight 
BCA, BD are drawn to the circumference, one of which cuts, and 
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the other meets the circle, and ilidt the rectangle SC, contained 
by the vhole of the cutting bne, and the part of it "rithout the cucle, 
IS equal to^the square on J?jD vliich meets it, 
therefore the straight line JBD touches the circle A CD (in 37 ) 
and because BD touches the circle, and DC is drawn from the 
pomt of confect D, e> 

the angle BDC is equal to the angle DAC in the alternate segment 
of the circle (in 32 ) 

to each of these add the angle CD A , 

, therefore the whole angle BDA is equm to the two angles CD A, 
DAC {ax 2) ^ 

but the exterior angle BCD is equal to the angles CDA, DA C, (l 32 ) 
therefore also BDA is equal to BCD (ax 1 ) 
but BDA IS equal to the angle CBD, (i 5 ) 

«. because the side AD is equal to the side ALB , 

therefore CBD, or DBA, is equal to BCD (ax 1 ) 
and consequently the three angles BDA, DBA, BCD are equal to 
one another 

and because the angle DBC is equal to the angle BCD, 
the side BD is equal to the side DC* (l 6 ) 
but BD was made equal to CA , 
therefore also CA is equal to CD, (ax 1 ) 

• and the an^le CDA equal to the angle DA C, (I 5 ) 

therefore the angles CDA, D^C together, ore double of the qngle 
DAC . 

but BCD IS equal to the angles CDA, DAC, (i 32 ) 
therefore also BCD is double of DAC 
and BCD was proved to be equal to each of the angles BDA, DBA , 
therefore each of the angles BDA, DD^ is double of the angle DAB 
merefore an isosceles triangle ABD has been described, havmg 
each of the angles at the base double of the third angle q.t, f 


PEOPOSmOX XI PEOBLEM 
To inscribe an equilateral and equiangular pentagon m a given circle 
I-et ABDDE be the given circle 

It IS required to inscribe an equilateral and equianeular nentairon 
in the circle .dDCDD. i b i b 


Desenbe an isoscel& triangle FOB, having each of the ancles at 
G, B double of the angle at F, (rr 10 ) 

and in the circle ^DCDD inscribe the triangle ACD equianeular 
to the triangle FGB, (iv 2 ) gui 

so that the angle CAD mav be equal to the angle at F, 
and each of the angles ACD, CDA equal to the angle at G or iTj 
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Euclid’s elliie>t3 



wherefore each of the angles ACT), CD A is double of the angle CAD 
Bisect the angles ^ CD, CDA by the straight lines CE,DB, (l 9 ) 
and join AD, DC, DB, DA 

V 

A 

o It 

Then ADCDE shall be the pentagon req^ed. 

Because each of the angles A CD, CDA is double of CAD, 
and that they are bisected by the straight hnes CD, DD , 
therefore the five angles DAC, ACD, DCD, ^DD, DDA are 
equal to one another 

but equal angles stand upon equal circumferences, (m 26} 
therefore the five circumferences AD, D C, CD, DD, DA are equal 
to one another 

and equal circumferences are subtended by equalstraight lines , (in 29 1 
therefore the five straight Imes AD, DC, CD, DD, DA are equal 
to one another 

TVherefore the pentagon ADCDE is equilateral. 

It IS also equiangular 

for, because the circum^rcnce AD is equal to the cucumference DD^ 
ifto each be added DCD, 

the whole ADCD is equal to the whole DDCD (av 2 ) 
but tlie angli lED stands on the circumference ADCD , 
and the angle DAE on the circumference DDCD , 
therefore the angle DAD is equal to the angle ADD (in 27 ) 
for the same reason, each of the angles ulBC, DCD, ODD is equal 
to llie angle DAD, or ADD 

therefore the pentagon ADCDE is equiangular , 
and It has been shewn that it is eqwateral 
wherefore, in the given circle, an equilateral and equiangular pentagon 
has been described QBE 

PBOPOSITION Xn PROBLEM. 

To describe an equilateral and equiangular pentagon about a given circle 
Lot ADCDE be the given circle 

Tt is required to describe an equilateral and equiangular pentagon 
about the circle wiDCDD 

Let tlic angular points of a pentagon, inscribed in the circle, by thf 
last proposition, be in the pointy a -n n t, 
so that the circumferences AD, ~ 
and through the points A, 

itfC touching the circle, (m ’17 ) 
the figure ODJCDM shall be the pentagon required. 

Tahe the center F, and join FD, FK, FC, FL, FD 
i.nd because the straight line KL touches the circle ADCDE m 
point C, to which FC is drawn from the center F, 

DC IS perpendicular to Di, fni 18} 
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therefore each of the angles at (7 is a n^t angle 
for the same reason, the angles at the points B, 2) ore right angles* 

G 



K C L 


and because FCK is a right angle, 
the square on FK is equal to the scares on FC, CK (l 47 ) 
for the same reason, the square on FK. is equal to the squares on 
FJB, BK 

therefore the squares on FC, CK afe equal to the squares on FB, 
BK, (ax 1 ) 

of -which the square on FC is equal to the square on FB, 
therefore the remaining square on CK is equal to the remaming square 
on BK, (ax 3 ) and the straight hne CK equal to BKi 
and because FB is equal to FC, and FK common to the tnangles 
BFK, CFK, 

the two BF, FK are equal to die two CF, FK, each to each 
and the base BK uas pro-ved equal to the base KC 
therefore the ahgle 5 jpjff IS equal to the angle -K!F(7, (i 8) 
and uie angle ifXJP to Jiff O' (i4) 
wherefore the angle BFC is double of the angle KFC» 
and BKC double of FKC 

for the same reason, the angle CFB is double of the angle CFL, 
and CLD double of CLF 

and because the circumference BC a equal to the circumference CD, 
the angle BFC is equal to the angle CFD , (m 27 ) 
and BFC is double of the angle KFO, 
and CFD double of CFL, 

therefore the angle KFCis equal to the angle CFL (ax 7 ) 
and the right angle FCK is equal to the right angle FCL, 
therefore, m the two triangles FKU, FLC, there are two angles of the 
one equal to two angles of the other, each to each , 
and the side FC which is adjacent to the equal angles in each, is com- 
mon to both , 

therefore the other sides are equal to the other sides, and the third 
angle to the third angle (i 26 ) 

therefore the straight hne KC is equal to CL, and the anqle FKC 
‘ to the angle FLC 

^ ' and because KCis equal to CL, 

’ . KL IS doable of KC 

In the same manner^^ may be shewn that KK is double of BK 
and because BK is equal to KC, as was demonstrated, 
and that KL is double of KC, and JEK double of ffffT, 
therefore KK is equal to KL (ax 6 ) 
in like manner i t ma y be shewn that GS, G3f, ML are each of tnora 
equal to KK, or KL 
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therefore the pentagon GIIKLM is equilateral. 

It IS also equiangular 

for, since the angle FKC is equal to the angle FLC, 
and that the angle SKL is double of the angle FKC, 
and KLM double of FLC, as was before demonstrated, 
therefore the angle SKL is equal to KLM (ax 6 ) 
and in lihe manner it may be shewn, 
that each of the angles KFLG, HGM, GML is equal to the angl^ 
HKL or KLM ‘ 

therefore the five angles GSK, HKL, KLM, LMG, MGHhexnQ 
equal to one another, 

the pentagon GHKLM is equiangular 
and It 13 equilateral, as was demonstrated, 
and it IS desenbed about the circle ABODE Q E.F. 

PROPOSITION Xm PROBKEM 
To tnseribe a oxide tn a ffiven egtnlaieral and equiangular pentagon 

Let ABODE be the given equilateral and equiangular pentagon 
It IS required to insenbe a circle in the pentagon ABODE 

A 



c K D , 

Bisect the angles BCD, ODE by the straight linos OF, DF, (l 9 ) 
and from the point F, in ivhich they meet, fian the straight Lnes FJS, 
FA,FE 

therefore since 15 <7 is equal to CD, (hyp ) 
and CJ* common to the triangles BCF, DCF, 
the two sides BO, OF are equal to the two DO, OF, each to each , 
and the angle BCF is equal to the angle DCF, (constr ) 
therefore the base SF is equal to the base FD, (l 4 ) 
and the other angles to the other angles, to which die equal sides ore 
opposite 

therefore the angle CBFis equal to the angle CDF 
and bccaute the angle ODE is double of CDF, 
and tliat CDE is equal to CBA, and CDF to CBF, 

CBA IS also double of the angle CBF, 
therefore the angle ABF is equal to the angle CBF, 
wherefore the angle ABC is bisected by the straight line BF ) 
in tlie same mannei it may be demonstrated, ' 

^ that the angles BAD, A ED, are bisected by the stramht hnes AF, FE 
X From the point diaw FG, FH, FK, FL, jraTperpendiculars to 
straight Imes AB, BC, CD, DE, EA (i 12 ) 

I I because die angle HCFis equal to KCF, and the right angle 
JFDC equal to the ncht ande FKC 
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tlicrcforc in the tmnglcs JPJIC, FKC, there arc two angles of the one 
equal to two anelo’i of tho other, each to each , 
and the s de J'C, vrhtcli is opposite to one of the equal angles in each, 
IS common to both , ' 

therefore the otlier sides are equal, each to each , (l 26 ) 
uherefore the perpendicular FJI is equal to tlie pcrocndicular ZIST 
in the enmc manner it niav he demonstrated, that PZ, FM, FG are 
eacli of them equal to Jiff, or FK 

theTefoTo the fi\c straight lines FG, FJI, FK, FL, FM are equal 
to one another 

■wherefore the circle desenhed from Oie center F, at the distance of 
one of these five, will pass tlirougli the extremities of the otlicr four, 
and touch tlio straight lines AB, BC, CD, DF, FA, 
because the angles at the points G, JI, K, L, M are right angles, 
and that a straight line drawn from the extrcmitj of the diameter of 
n circle at right angles to it, touches the circle , (lit 16 ) 
therefore each of the straight bnes AB, BC, CD, DE, EA touches 
the circle 

wherefore it is inscribed in the pentagon ABCDE Q E.F 

PROPOSITION XIV PROBLEM 
To desenbs a circle about a given cguitricral end equiangular pentagon 

Let ABCDE be tlic given equilateral and equiangular pentagon. 

It IS required to desenbo a circle about ABCDE. 


& 



Bisect the angles BCD, CDFhy tlic straight lines CF, FD, (t 9 ) 
and from the point F, in which thcr meet, draw the straight lines FB 
FA, FE, to the points E, A, F 

Xt mav be demonstrated, in the same manner os the preceding pro- 
position, 

that the angles CBA, SAF, AFD tae bisected bi tlie straight lines 
FB. FA. FF 

And because the angle BCD is equal to tlic angle CDE 
and tlint FCD is tlic Imlf of the angle BCD, 
and cor the half of CDE, 
therefore the angle FCD is equal to FDC, (ax 7 ) 
wherefore the side CFa equal to the side FD (I 6 ) 
in like manner it may be demonstrated, 
that FB, FA, FE, are each of them equal to FC or FD 

therefore tlie five straight lines FA, FB, FC, FD, FE, are equal to 
one another, 

and the circle desenbed from the center F, at the distance of one of 
them, will pass tlirough llie extremities of tlie other four, and be de- 
eenbed about the equilateral and cauiangular pentagon jLSCDE. t 
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PEOPOSITION XV. PROBLEM 
ib inscribe an equilateral and equiangular hexagon tn a given oirele 

Let ABCBUFhn tJie given cude 
t IS required to inscribe an equilateral and equiangular hexagon in it 

A 



and draw the diameter AGD, (ni 1 ) 
md from D, as a center, at the distance JD6r, describe the circle EOCH, 
join EG, CG, and produce them to the points E, F, 
and join AS, EC, CD, DE, EF, FA 
the hexagon AECDEFihaXl bo equilateral and equiangular 

Because G is the center of the circle AECDEF, 

6E IS equal to GD 

and because D is the center of the circle EOCH, 

DE IS equal to DG 
•wherefore GE is equal to ED, (ax 1 ) 
and t h e triangle E G D is e quil atera l , 
and therefore Yts tliree ‘angles Ji'ofiy, GjJji,i)MG,vxo equol to one 
another (I 6 Cor) 

lut the three angles of a triangle are equal to two right angles , (I 32 ) 
therefore the angle EGD is the thud part of two nght angles 
in the same manner it may be demonstrated, 
tliat the angle DGCi% also the thud part of two nght angles 
ind because the straight lino GC makes with EE the adjacent angles 
EGC, CGE equal to two nght angles , (l 13 ) 
the remaining angle CGE is tliud port of tw o nght angles 
therefore the angles EGD, DGC, CGE are equal to one another 
and to these aie equal the vertical opposite angles BOA, A GF, FOE 
(I Ifi) 

therefore the six angles EGD, DGC, CGE, EGA, AGF, FGE, 
are equal to one another 

but equal angles stand upon equal circumferences , ^ii 26 ) 
therefore the six circumferences AE, EC, CD, DE, EF, BA are equal 
to one another 

and equal circumferences are subtended by equal straight hnes 
(m 29) /Ufa 

therefore the six straight lines are equal to one another, 

. and the hexagon AECDEF is cqmlateral 

It IS also equian^lor 

for, since the circumference AB is equal to ED, 
iio each of these equals add the circumference AE CD , 

’ore the whole ourcumference FAECD is equal to the whole 
EDCBA 
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and the angle FBD stands ^on the circumference FA3CD, 
and the angle AFJB upon EDCBA , 
therefore the angle AFE is equal to FEB (m 27 ) 
in the same manner it may he demonstrated, 
that the other angles of the hexagon AuBCBBF are each of them 
equal to the angle AFE or FED therefore the hexagon is equi- 
ir angular, and it is equilateral, as -iras sheim , 

and it IS inscribed in the given circle AJBCDBF Q E F 
Cob. — F rom this it is manifest, that the side of the hexagon is 
equal to the straight Ime from the center, that is, to the semi-iliameter 
of the circle. 

And if through the pomts A, B, C, D, E, F there be drawn straight 
hnes touching the curcle, on equilatei^ and equiangular hexagon will 
be described about it, which maybe demonstrated from what has been 
said of the pentagon and hkewise a circle ma} be inscribed in a given 
equilateral and equiangular hexagon, and circumscnbed about it, by a 
method like to that used for the pentagon. 

PROPOSITION XTI PROBLEM 

To inscnbe an eqatlateral and eqatangalar quindeeagon is a given circle 
Let ABCD be the given circle. 

Zt IS required to in<^iibe an equilateral and equiangular quindeca* 
j gon m the circle AJBCD 



Lct.^Cbethcside of an equilateral triangle inscnb8dmthecirclc,{iv 2 ) 
and AB the side of an equilateral and equiangular pentagon inscribed 
in the same , (iv 11 } 

therefore, of such equal parts as the whole circumference ABCDF 
contams fifteen, 

the circumference ABC, being the third part of the whole, contains five , 
and the circumference AB, which is the fifth part of the whole, con- 
tains three, 

therefore BC, their difierence, contains two of the same parts • 
bisect ^<7 in .B, (m 30) 

therefore BE, EC are, each of them, the fifteenth part of the whole 
circumference ABCD 

* therefore if the straight hues BE, .BC be drawn, and straight lines 
equal to them be placed round in the whole circle, (rr 1 ) an equi- 
lateral and eqmangular quindeeagon will be msciibed m it. Q E e 
A nd m the same manner as was done in the pentagon, if through 
the pomts of division made by inscribmg the qumdecagon, straight 
hnes be drawn touching the circle, an equilateral and equiangular 
qumdecagon irill be described about it and likewise, as m the pen- 
ta^n, a circle mar be inscribed in a given equJateral and equiangular 
qumdecagon, and circumscnbed about it. 



■liO'i'i5S"TD"BOOJi IV 


The Fourth. Book of tho Elements contains some particular cases of 
four general problems on the inscription and the circumscription of tri- 
angles and regular figures in and about circles EucUd has not given 
anj instance of the inscription or circumscription of rectilineal figures 
m and about other rectilmeal figures 

A ny rectilmeal figure, of five sides and angles, is called a pentagon , 
of seven sides and angles, a heptagon , of eight sides and angles, on octa- 
gon, of nine sides and angles, a nonagon, of tCn sides and angles, a 
decagon, of eleven sides and angles, an undccagon , of tnelvo sides and 
angles, a duodecagon , of fifteen sides and angles, a quindecagor, &.o ] 

“i^cse figures are mcluded under the general name of poU/gont , an^ 
ate called eqwlaleral, vrhen their sides aro equal , and egutangiUar, when 
their angles aro equal , also ivhen both their sides and angles are equal, 
they are called regular polygons 

trop HI All objection has been raised to the construction of this 
problem It is said that in tlus and other instances of a similar kmd, 
tte lmt,s which touch the circle at /, It, and C, should boproi cd to meet 
one another This inav bo done bj joining AH, and then since the angles 
KAM, KBi £ are equal to two right angles (in 18 ), therefore the angles 
BAil, ABjlf are less than two right angles, and consequentlj (ax 12), 
A M and B3f must meet one another, w hen produced furenough Sunilarlr, 
it maj be shewai tliat AL and CL, ns also CX and BX meet ono another 
Prop a IS the same ns “ To desenbo a circle passmg through three 
given pomts, prosaded that thev are not m the same straight Ime " 

The corollary to this proposition appears to hate been already de- 
monstrated in Prop 31 Book in 

It IS obvious that tho square desenbed about a curdt is equal to 
double the square inscribed in the same circle Also that the circum- 
scribed square is equal to the square on tho diameter, or four times tiie 
square on the radius of tho circle 

Prop ail It IS manifest that a square is the only nght-nngled paral- 
lelogram which can bo circumscribed about n circle, but that both a 
rectangle and a square may bo inscribed m a circle 

Prop y By means of this proposition, a right angle may be divided 
into five equal parts ^ 

Ilofcrcnco has already been made to tlic distinction between analysts 
and synthesis, and that all Euchd's ditecl demonstrations arc synthctxe, 
properly BO called. There is howcicr a single exception in Prop IG 
Book IV, where tho analj'sis only is giicn of the Problem The two 
methods ore so connected m all processes of rcosonmg, that it is very 
difiioult to separate one from tho other, and to assert that iJns process is 
really synthetic, and that is really analytic In c\ cry operation performed 
in the construction of a problem, there must be in the mmd a knowledge 
of some properties of the figure which suggest the steps to bo taken m 
the construction of it. Let any Problem be selected from Euclid, and at 
each step of the operation, let the question be asked, “ Why that step 
IS taken It will be foimd that it is because of some known property 
of the required figure As an example will make the subject more dear 
to the learner, tlie Analysis of Euc xv 10, is taken from the "Analysis of 
Problems ’ in the larger edition of the Euchd, and to which tho l«ime/' 
18 referred for more complete mformation f 

In Euc ly 10, there ore £i c operations specified m the construc- 
tion -- 

Take any straight Ime AB 
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(2) Dmde tlie line AB in C, so tlint Uio rectangle AB, BC^ may be 
o-jiial to the square on 

(3) Describe the circle BDE -nitli center A and radius AB 

(4) Placf the line BD in that cirdc, equal to the hne AC 
Jom the points A, D 

Why should either of ftese operations he performed rather than any 
others ? And ivliat mil enable us to foresee that the result of them mil 
rfbe such n triangle as mis required? The demonstration affixed to it by 
Jluchd does undoubtedly pro^ e that tlicse operat'ons must, in conjunction, 
produce such a tnan^e hut nc are furnished in the Elements mth no 
obuouE reason for tlie adoption of these steps, unless ne suppose them 
accidental To suppose that all the constructions, cTcn the simpler ones, 
ore the result of accident onh, nould he supposmg more than could be 
shcmi to be admissible No construction of the problem could ha^o 
been devised mthout a previous knowledge of some of the properties of 
the figure In fact, m directing the figure to be constructed, we assume 
the possibility of its existence , and v e study the properties of such a 
figure on tlic hypothesis of its actual existence It is this study of the 
properties of the figure that consUiules the Analysis of the problem 

Lot then the existence of a triangle BAD be admitted, which has each 
of the angles ABD, ADD double of tlie angle BAD, m order to ascertmn 
nni properties it may po/scss which would assist m tlio construction of 
such a tnonglc 

Then, since tlio ingle ADB is double of BAD, if we draw a line DC 
^ to bisect ADB and meet AB m C, the angle ADC wtU be equal to CAD , 
‘ and hence (Euc i 6 ) the sides AC, CD are equal to one another 

Again, since wc have three pomts A, C, D, not m the some straight 
line, let us examine the effect of descnhnig a curdle through them that 
18 describe the circle A CD about the triangle (Euc xv 6) 

Then, since the angle ADB has been bisected hv DC, and smee ADB 
IB double of DAB, the angle CDB is equal to the angle DAC m the oltcr- 
nitc segment of the circle , the line BD therefore comcidcs mth a tangent 
to the circle at D (Converse of Euc iii 32 ) 

'\Micnce It follows, that the rectangle contained by AB, BC, is equal 
to the square on BD (Euc iii 36 ) 

But the angle BCD is equal to the two interior opposite angles CAD, 
CD A , or since these are equal to each nnotlier, BCD is the double of 
C/tD, that IS, of BAD And since ABD is also double of BAD, bj the 
conditions of the triangle, the angles BCD, CBD arc equal, and BD is 
equal to DC, that is, to AC 

It has been proicd that tlie rectangle AB, BC, is coual to the square 
on BD , and hence the point C in AB, found by the intersection of the 
bisecting Ime DC, is such, that the rectangle AB, BC is equal to the 
square on AC (Edc ii 11 ) 

Finally, smee the tnangle ABD is isosceles, having each of the angles 
ABD, ADB double of the same angle, the sides AB, AD arc cqutd, and 
\ hence the pomts B, D, are in the circumference of tlie cirde desenbed 
I about A with the radius AB And since tlic magnitude of the tnangle 
IS not specified, the Ime AB may be of any length whatever 

From this “ Analysis of tile problem," which obviously is nothing 
more than an examination of the properties of such a figure supposed to 
exist already, it will bo at once apparent, tehy those steps which are 
prescribed by Euchd for its 'construction, were adopted. 

The Imo AB is taken of any length, because the problem does not 
proscribe any specific magmtude to onj of the sides of the tnangle 
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sides in terns of two nght anglesi is expressed by the equation 

a az ,ir 

3^t Os denote the magnitude of the interior angle of a regular figurt 
of three sides, m wluch case, n =s 3 

Then 6* » — ir *= - = one third of two right angles, 


36* = -T, 
and 66, s= 2r, 

that IS, SIX angles, each equal to the intenor angle of an equilateral tn- 
anglc, are equal to four right angles, and therefore six equilateral tnanglcs 
ma} be placed so os completely to fill up the space round the point at 
which the) meet m a plane 

Li a similar vray, it may be shewn that four squares and three hexagons 
may be placed so os completely to fill up the space round a pomt 

Also It will appear firom the results deduced, that no other regular 
figures besides these three, con bo made to fill upthespaceroundapomt, 
for any multiple- of the mtenor angles of any other re^or polygon, will 
be found to be m excess above, or in defect from four ngbt an^cs 
The equilateral tnanglc or tngon, the square or tetragon, tho penta- 
gon, and tho hexagon, were the oidy re^ar polygons known to the 
urccks, capable of being inscribed in circles, besides those which may 
he derived from them 

M Gauss in his Disquisitiones Anthmcticie, has extended tho number 
by shewing that m general, a regular polygon of 2" + 1 sides is capable 
of being inscribed in a circle by moans of straight lines and circles, in 
those coses in which 2" + 1 is a prime number 

The case in which n es 4, m 2® 1, was proposed by Mr Lowry of the 

Ro) al Mihtary College, to be answered in the seventeenth number of 
Lej bourn's Mathematical Repository, in the following form — 

Required a geometrical demonstration of the fwoinng method of 
constructmg a regular polygon of seventeen sides in a circle 

Draw the radius CO at nght angles to the diameter AB , on OC and 
OB, take OQ equal to the hw, and OD equal to tho eighth port of the 
radius , make Dh and DF each equal to DQ, and EG andi^'J^rcspectively 
equal to EQ and FQ, take OK a mean proportional between OH and 
OQ, and through K, draw KM parallel to AB, meetmg the senuoirMe 
desenbed on OG in M, draw MN parallel to OC outtmg the given cirdo 
m N, the arc AN is the seventeen^ part of the whole cncum^ence 
A demonstration of tho tnitli of tms constmotion lias been given by 
Mr Loiviy himself, and well be found in thefourth volume ofLeyhoum's 
Repository Tho demonstration indudmg tho two lemmas occupies 
more than eight pages, and is by no means of on elementary character 


QUESTIOJTS ON BOOK IV. 

1 Wb &T IS the general olyect of the Rourth Book of Bnchd ? 

2 'What consideration renders necessary the first proposition of tho 
Fourth Book of Buchd 1 

3 'When is a circle said to be inscribed within, and oircumsonbed 
about a rcculmcal figure? 


K 
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4 When ib one recblmeal figure said to be inscanbed ui, and cucum* 
spnbed about another rectilineal figure * 

5 Modify the con'?truction ot Euc ir 4, so that the circle may 
'nuch one side of the triangle and the other two sides produced 

6 Tlio sides of a triangle are fi, 6, 7 umts respectively, find the ndu 
fS the inscnbed and circumscribed circle 

7 Give the comtructtons by -which the centers of circles described 
(Aoi’t, and inscnbed in triangles arc found In -what tnangles "will thejS^ 
lomcdde? 

S How is it shown that -the radius of the circle inscnbed in on 
/^ailateral triangle is half the radius desenbed about the same tnangle * 

” 0 The e^mlateral tnangle inscnbed in a circic is one- fourth of the 
equilateral tnangle circumscnbed about the same circle 

10 What relation subcists betneen the scpiore inscnbed m, and the 
^uare circumscnbcd about the same circle ? 

11 EnimciateEuc in 22 and extend this property to any msenbed 
polygon lia-mig an even number of sides 

12 Trisect quadrantal arc of a circle, and show that every are 

which IB an^th part of a quadrantal arc may bo tnsected geometncally 

A 

m and n bemg whole numbers 

13 H one Bide of a quadrilateral figure inscribed in a circle bo pro- 

duced, the extenor angle is equal to the intenor and opposite angle ol the 
figure Is this property true of any inscnbed poljgon havmg an even 
number of sides ^ f 

14 In what parallelograms can circles bo inscnbed > 

16 Give the anahsis and synthesis of the problem to describe 
an isosceles triangle, having each of the angles at the base double of 
the thud angle * 

IG Shew that m the figure Euc iv 10, there are two tnangles pos- 
scssmg the reyiued property 

17 How IS it made to appear that the hue BD is the side of a regular 
Kf^ecagon msenbed m the larger circle, and the side of a regular pentayon 

inscnbed m the smaller cucle ’ fig Euc iv 10 

18 In the construction of Euc rv 3, Euchd has omitted to shew 
that the tangents dfawn through the pomts A and B will meet in somo 
point 31 How may this be shewn ? 

19 Shew that i the points of intersection of the cuclcs m Euclid’s 
figure, Boole rv Prop 10, be joined -with the vertex of the tnangle and 
with each other, another tnangle ivill bo formed equiangular and equal 
to the former 

20 Divide a nght angle into five equal parts How may an isosceles 
tnangle be desenbed upon a given base, having eaeh angle at the base 
one-third of the angle at the vertex* 

21 What regular figures may be mscribed m a circle by the help of 
Euc rv 10? 

22 What IS Euclid’s definition of a regular pentagon ? Would the^ 
stellated figure, which is formed by joming the alternate angles of a: 
regular pentagon, as desenbed in the Eourth Book, satisfy tbia detoition * 

23 Shew that each of the mtcrior angles of i regular pentagon m- 
senbed in a cucle, is equal to three-fifths of two nght angles 

24 If two sides not adjacent, of a regular pentagon, he produced to 
meet what is the magnitude of the angle contained at the pomt where 
they meet? 

25 Is there any method more direct than Euehd’s for inscribmg 
a regular pentagon m a cucle ? 
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2G In what sense as n regular hexagon also a parallelogram® Would 
K aamc observation apply to all regular figures a\ith on cicn number of 
jdcs® 

2“ IMiy has Euchdnot shewn how to inscribe an equilateral triangle 
a a circle, before he requires the use of it in Prop 16, Book rv ’ 

28 An equilateral mangle is msenbed in a circle by joining the first, 
bird, and Dm angles of the inscribed hexagon 

29 If the sioes of a hexagon be produced to meet, the angles formed 
It these lines wQl bo equal to four right angles 

30 Shea that the area of an equdatcral triangle inscribed in a circle 
5 oue-half of a regular hexagon inscribed in the same circle 

31 If a side of an cqmlatcral mangle be six indies what is the 
radius of the inscribed circle ® 

32 Pmd the area of a regular hexagon inscribed in a circle whose 
diameter is tuelve mehes What is the diflercncc between the inscribed 
and the circumscribed hexagon ® 

33 WTiich is the greater, the dtfiercncc between the side of the square 
nnd tlic Bide of tlie regular hexagon inscribed in a circle whose radius is 
initj , or the difference beta cen the «idc of tlic equilateral mangle and 
he side of the regular pentagon inscribed m the same circle * 

34 The regular hexagon inscribed in a circle, is tlirec fonrtlis of the 
regular circumscnbcd hexagon 

35 Arothc interior angles of an octagon equal to tv, el\ c right angles^ 

36 'W’hat figure is formed by the production of tlic alternate sides of 
a regular octagon * 

^ 37 How many square inches arc m the area of n regular octagon 
V hose side IS eight inches ® 

38 If an irregular octagon be capable of having a circle described 
about It, shew that the sums of the angles taken altcmatdy are equal 

39 Pmd an algebraical formula for tl c number of degrees contained 
by on interior angle of a regular polygon of n sides 

40 ^^^lat arc the three regular ’figures which can be used m paving 
a plane orcar Shew tliat no other regular figures but these mil fill upr 
the space round a pomt in a plane 

41 Into what number of equal parts may a nght angle be divided 
ceomcmcolly ® WTiat connection has the solution of this problem with 
the possibihty of inscribing regular figures in circles * 

42 Assuming the demonstrations in Hue ii, shew that anv equila- 
teral figure of 3 2", 4 2", 5 2", or 15 2" sides may be inscribed in a 
circle, when n is any of the numbers, 0, 1, 2, 3, Ac. 

43 With a pair of compasses onlj, shew how to diiidc the circum- 
ference of a given circle into tiicnty-fonr equal parts 

44 Shew that if any poljgon inscribed in a circle be equilateral, it 
must also be equiangular Is the converse true® 

is Shew that if the circumference of a circle pass through three 
ai-gular points of a regular polvgon, it will pass through nU. of them 
. 46 bimilar polygons are always eqmangular is me coni eiso of this 
proposition true ® 

47 What are the limits to the Geomttrical mscnption of regular 
figures in circles ® What docs Geomrfncoi mean when nsfed in fhiR waj * 

43 What is-tlic dilficnltj of inscribing gcomemcally an equilateral 
and equiangular imdccagon in a circle ® Why is the solution of this pro- 
blem said to be beyond the limits of plane geometry i Why is it so difficult 
to prove that the gcomemcal soluubn of such problems m impossible} 

K2 
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PROI'OSmON I THEOREM 

y an equilateral triangle be tnserthed in a circle, the square on the side 
tjf the triangle is triple ^ the square on the radius, or on the side of the , 
regular hexagon inscribed in the same circle J 

Let ABD be an equilateral tnangle inscnbed in tlie circle ABjf, 
of which the center is C 

A 



Join BC, and produce BC to meet the ouroumference m E, also 
join AE 

And because ABD is an equilateral tnangle inscribed in the circle, 
tiierefore AED is one-tliird of the whole circumference, 
and therefore AE is one-sixth of the circumference, 
and consequently, the straight line AE is the side of a regular hexagon 
(IV 16 ), and is equal to EO 

And because BE is double of EC or AE, * 

therefore the square on BE is quadruple of the square on AE, 
but the square on BE is equm to the squares on AB, AE , 
therefore the squares on AB, AE ore quadruple of the square on AE, 
and takmg from these equals the square on AE, 
therefore the square on AB is triple of tne square on AE 


PROPOSITION n PROBLEM 

To describe a circle ahich shall touch a straight line given in position, and 
pass through two given points 

Analysis Let AB be the given straight Imc, and C, D the two 
given pomts 

Suppose the circle required which passes through the points C, D 
to touch the hne AB in the pomt E 



Join C, D, and produce DC to meet AB m F, 
and let the circle be desenbed havmg the center Z, 
jom also LE, and draw LH perpendicular to CD 
» CD 18 bisected in H, and LE is perpendicular to AB, 
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Also, since ftom the point F \nthout the circle, are dra\ni tvro 
straight lines, one of whicn FF touches the circle, and the other FDC 
cuts It, the rectangle contained by FC, FJD, is equal to the square on 
FF (in 36) 

Svnthesis Join C JD, and produce CD to meet AS in F, 
tohe the point F in FS, such that the square on FF, shall be equal 
to the rectangle FD, FC 

Sisect CD in JET, and draur SK perpendicular to CD, 
then JEST passes through the center (m 1, Cor 1 } 

At F drarr FG perpendicular to FS, 
then FG passes through the center, (m 19 ) 
consequently L, the pomt ot intersection of these two lines, is 
the center of the circle 

It IS also manifest, that another circle may be desenbed passing 
through C, D, and touching the line AS on the other side of the 
pomt F, and this circle will be equal to, greater than, or less than the 
other cu^e, according as the angle CFB is equal to, greater than, or 
less than the angle CFA 

PROPOSITION m PROBLEM. 

Inscribe a circle tn a fftren sector of a circle 

Analysis Let CAS be the given sector, and let the required circle 
•whose center is 0, touch the radii in P, Q, and the arc of the sector 
m D 

c 



Jo.n OP, OQ, these bnes arc equal to one another. 

Join also CO 

Then m the triangles CFO, CQO, the two sides PC, CO, are equal 
to QC, CO, and the base OP is equal to the base OQ , 

therefore the angle FCO is equal to the angle QCO , 
and the angle A CS is bisected by CO 
also CO produced will bisect the arc AS m D (m 26 ) 

If a tanpnt FDFhe drawn to touch the arc AS in I?; 
and CA, CS be produced to meet it in E, F 
the inscnption of the circle m the sector is reduced to the inscnp' 
lion of a circle m a tnangle (iv 4 ) 

PROPOSITION IV PROBLEM 

ABCGD ts a reaangviar parallelogram Segmred to draw EG, P6 
parallel to AD, DC, so that the rectangle EF mav be egtsal to the daure 
LMD.andEBeywflItoPD 

Analysis Let FG, FG be drawn, as required, bisecting the rect* 
angle AS CD 
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Drftw the dia^nol JBD cutting JEG in IT and FG in F 
Then SD also bisects the rectangle AS CD, 
and therefore the area of the triangle KGS is equal to that of the 
tiio toangles ESB, FKD 



Draw GL perpendicular to JBD, and join GJS, 
also produce jPff to ^ and Dff to JV 
If the triangle ZGShe supposed to he equal to the triangle FSB, 
by adding SGB to each- 

the tnongles ZGB, GEB are equal, and they are upon the same 
base GB, and on the same side of it , 

therefore they are between the same parallels, 
that IS, if D, D n ere jomed, ZE would be parallel to GB , 
and if a semicircle were described on GB as a diameter, it would 
pass through the points E, Z, for the angles at E, Z are right 
angles 

also ZE would be a chord parallel to the diameter GB , ^ 

therefore the arcs intercepted between the parallels iD, GB are 
equal, A 

and consequently the chords EB, ZG are also equal , 
but EB 13 equal to GM, and GM. to GN, 
wherefore ZG, GM, GN, are equal to one another, 
hence G is the center of the circle msenbed m the triangle BDC 
Synthesis Draw the diagonal JBD 
Pind G the center of the circle inscribed in the triangle BDC, 
through G draw EGN parallel to BC, and FKM parallel to AB 
Then EG and FG bisect the rectangle ABCD 
Draw OD perpendicular to the diagonal BD 
In the triangles GZS, ESB, the anjglcs GZS, SEB are equal, 
each bemg a ri^t angle, and the Tertioaf angles ZSG, ESB, also the 
side ZG IS equal to the side EB , 

therefore the tnongle ZSG is equal to the triaimle ESB 
Similarly, it mavhe proved, that the triangle GZKv& equal to the 
tnangle KFD , 

therefore the whole tnangle KGS is equal to the two triangles 
ESB, KFD, 

and consequently EG, JFG* bisect the rectangle ABCD 
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I 

1 a gi\en circle, place a straight line equal and parallel to * 
given straight line not greater than tlie diameter of the circle. 

2 Trisect a given circle hv dividing it into three equal sectors 

3 The centers of the circle insenbed in, and circumscribed about 
an equilateral triangle coincide, and the diameter of one is twice the 

I diameter of the otlicr 

4 If a line be drawn from tlie vertex, of an equilateral triangle, 
perpendicular to the base, and intersecting a line drawn from either ol 
the angles at the base perpendicular to the opposite side , the distance 
from tlie vertex to the point of intersection, slinll bo equal to the radius 
of the oircumscnbing circle 

6, If on equilateral triangle be inscribed m a circle, and a straight 
hne be drawn from the verticil angle to meet the circumference, it 
will be equal to the sum or difference of the straight lines drawn from 
the extremities of the base to the point where the line meets the cir- 
cumference, according ns the line docs or docs not cut the base 

6 Tlie perpendicular from the vertex on the base of nn equi- 
lateral triangle, is equal to the side of an equilateral triangle mscribcd 
in a circle whose diameter is the base Required pioof 

t If nn equilateral tnnngle bo inscribed m a circle, and the 
adjacent ores cut off bj tw o of its sides be bisected, the hue joimng 
^ the points of bisection shill be trisected hv the sides 

8 If nn equihteral tnanglc be insenbed m a circle, nnj of its 
sides will cut au one fourth part of the diameter drawn tlirough the 
opposite angle 

9 The perimeter of an equilateral triangle inscribed in a circle ’s 
greiter than the pcnmelcr of anj other isosceles tnanglc msenbed in 
tlie same circle 

10 If any two consecutive sides of a hexagon insenbed in a circle 
be rcspcctirclv parallel to their opposite sides, the remaining sides are 
parallel to each other 

11 Prove tliat the area of a regular hexagon is greater than that 
of an equilateral triangle of the same pcnmelcr 

12 If two equilateral triangles be inscribed in a circle so ns to 
have the sides or one parallel to llie sides of the otlier, the figure 
common to both will be a regular hexagon, whose area and penmeter 
will he equal to the rcmaindir Of the area and perimeter of the two 
triangles 

13 Determine the distance between the opposite sides of an equi- 
lateral and cqmangulnr hexagon insenbed in a circle 

14 Inscribe a regular hexagon in a given equilateral tnanglc 

^ 16 To inscnbc a regular dnodeengon in a given circle, ana shew 

that its area is equal to square on the side ol an cqmlatml tnanglc 
mscribcd in the circle 

II 

16 Desonbe a circle touebmg three straight lines 

17 Any number of triangles having the same base and the same 
vertical angle, will be circumscnbod by one circle 

18 Find a point in n tnanglc from whicli two straight lines 
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drawn to the extrenuties of the base shall contain an angle e(}UBl t( 
twice the \ertical angle -of the triangle TVithin what limtations u 
this possible P 

19 Given the base of a triangle, and the point from which th< 
perpendiculars on its three sides are equal, construct the triangle 
To what linutation is the position of this pomt subject in order thai 
the tnangle may he on the same side of the base ? 

20 f^om any point B m the radius CA of a given circle whose 
center is C, a strai^t hne is drawn at right angles to CA meetmg the 
circumference in I), the circle desenbed round the triangle CBZ 
touches the gi\en circle in 2) 

21 If a circle be desenbed about a tnangle ABC, and perpen 
diculars be let fall from the angular pomts A, B, C, on the opposite 
sides, and produced to meet the circle m D, JB, F, respective^, the 
cncumferences EF, FJD, EE, are bisected in the points A, B, C 

22 If from the angles of a tnangle, bnes be drawn to the point! 
where the inscnbed circle touches the sieles , tliese Imes shall intcrsed 
m the same pomt. 

23 The straight hne wh,.ch bisects any angle of a tnangle in 
senbed m a circle, cuts the circumference in a point which is eqm 
distant from the extremities of the side opposite to the bisected angle 
and from the center of a circle inscnbed m the tnangle 

24 Let three perpendiculars from the angles ot a tnangle ABC 
on the opposite sides meet in F, a circle described so as to pass through 
P and any two of the pomts A, B, C, is equal to the curcnmscribmg 
circle of tne triangle 

25 If perpendiculars Aa, Bi, Cc be drawn from the angulai 
pomts of a taangle ABC upon the opposite sides, shew that they will 
Insect the angles of the tnangle abc, and thence prove that the pen 
meter of a 5 c will be less than that of any other tnangle which can 
be msenbed m ABC 

26 Fmd the least tnangle which can be circumscribed about a 
given cu:cle 

27 It ABC \>e a plane tnangle, QCF its circumscnbmg circle, 
and GEF a diameter perpendicular to the base AB, tlien if CF be 
joined, the angle OFC is equal to half the difference of Hie angles at 
the oase of the triangle 

28 The hne joming the centers of the inscnbed and circumscnbed 
circles lof a tnangle, subtends at any one of the angular pomts on angle 
equal to the semi-diffcrence of tlie other two angles 

m 

29 The locus of the centers of the curcles, which are msenbed 
m all rmht-angled triangles on the some hypotenuse, is the quadrant 
desenbed on the hypotenuse 

30 The center of the circle which touches the two semicircles 
described on the sides of a nght angled tnangle is the middle pomt of 
the hypotenuse 

^31 If a circle be msenbed in a nght-angled tnangle, the excess 
b** Bides containing the nght angle above the hypotenuse is equal 
diameter of the msenbed circle 



ON BOOK IV. 


201 


32 Having given the hypotennse of a right angled triangle, and 
the radius of the uiscnbed circle, to construct the triangle 

33 ABG IS a triangle inscribed in a circle, the hnc joining the 
middle points of the arcs AD, AG, mil cut olF equal portions of the 
two contiguous sides measured from the angle A, 

X 17 . 

34 Having given the vertical angle of a triangle, and the radii of 
the iiiscnbcd and circumscribed circles, to construct the triangrle 

35 Given the base and vertical angle of a triangle, and also the 
radius of the inscribed circle, required to construct it 

30 Given the three angles of a triangle, and the radius of the 
inscribed circle, to construct tne triangle 

37 If the base and vertical angle of a plane tnanglc be given, 
prove that the locus of the centers of the mscribcd cnclc is a cnrclc, 
and And its position and magndndc 

V 

38 In a given tnanglc inscribe a parallelogram which shall bo 
equal to onc-lnlf the tnanglc Is there any hmit to the number of such 
paraliclogmms ® 

39 In a given tnanglc to inscnbc a triangle, the sides of which shall 
be parallel to the sides of a given triangle 

40 If any number of parallelograms be inschbcd in a given 
panllclogram, the diameters of all the figures shall cut one another 
in the same point 

41 A square is inscrihcd in another, the ditrcrcncc of the areas is 
twice the rectande contained by the segments of the side which arc 
made at the angular point of the msenhed square 

12 Iiivcnbc an equilateral tnanglc lu a square, (1) When the 
vertex of the trnnglc is in an angle of the square (2) When the ver- 
tex of the triangle is in the ])oint of bisection of a side of the square 

43 On a given straight Imc describe an equilateral and equi- 
angular octagon 

YL 

44 Inscribe n circle in a rhombus 

45 Having given the distances of the centers of two equal circles 
which cut one another, msenbe a square lu the space included between 
the two circumferences 

4C The square inscribed in a circle is equal to half the square 
dcsonbed about the same circle 

47 The square is d^cater than any oblong uiscnbed m tho same 
♦ curclc 

43 A circle having a square inscribed in it being given, to find a 
circle 111 which a regular octagon of a perimeter cqum to that of tho 
square, may be inscnbcd 

49 Hesenbe a circle about a figure fonned by constructing an 
equilateral triangle upon the base of nn isosceles triangle, the Vertical 
angle of winch is four times the angle at the base 

60 A regular octagon insenbtd vn a circle is equal to tho rectangle 

K 6 
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contained by the Sides of the squaies insonbed in, and oiroumsolrrbed 
about the circle 

61 If in any circle the side of an inscribed hexagon be produced 
till it becomes equal to the side of an inscribed square, a» tangent 
draira from the extremitj, -vrithout the circle, shall be equal to the 
side of an mscnbed octagon 

vn 

62 To describe a circle ■which shah touch a given circle in a given ‘ 
point, and also a given straight Ime 

63 Descnbe a circle touching a given straight Ime, and also two 
given circles 

64 Describe a circle which shall touch a given cuxle, and each of 
two given straight hnes 

66. Two points are given, one in each of two given circles , descnbe 
a circle passing through both points and touching one of tlie circles 

66 Descnbe a circle toucmng a straight line in a giv en point, and 
also touchmg a gn en circle "When the line cuts the giv cn circle, 
shew that jour construction will enable jou to obtain si\ circles 
touching the given circle and the given Ime, but not necessaiily m the 
given point 

67 Describe a circle which shall touch two sides and pass through 
one angle of a given square 

68 If two circles touch each other externally, descnbe a circle 
which shall touch one of them m a given point, and also touch the 
other In what case does this become impossible? 

69 Describe three circles touchmg each otlier and having their 
centers at thiee given pomts In how many different ways may this 
be done? 

vm 

60 Let two straight hnes be drawn from any pomt within a circle 
to the circun^erence descnbe a circle, which shall touch tliem both, 
and the arc between them 

61 In a given tnangle hanng mscnbed a circle, inscribe another 
circle in the space tnus intercepted at ofte of the angles 

62 Let ABt A C, be the bounding radu of a quadrant , complete 
the square ABDC and draw the diagonal , then the part of the 
diagonal without the quadrant -will be equal to the radius of a circle 
mscnbed m the quadrant. 

63 If on one of the bounding radu of a quadrant, a semicircle be 
described, and on the other, anotner semicirde be desonbed, so as to 
touch the former and the quaorantal arc , find the center of the circle 
mscnbed m the figure bounded by the three curve-i 

64 In a given segment of a circle inscnhe an isosceles tnangle, 
such that its vertex may be m the middle of the chord, and the base ' 
and perpen^cular together equal to a given hue 

66 Inscnhe three circles m an isosceles tnangle touching each 
‘ h , and each of them touchmg two of the three sides of the tnangle 

rx 

In the fig< Prop. 10, Book rv, shew that the base BD is the 
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Ejde of ft rcgvilar dccngon in'^cvibod ra t^c Itiiger circle, and the side o 
ft regular pentagon inscribed m the cmallcr circle 

67 In the fig Prop 10, Hook IV, produce i) O' to meet the circli 
in F, and draw HF, then Uit angle shall be oqinl to three time 
the angle liFD 

Ob If the aUcrmle arglo<i of n regular pentagon be joined, thi 
figure formed b\ Uic intcrsecuon of the joining lines will itself be i 
rcgular pentagon 

G9 U AIK'DE be imj pentagon inscribed in a circle, and AC 
FDf CL, LA, LB be joined, tlien are the nngles ABL, BCA, CLB 
LLC, LAD, togcUicr equal to two right angles 

70 A watch-nbbon is folded up into a flat knot of fit c edges, slier 
that the sides of the l^not form an equilateral pentagon 

71 If from tlie extremities of the side of a. rcgular penlagoi 
inscribed m a circle, 't-aight lines be dnwn to tin, middle of the an 
subtended br tlie ndjnctnt s«>o, thtir ditfcrcnCL is equal to the radius 
the sum of tiiclr rqnarcs to three times the square of the radius , am 
tlie rectangle containtd bi tlicm is equal to the square of the radius 

72 Invcnbc a regular pentagon m a gi\en square so that fou 
angles of the pentagon ina> touch rcsnectiiel} the four sides of tin 
square 

77 Inscribe a ri.guhr decagon in a gacn circle 

74 The squire dcscriliod upon the sulc of a regular pcnligon it 
a circle, is equal to the square ontiic side of a rcpilcr ht igon, togcthci 
wiJi tlio square ujion the side of a rcgular decagon in tlie same circk 

?• * 

76 Inn gnen circle inscribe three equal circles touchuig cad 
other and the guen circle 

76 Shew tint if tw o circles bo inscribed in a third to touch onr 
another, the tangents of the points of contact w ill nil meet m the snmt 
point 

77 If there he three concentric circles, whose radii arc 1,2,3, 
determine how mam circles inaj he described round the interio” one 
hai.ng their centers in the circumfeicnco of the circle, i.hosc radius i' 
2, and touching the interior and exterior circles and each other 

78 Slicw Uint nine equal circles niaj he jil iced m contact, so thni 
a squire wliosc side is tlirco tunes tltO diameter of one of them will 
circumscribe them. 

XI 


79 Produce the sides of a gnen bentngon both waj^, till thej' 
meet, forming neven triangles, requiicu the sum of their vortical 
angles 

SO To convert a given regular pohgon into mother which shall 
liav 0 the Fame jierimcter, but double the number of hides 

81 In nnj ])o’,gan of an oven number of sides, msciibcd in a 
circle, llie sum ol the 1st, 3rd, 5lh, &,c angles is equal to the sura o' 
the 2nd, 4th, Clb, &c 

82 Of all pohgons having equal perimc'ers, and tl e same numhei 
ofs des, Uit equilateral polygon has the grtate,t mta 
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L 

A MSS magnitude is said to Tie apart of a greater magnitude, v?Tieii 
the less measures Ibo greater, that is, 'w lieu llie less is contained 
certain number of times exactly in tbc greater ’ * 

n 

A greater magnitude is said to be a multiple of a less, when tbc 
CTeatcr is measured by the less, that is, * when tne greater contains tlie 
less a cerfam number of times exactly * 

m 

'* Eatio IS a mutual relation of tvro magnitudes of tbc same kmd to 
one another, in respect of quantity " 

IV. 

Magnitudes are said to have a ratio to otic auotber, urben tbc less 
can (ic multiplied so as to exceed the otbel* 


Tlic first of four magnitudes is smd to have the same ratio to tbc 
Mcoiid, Vrbich the third Ins to the fourth, vben any cquimultiplca 
liatsocver of the first aud third being taken, nud any equimultiples 
jwiiatsoevcr of the second aud fourth’; if the mulUplc of the first be less 
than that w the second, the multiple of the third is also less tW tliat 
of the fo^b or, if the multiple of the first be equal to that of the 
' the multiple of the tbn-d is also equal to that of the fourth or, 

it the multiple of the first be greater than that of the’^second, tbc mul- 
tiple of the tlurd is also greater than that of the fourth 

VC 

Magnitudes vrhiob liave the same ratio arc called proportionals 

four magnitudes are proportionals, it is usually ox* 
pressed by snying, the first is to the second, ns the third to the fourth ’ 

fifrii ™'«“tudc3 (taken ns m the 

jfnn mnltiple of the first is greater than that of the 

Skater than the multiple 
^ the second a gi enter 
Jhi' tii!!!!”, third magnitude has to the fourth and, on the contrniy, 

the second ^ 

vm 

"Analogy, or proportion, is the similitude of ratios ” 
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IX 

Proportion consists in thrco terms at least. 

X 

TNTicn tlirce magnitudes are proportionals, the first is said to havo 
to tlic third, the duplicate ratio of that uhich it has to the second 

XL 

When four magnitudes are continual proportionals, the first is said 
to liavc to the fourth, tlic Iriphcate ratio of that vrhicli it has to tho 
second, and so on, quadnipheatc, fji , increasing tho denomination 
Fill! by unity, in any number of proportionals 

Definition A, to wit, of compound ratio 

When there are any number of magnilndcs of tho same kind, tho 
first is end to hare to the last of them the ratio compounded of the 
ratio which the first has to the second, and of the ratio which tho 
second has to tho third, and of the ratio which the Uiird has to tho 
fourth, and so on unto the last magnitude 

For cxninplp, if A, Jl, C, J) be fonr mngnitnJcs of the same kind, (he first 
A w will to hai li to the ln<it I), the mtio coinponnded of the ratio oTA to JJ, 
and of the rd o of i? to C, and of tho ntio of C to J? , or, the ntio of A to 
JD IS md to he conii»onndci,l of the ratios of Alo J}, I) to C, and C to Z) 

And if A Ins to Ji (ho snmt ratio which 2.' )l^s to 1', and JD to C tiie 
saw c ritio tint G Ins to JI, and Cto D tlic swnc that iTlns to L , then, 
li\ tins definition. A xa f «d to Invc to D tin* ntio compounded of ratios 
n Inch nro tlio simc with tlic ritios of JJio F,0 to Jf, nnd iCto X And the 
rami thint; is to he nnderatotxl nhin it n more lirictti cTprc'*«l bv sajing, 
A Ins to JD tin rntio componndctl of the ntios of to Z , C to JI, nnd AT to L 

in like nnnner, Uicsame things liciiig enppo«c«1, if J/hmi to iV* the sanio 
ntio which A hm» to J), then, for siiorlnci!. soke, JIf is said to hare to JF 
tlic ratio compounded of tho ratios of JJ to F, O to IT, and KtoZ 

xn. 

In proportionals, the antecedent terms are called homologous to 
one another, ns also the consequents to one another 

' Geometers make n?c of the following technical words, to signify certain 
wajB of changing cither the order or magnitude of proportionals, so that 
thej continue stiU to be propcrtionals.’ 

xm 

Permutando or altemando, by permutation or alternately. This 
word IS used when there arc four proportionals, and it is inferred that 
the first has the same ratio to the third which the second has to tho 
^onrlli , or that the first is to the third ns the second to the fourth 
as IB shewn m Prop xvi of this Piftli Bool , 

XIV 

Invcrtcndo, by inTcrsion , when there nro four proporlionalB, nnd 
it IB inferred, that the second is to tho first, as the fourth to the third. 
Prop. B. Book v. 
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XV 

Componcudo, by composition , irhen there are four proportionals, 
and It IS inferred that the first together with the second, is to the 
second, as the tluid together with the fourth, is to the fourth Prop 
18, Book V 

XVI 

Dividendo, by division , when there are four proportionals, and it is 
inferred, that the cvcess of the first above the second, i3 to the secon^ 
as the excess of the third above the fourth, is to the fourth Prop 1 1 , 
Book V 

xvn 

Convertendo, by conversion , when there are four proportionals, and 
it 18 mferred, that the first is to its excess above the second, as the 
third to its excess abote the fourth Piop E BookiV 

xvm 

Ex squab (sc distantill), or ex squo, from equabty of distance 
when there is any number of magmtudes more than two, and as many 
others such that they are proportionals when taken two and two of 
each ranli, and it is inferred, that the first is to the last of the first ranlv 
of magnitudes, as the first is to the last of the others ‘ Of this there 
ate the two foBovmig whith tense ftotn the fiiSeteat otdss m 

which the magmtudes are t^cn, two and two ’ ' ' 

XIX 

Ex tequali, from equahty This teim is used sunply hy itself, when 
the first magnitude is to the second of the first tank, as the first to the 
second of the other rank , and as the second is to the third of the first 
rank, so is the second to the third of tlie other , and so on in order and 
the inference w as mentioned in the preceding defimtion , whence this 
18 called ordinate proportion. It is demonstrated in Prop 22, BookT 

XX 

Ex tequab m proporhone perturbatfi seu inordmatfi, from equabt} 
m perturoate or disoiderly proportion* This term is used when the 
first magnitude is to the second of the first rank, as flie last but one is 
to the last of the second rank, and ns the second is to the third of the 
first rank, so is the lost but two to the last but one of tbe second rank 
and as the third is to the fourth of the fiist rank, so is the third from 
the last to the last hut two of the second rank , and so on m a cross 
order and the inference is as in the 18fh ddSnitioti It is demon- 
strated in Prop 23, Book v 


AXIOMS 

L 

EQursiULTEPLES of the same, or of equal magmtudes, are equol to 
^nne another 

n 

1 Those magmtudes, of wluch tlie same or equal magnitudes are 
aimulUplcs, are equal to one another 
I * Prop 4 lab. n Aichimodis do sphera ct oyhndro, , 



BOOK V. PROP I, II 


207 


A multiple of a gi eater magnitude is greater thai the same mul- 
tiple of a less 

rv 

That magnitude, of ivhich a multiple is greater than the same 
B(iultiple of another, is greater than that other magnitude 


PROPOSITION I. THEOREM 

If any number of magnitudes be equimultiples if as many, each of each uhal 
multiple soever any ond of them is of its pari, the same multiple shall all the 
first magnitudes be of all the other 

Let any number of magnitudes AS, CD he equimultiples of as 
many others S, F, each of each 

Then uhatsoeier multiple AS is of E, 
the same multiple shall AS and CD together he of E and F together 

AGP C 11 D 

E F 1 

Because AS is the same multiple of E that CD is of F, 

^ as man} magnitudes as there are in AS equal to E, so many arc 
there in CD o^uol to F 

Bnide AS into magnitudes equal to E, viz AG, GS , 
and CD into CH, ED, ei^ual each of them to F , 
therefore the number of the magnitudes CE, ED shall he equal to 
the number of the others A G, GS , 

' and because AG is equal to E, and CE to F, 
therefore A G and CE together are equol to E and if together (l av 2 ) 
for the same reason, because GS is equal to E, and EE to F, 

OS and ED together are equal to E and F together 
therefore as man} magnitudes as there ore in AS equal to E, 
so many ore there in AS, CD togetlier, equal to E and F together 
therefore, -whatsoeser multiple AS is of E,~' 
the same multiple is AS and CD together, of E and F together 
Therefore, if any magnitude?, how man} soever, be equimultiples 
of as many, each of each , whatsoever multiple any one of tliem is 
of Its port, the same multiple shall all the first magmtudes be of all 
the others ‘ For the same demonstration holds m any number of 
magnitudes, which was here apphed to tao ’ Q p p 

^ PROPOSITION n THEOREM 

If the first magnitude be the same multiple of Ihe second that the third ts of 
the fourth, and the fifth the same multiple of the second that the sixthi-is of the 
fourth , then shall the first together with the fifth be the same multiple of the 
second, that the third together with the sixth it of the fourth 

\ 

Let AS the first be the same multiple of C the second, that DE 
the tbirrl is of i^the fourth 
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mid if(? the fifth the same multple of 0 the second, that Uff the 
suth js of F the fourth 

Then shall AG, the first together with the fifth, be the same mul- 
tiple of C the second, thot DH, the third together -with the sixth, » 
of the fourth ® 

A D G D U H 

• I M I ar-r r,,.-i ^ 

Because ABia the same multiple of 0 lint DE is of F, 
there arc os many magiuludcs in AB equal to C, ns there arc in J)L 
equal to F. 

in like manner, as many as there arc in BG equal to C, so many nrc 
there m Eli equal to F 

therefore as many ns there nrc m Ihc whole AG equal to C, 
so many arc there in the whole BIT equal to F 
therefore ^Gr is the same multiple of C tlut Dll is of F, 
that IS, AG, the first and fifth together, is liie same multiple of the 
second 0, 

that DIf, the third and sivth together, is of the fourth F 
If therefore, the first be the same multiple, &c q e n 

‘‘"i number of magiuludcs AB 

BG, OZ/Uc iniiUiples of another C, 

and as mam DU, EK, KL be the same multiples of F, cnch of caoth 
then the nhole of the first, \i7 All, is the same multiple of C, ' 
that the nliolc ot the I ist, iiz DL, is of F 

A ^ G u nr K ii 

0— i__ 

. PEOPOSITIOX Ilf TnEOKTSM: 

If the first be the same mulUple of ihc second, svhteh the ihml it of 
foxiTth, and xf of the Jlrst and third ther* he tal cn tqtumxiUipJrs , thet 
shall be cqumuUiplrt, the one of the second, and the other of the fourth 

Let A llie firet be the same multiple of B the second, that £7 Ifc 
third is of D the fourth 

mid of A, C let equimultiples EF, Oil be taken 
Then EF shall be the same multiple of that Gil is of 17 


K r G E n 

A c 

B — D 


Because EF is the same multiple of A, that GE is of 0, f 
there are as many magnitudes in EF equal to A, as there are m G1 
equal to 0 

let EF bo diiidcd into the magnitudes EK, KF, each equal to A 
and GS into GL, BH, cacti equal to G 
therefore the number of the magnitudes EK, KF shall be cflunl ' 
' the number of ttic others GL, LE, ^ 
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dnd bccnusc A is Uic same multiple of JB, tliat C is of 2), 
and that JCK is equal to .4, and GZ equal to C 
therefore ZK is the same multiple of B, that GL is of D 
for the same reason, KF is Uic same multiple of B, tliat LH is of 2> 
and so, if there be more parts in ZF, GZ, coual to A, C 
therefore, because the first ZK is the same multiple of the second B, 
^ Trliich tlic third GL is of the fourth D, 
and that the hfth KF is the same multiple of tlic second B, which Uie 
si’cth ZZ IS of llic fourth jD, 

ZF the ilr^t, together wiUi the fifth, is the same multiple of the second 
B, (V 2) 

which GZ the third, together uith the sixth, is of the fourth Z, 

It, therefore, the hrst, &.c Q 1 s 

PROPOSmOX IV THEOREM 

If tl-e fnl of Jour maqattude* has the sane rath to the second which the 
third has to the fourth , then any eqttmulUptes whatever of the first and third 
shall have the same ratio to anti equlmuUtples of the second and fourth, viz, ' the 
equimultiple of the first shall have the sane ratio to that of the second, which tie 
equimultiple of the third has to that of the fourth ' 

Let A the first Imre to B the second, tlic same ratio wliich tlic third 
C has to the fourth Z , 

^nnd of A and Clet there be taken anj cnmmultiplcs uhateacr Z, F, 
and of B and Z any cquimuitijilcs ulmluacr O, Z 
Then B shall Imae the same ratio to Q, which Phas to Z 


K M 



F n- 

L V 


Takc of 27 and J^anj equimultiples wlmtcser K, Z, 
and of G, Z anj equimultiples whatever M, Z 
then because Z is the same muluple of A, that Fis of C, 
and of 27 and 2^ have been taken cquunulliplcs 2L", L, 
therefore K is the same mulUplc of A, that i is of C (v 3 ) 
for the same reason, ilT is the some muluiilc of J?, that JVis of Z 
And hccause, os -4 is to 2?, so is C to 2), (Iito ) 
and of A and Chase been taken certain equimultiples 2ir, Z, 
and of jy and Z base been taken certain cquunultiplcs M, Z] 
therefore if Z be greater than Af, L is mcatcr than Z, 

* andif equal, equal, if less, less (v def 5) 

but JfiT, L arc anj equimultiples whatever of 27, 2^*, (constr ) 
and ilf, Z any whatever of G, Z, 
tlicreforo as Z is to G, so is 2!^ to 2Z (v def 6 ) 

Tlicreforc, if the first, &c Q e D 
Cob. Likewise, if the first has the same ratio to the second, which 
the third has to tlie fourtli, then also anj' equimultiples whateser of 
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the first and third shall have the same ratio to the second and fourth , 
and in like manner, the first and the third shall have the same ratio to 
any equimultiples "whatever of the second and fourth 

Let A the first have to S the second the same ratio "which the 
third O' has to the fourth JD 

and of A and Clet H and JPbe any equimul^les -whatever 

Then S shall ho to ^ as to iJ / 

Take of E, F any equimultiples -whatever, K, Z, / 

and of JB, D any equimultiples -whatever G,Jl ‘ 

then it may be demonstrated, as before, that K is the same multiple 
of A, that i IS of 0 

and because A is to B, as <7 is to 27, (hyp ) 
and of A and C certain equimultiples have been taken -nz , K and L, 
and of B and D certain equimultiples G, JET, 
therefore, if -S' be greater than G, L is center than JET, 
and if equal, equal , if less, less (V def 6 ) 
but K, L are any equimultiples -whatever of E, F, (constr ) 
and G, E any -whatever of JB, JD , 
therefore as E is to B, so is JPto JD (v def 5 ) 

And in the same way the other case is demonstrated. 


PROPOSmON' Y THEOREM 




Jf one magnitude be the same multiple of another, vihieh a magnitude iakep 
from the first is of a magnitude tahenfrom the other , the remainder shall be the 
same multiple of the remainder, that the tohole is of the whole 

Let the magmtude AB be the same multiple of CD, that taken 
from the first, is of CF taken from the other 

The remainder EB shall be the same multiple of the remainder 
PD, "that the whole AB is of the -whole CD 


c F D 

I 

Take AG the same multiple of PD, that AE is of CF 
therefore AE is the same multiple of CF, that EG is of CD ("7 1) 
but AE, by the hypothesis, is the same multiple of CF, that AB is 
of CD, 

therefore EG is the same multiple of CD that AB is of CD , 
wherefore EG is equtd to AB (v a-v 1 ) 
take from each of them the common magmtude AE, 
and the remainder AG is equal to the lemaindei EB 
Wherefore, smeo AE is the same multiple of CP, that is of PJ®, 
(constr ) T 

and that AG has been proved ^ual to EB , 
therefore AE is the same multiple of CF, that EB is of PD 
but AE IS the same multiple of CP that AB is of CD (hyp ) 
thoref&re EB is the same multiple of PD, that AB is of CD 
Therefore, if one magmtude, &c Q E D 
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euclid’& elements 


PROPOSITION A. THEOREM 

Ij the first of four magnitudrs has the same ratio to the second, uihte/i the 
third has to the fourth , then, if the first be greater than the second, the third 
is also greater than the fourth, and if equal, equal, if less, less 

Take any equimultiples of each of them, as the doubles of each 
then, by def 6th of this book, if the double of the first be greater , 
than the double of the second, the double of the third is greater than f 
Uie double of the fourth / 

but if the first be greater than the second, 
the double of the firat is greater than the double of the second, 
'wherefore also the double of the third is greater than the double of 
the fourth , ^ 

therefore the third is greater than the fourth 
m like manner if the first be equal to the second, or less than it, 
the third can be proved to be equal to the fourth, or less than it. 
Therefoic, if the first, Ac Q £ D 

PROPOSITION B THEOREM 

If four magnitudes are proportionals, they are proportionals also when 
taken inversely 

Let A be to B, as (7 is to J) 

Then also inversely, B shall be to A, as D to (7 

A B c D ^ 

G £ n F 

Take of B and D any equimultiples ■whatcier E and F, 
and of A and (7 any equimultiples whatever G and JT 
First, let E be greater than Q, then Q is less than E 
and because A is to J5, ns (7 is to D, (hyp ) 
and of A and C, the first and third, G and JST are equimultiples , 
and of B and D, the second and fourth, E and F are equimtdtiples , 
and that G is less than E, therefore E is less than F, (v def 8 ) 
that IS, Fis OTeater than M, 
if, therefore, F? be greater than G, 

F IS greater than S, 
in like manner, if E be equal to G, 

F may be shewn to be equal to 3, 
and if less, less , 

but E, F, are any equimultiples whatever of B and D, (constr ) 
and G, H any whatever of A and C, 
therefore, as is to A, so is 27 to (7 (v def 5 ) 

Therefore, if four magmtudes, Ac, q e d 


PROPOSITION 0 THEOREM 


> 


If the first hr the same multiple of the second, or the same part of it, thai 
^he third is of the fourth , the first ts to the second, as the third is to the 

Lot the first A be the same multiple of the second 3, 

' that the third (7 is of the fourth D 
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Then A shall be to J} os C is to 

A B c Tt 

E G F H 

Take otA and Cany cqmmnUiplcs whatever E and F, 
and of JB and Z) anj equimultiples whatcier G and JI 
♦Then, because A is the same multiple of J? that C is of D , (h^-p ) 
and that E is the same multiple of A, that Pis of C, (constr ) 
thtreforo E is the same multiple of E, that P is of I) , (v 3 ) 
that IS, E and Parc equimultiples of B and D 
but G and H oxe eqmmultiples ol B and E , (constr ) 
therefore, if P be a greater multiple of B than C is of P, 

P IS a greater multiple of E than if is of Zl , 
that IS, if E be greater than G, 

P IS greater than JT 

m like manner, if P be equal to G, or less than it, 

Pmaj be shewn to be equal to JI, or less than it, 
but E, i’arc cqmmultiplas, nn\ whites tr, oi A, C, (constr) 
and G, II an) equimultiples whntescr of i?, i), 
therefore is to P, as C is to E (t def 5 ) 

Xest, let the first A be the same part of the second B, that the 
ihu-d Cis of the fourth E 

TTien A shall be to P, as C is to E. 

A B C D 

For since A is the same part of P that C is of E, 
thcrc*bre P is the same multiple of A, tliat I) is of (7 
wherefore, b\ the preceding case, P is to as P is to C, 
and therefore inscrsclv, A is to P, as C is to P (F n ) 
Tberefore, if the first ibe the same multiple, £.c Q £ D 

PROPOSITION D TilEORRM 

If (he Jirst le to the tceend o* the third to the foartJi, and if the first be a 
f^ttiple,or a part of the tteond , the third is the sare miilliplt, or the same 
part of the fourth. 

Let ,4 be to P as (7 is to P , 
and first, let ^ be a multiple of P 
Tlien Csmdl be the satne multiple of P 

A B C D 

L F 

Take E equal to A, 

and whatever multiple AovEis of P, make P the same multip 
ofP 

then, because wd is to P, os C is to P , (hyp ) 
and of P the second, and P the fourtli, equunuluples have beet 
token, E and P, 

lereforc A is toE, as C to F (v 4 Cor ) 
but A IS equal to E, (constr ; 
therefore C is equal to P fv A ) 
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ETlca.lD’s ELEMENTS 


aid F IS the same multiple of D, that ^ js of JB , (constr ) 
therefore C is the same multiple of JD, that ^ is of ^ 

Next, let A the first he a part of F the second 
Then C the third shall he the same part of JD the fourth. ' 
Because ^ is to jB, os C is to D, (hjm ) 
then, inxersely, £ is to as D to (7 (v B ) 

A B 0 D 

but A ja a part of F, therefore JB is a multiple of A (hyp ^ 
therefore, by the precedmg case, D is the same multiple of C, 
that 18 , C IS the same part of D, that is of JB * 

Therefore, if the first, &c Q E D 

PEOPOsmoN vn theoeem 

Equal magnitudes have the same ratio to the same magnitude and the saxnt 
has the same ratio to equal magnitudes 

Let A and F be equal magmtudes, and C any other 
Then A and F shall each of them have the same ratio to C 
and C shall have the same ratio to each of the magnitudes A and JB 

A B c 

D E F 

Take of A and F any equimultiples whatever D and F, 

and of 0 any multiple whatever F / 

Then, because JO is the same multiple of A, that E is of JB, (constr ) 
and that A is equal to F (hyp ) 
therefore D is equal to i7, (v ax 1 ) 
therefore, if JD be greater than JP, JE is greater than F, 
and if equal, equal, if less, less 
but J?, E are any equimultiples of A, F, (constr ) 
and Pis any multiple of C, 
therefore, as .<1 is to C, so is P to C (v def 5 ) 

Likewise C shall have the same ratio to A, that it has to F 
Por havmg made the same construction, 

JD may m like manner be shewn to be equal to E, 
therefore, if Pbe greater than JD, 
it 18 likewise greater than E, 
and if equal, equal, if less, less, 
but Pis any multiple whatever of C, 
and D, E are any eqmmuitiples whatever of A, F, 
therefore, C is to as <7 is to P (V def 6 ) 

Therefore, equal magmtudes, &c Q E D 

PEOPOsmoN vin theoeem , , 

Of two unequal magnitudes, the greater has a greater ratio to any other 
magnitude than the less has and the same magnitude hat a greater ratio to the 
ts of two other magnitudes, than it has to the greater 

L AF, PC' be two unecmal magnitudes, of which AF is the greater, 

1 and let P be any other magnitude. 
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Tlion AB shall have a greater ratio to D than ^BOhas to D 
Old D shall have a greater ratio ‘to j5t7than it hj^., ta AJi 


Fig l 


G 

Ii K H S 


rig 2 


L K n D 


Fig a 


- A 

c- 

G B 
B ‘K 


If the magnitude nhich is not the greater of the tn^o AC, CB, ho 
not less than 2) 

£2?, (ss n! gg 2) 

but if that •which is not tlie greater of the t\\ o AC, CB, be less than D 
(as in fig 2 and 3 ) this magnitude can be mulLmhed, so as to 
become greater than D, whether it be AC, or 
Let it.be multipbed until it become greater than J), 
and let the other be multipbed ns often , 
and let JSLFbe the multiple tJius taken of Jl(v 
and FO the same multiple of CB 
therefore BF and FG are each of them greater than D 
and in everv ore of tho cases, 
take JI the double of D, K its triple, and so on, 
till the multiple of D be that which first becomes greater than FG 
let L be that multiple of 2? which is first greater than FG, 
and K the multiple of D which is next less th^n L 
Then because L is the multipje of D, which is the first that becomes 
greater than FG, 

the nest preceding multiple K is not greater th^n FG, 
that IS, FG is not less than K ’ 

and since JDF is tho same multiple of A C, that FG is of Qjj ^ (constr ) 
therefore FG is the same mulU.)lo of CB that BG is t,f , (-v 1 ) 
tliat IS, BG and FG are equimultiples of AB a^d CB, 
and since it was shewn, that FG is not less th^n B, * 
and, by the construction, BF is greater than JD , 
therefore the whole BG is dealer than B and 2) together 
but B together mth 3? is equal to L , (constr ; 
therefore BG is greater than L, 
but FG 18 not greater than Z (constr ) 
end BG, FG were proved to be equimultiples of j±s, BC 
and i IS a multiple of 2) , (constr ) ’ 

therefore AB has to JD a greater ratio than JivChas to .Q, (y def 7.) 
Also 1) shall have Xo BC a, greater ratio titan it ha^ to AB ' 
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btjclid’s elbmems 

For having made the same construction, 
it may he sheim in like manner, that L is greater than Ft?, 
but that it 18 not ^eater than EG 
and Z is a multijue of 2) , (constr ) 
and EG, EG were proved to be equimultiples of CB, AB 
therefore D has to CB a greater ratio than it has to AB (v def 7 } 
'Wherefore, of two unequal magmtudes, &c Q.KD . 

* / 


PEOPOSmON IX THEOEEM 

Jdagnxtvdet which have the same ratio to the same magnitude are equal to 
one another and those to which the same magnitude has the same ratio are 
equal to one another 

Let, A, B have each of them the same ratio to CL 
Then A shall be equal to B 

A D 

B — B 


For, if they are not equal, one of them must be greater than the other 
lot A be the greater 

then, by what was shewn in the preceding proposition, ^ 
there are some equimultiples-of A and B, and some multiple of C, such 
that the multiple of A is greater than the multiple of C, 
but the multiple of B is not greater than that of Q 
let these multiples be taken , 
and let E, E be the equimultiples of A, B, 
and F the multmle of 0, 

such that E may be greater than F, but E not greater than F 
Then, because ^ is to C os Z is to C, QiJ'T) ) 
and of A, B, are taken equimultiples, E, E, 
and of (7 is taken a multiple F, 
and that E is greater than F, 
therefore E is also greater than F (v def 6 ) 
but E IS not greater than F, (constr ) which is impossible 
therefore A and B are not unequal , that is, they are equal 
Next, let C have the same ratio to each of the magmtudes A and B 
Then A shall be equal to B 

For, if they are not equal, one of them must be greater than the other 
let A be the greater 
therefore, os was shewn in Prop v ttt 
there is some multiple F of C, 
and some equimultiples E ana 2?, of B and A such, 
that F IS greater than E, but not greater than E 
and because (7 is to J5, as C is to A, (hvp ) 

^_and that F the multiple of the first, is greater than E the multiple of 
' the second, 

creforo F the multiple of the third, is greater than 2) the multip’o 
of the fourth (y def 6 ), 
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but Pis not greater than P (hjp ) , which is impossible • 
therefore A is equal to JB 
■\\Tierefore, magnitudes which, io Q E d 

PROPOSITION X THEOREM 

TTiat maijmtv^e which has a greater ratio than another has unto the 
^same magnitude, is the greater of the tiro, and that magnitude to which the 
tame has a greater ratio than it has vnto another magnitude, it tho less 
of the two 

'Let .4 haie to Cti greater ratio than P has to Of 
then A shiul be greater than S 



For, because A has a greater ratio to C, than JB has to C, 
there arc some equimultiples of A and p, 
and some multiple of Csuch, (V def 7 ) 
that the multiple of A is greater than the muitiplo of C, 
but the multiple of B is not greater than It 
' let them be taf.cn , 

and let D, Pbc the equimultiples of A, B, and Pthe multiple of C, 
such, that 2) is CTcatcr than P, but E is not greater than P 
thoreforo E is greater than E 
and, because JD and P ore equimultiples of A and B, 
and that E is greater tlian E, 
tliercfore A is greater than B (v ax i) 

Next, let Cliavo a greater ratio to B than it has to A, 

Then B shall be less Uian A 
For there is some multiple P of C, (v def 7 ) 
ana some equimultiples E and JD of P and such 
tliat P is greater than E, but not greater than E 
therefore E is less than E 

aud because E and E are equimultiples of B and A, 
ond that E is less than E, 
therefore B is less than A (v ax 4 ) 

Therefore, that magnitude, &c Q E D 

PROPOSITION XI THEOREM 

Ratios that are the same to the same ratio, are the tame to one another. 

Let ^ be to P as C is to P , 
and as C to E, so let P bo to P 
Then A shall be to P,'a5 P to P. 

O H X 

A. C E 

B J5 — r 

S.1 M X 

Take otA, C, P, an) equimultiples nnatever Cf, H, K, 

L 
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and of J5, JD, F any equimultiples urhatever Jj, ijf, J)f, 
Iherefore, since -4 is to 5 as Cio JD, 
and G, JEC are talien equimultiples of A, O, 
and L, M, oiIi,JD, 

if ff be greater than L, JSw greater than M, 
and if equal, equal , and if less, less (v def 6 ) 
Agam, because C is to J), as is to J?, 
and JH", JTare taken equimultiples of C, Fj> 
and M, 2f, of JD, F, 

if JTbe greater than M, K is greater than iV", 
and if equal, equal , and if less, less 
but if <? be greater than L, 
it has been shewn Aat JS is greater than ilf , 
and if equal, equal , and if less, less 
therefore, if (? be greater than L, 

K IS greater tlion N, and if equal, equal , and if less, less , 
and O, K are any equifnultiples whatever of A, JS , 
and L, N any whatever of JB, F, 
therefore, as ^ is to i, so is J5 to JF (v def 6 ) 
tVherefore, ratios that, &c Q E D 


PHOPOSmON XII THEOREM 

ffany number of magmtudee be proporihnals, at one of the onteeedent»>f. 
it to its consequent, to sliall all the antecedents taken together be to all theJ 
eonsequentt 

Let any number of magnitudes A, JB, 0, D, F, F, be proportionals 
that IS, as A is to F, so O to D, and Eio F 
Then as is to H, so shall A, 0, 27 together, be to F, JD, J? together 


Talie of A, 0, F any equimultiples whatever G, H, K, 
and of F, JD, F any equimultiples -nhatever, L, M, JV 
Then, because A is to F, as/C is to 2?, and as F to F, 
and that G, H, K are equimultiples of A, C, F, 
and L, Jf, JV, equimultiples of F, D, F, 
therefore, if 6? be greater than L, 

S IS greater than M, and K greater than 2V, 
and if equal, equal , and if less, less ^ def 5 ) 
wherefore if be greater than X, 
then Q, JT, K together, are greater than L, M, JV together, 

and il equal, equal , and if less, less / , 

but G, and G,S, jST together, are any equimultiples of A, and^, Q 
F together , 

^because if there be anj number of magmtudes equimultiples of 
innj, each of each, whatever multiple one of them is of ife part, 
same multiple Is the whole of the whole (v 1.) 
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for the same reason L, and Z, M, N are any equimultiples of JB, anc 

ther^ore as ./I is to B, so are A, C) E together to B, D, together 
(V def 6) 

"RTierefore, if any number, &c. Q E D. 

PROPOSITION Xm THEOREM. 

If the first has to the second the same ratio whtch the third has to thi 
fourth, but the third to the fourth, a greater ratio than the fifth has to 
sixth , the first shail also have to the second a greater ratio than the ff 
has to the sixth 

Let A the first have the same ratio to B the second, uhich C* 
third has to D the fourth, hut C the third a greater ratio to D tbf 
fourth, than B the fifth has to F the sixth 

Then also the first A shall have to the second B, a greater ratu 
than the fifth B has to the sixth F, 

M G H 

B D F 

Because <7 has a ^cater ratio to D, than B to F, 
there are some cquimulti^es of C and B, and some of D and F, such 
that the multiple of Ois neater tlian the multiple of D, but the mul 
tiple of 18 not greater than the multiple of F (v def # ) 

let these be taken, 

and let G, H'be equimultiples of C, B, 
and K, L eqmmultiples of D, F, such that G may be greater than iST, 
but S not greater than Z 

and whatever multiple G is of C, take M the same multiple of A , 
and whatever multiple K is of JD, take If the same multiple of B 
then, because ^ it> to B, os (7 to D, (hyp ) 
and of A and C, M and G are equimultiples , 
and of B and JD, If and K ore equimultiples , 
therefore, if ilf be greater than If, G is greatei than K, 
and if equal, equal , and if less, loss (v def 6 ) 
but Q IS greater than K, (constr ) 
therefore M is greater than If 
but 18 not greater than Z (constr ) 
and If, H arc equimultiples of A, B, 
and If, Z equimultiples of B, F, 
therefore A has a gi eater jutio to B, than' B has to jp' (V def 7 ) 
■\Vlierefore, if the first, &.c, q e D 
Cob And if the first have a greater ratio to the second, than the 
tliird ha^ to the fourth, but the third the same ratio to the fourth, 
which the fifth has to the sixth, it may be demonstrated, in lik'd 
manner, that the first has a greater ratio to the second, than the fifth 
has to the sixth 

, y !• 2 
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Euclid’s ellments 


PROPOSITION XIV THEOREM. 

Jf the first hat the same ratio to the second which the third has to the fourth, 
•hen, if the first he greater than the third, the second shall be greaUr than the 
fourth , and if equal, equal , and if lets, less » 

Let the fu’st A ha^ e Oie same ratio to the second S which the 
thud (7 has lo the fourth JD 

If ud bo greater than C, B shall be greater than JD (fig 1 ) 


1 2 3 
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Because A is greater than C, and Ji is an} otlier magnitude, 

A has to R n greater ratio than C lias to R (v 8 ) 
but, as ^ IS to B, so is C to JD , , 

therefore also C has to D a greater ratio than C has to B (V 13 ) 
but of tuo magnitudes, that to which the same has the greater ratio, 
IS the less (\ 10 ) 

therefore B is less than B, 
that IS, B is greater than B 
Secondl}, if wi he equal to O, (fig, 2 ) 

then B shall be equal to B 
For A is to B, as C, that is, A to B 
therefore B is equal to D (v 0 ) » 

Thirdl}, if ^ he less than C, (hg 3 ) 

then B shall ho less than B 
For C IS greater than A , 
and because (7is to JD, as ^ is to B, 
therefore B is greater than B, by the first casej 
that IS, B IS less than B 
Therefore, if the first, &c Q E d 

PROPOSniON XV THEOREM 

Magmlttdes hate the same ratio to one another which their egmmttlhpltt 
Atve 

' Iiet AB\}C the same multiple of C, that BB is of F 
Then D shall be to J^ as AB is to BB 


AGEB DXLF 



Because AB is the same multiple of C, that BE is o(F, 
are as many magnitudes in AB equal to C, as there are in BE 
I equal to F 

A.B he dll ided into magnitudes, each equal to <7, Tiz A Q, GH, JIB, 
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and DJE into tnagnitudts, each equal to JT, viz DA", ICL, LE 
then the number of the first AG, Gil, JIB, is equal to the numbei 
of the lost DK, KL, LE 

and because AG GU, JIB arc all equal, 
end that DK, KL, LE, arc aUo equal to one another , 
therefore ^ G is to DK, as GJl to KL, and as JIB to LE (t " I 
hot as one of the antecedents is to its consequent, so arc all tiM 
antecedents together to nil the consequents together, (V 12 ) 
■wherefore, ns ylG is to DK, fo it A B to DE 
but AG in equal to C*md DK to JT 
therefore as C is to J*, so is AB to DE 
Therefore, magnitudes, Ac. Q E.I> 

PROPOsmox xn theorem 

I/fmtr r'a^ttuda of the eamc kind he proportionah, they shall also It 
proporfjotifl?! i-htn feSrn eftemo'e/y. 

Let A, B, C, D be four magnitudes of the same kind, irlnch arc 
proportionals, viz- as A to B, «o <7 to 

They shall also he proportionals vrhen taken altcmatclj 
that is, A shall be to C, ns B to D. 

E O 

A O * 

B D 

p H 

Take of A and B any equimultiples whatever E and F 
and of C and D lake nnj equimultiples whatever G and JI 
And because JE^ in the same multiple of A, that F is of B, 
and that magnitudes have the same ratio to one nnoUicr which 
their cquimubipies has c, (v 15) 

therefore A is to J}, as JG is to F 
but r,s A s to j5 80 is Cto D, (h\-p ) 
wherefore as Cis to D, so is E to 2' 11 ) 

again, because O, JI are equimultiples of i), 
therefore as C is to D, so is G to JI (v 15 ) 
but It ■ras proved that as C is to D, so is Eto F, * 

therefore, as E is to F, no is G to JI (v 1 11 
But when four magnitudes are proportionals, if tlie first be greater 
'ban the third, the second is greater than the fourth 

and if equal, equal, if less, less , fv 14 ) 
therefore, if E be greater tnan G, J* likewise is greater than K, 
and if equal, cqud , if less, less 
and E, F arc any cqmmuluplcs whatever of A,B, (constr ) 
ana G, JI ant whatever of C, D 
tl'frcforc A IS to 0, as B to D (v def 6 ) 

If tnen four magnitudes, Ac Q r « 
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PBOPOSmON XYII THEOIlEM. 

If magnUttdet, taken jointly, he proportionab, they shall also be pro 
portionals sehen taken separately that is, sf tiro magnitudes together have 
to one of them, the same ratio which two others have to one of these, the 
remaining one of the first two shall have to the other the same ratio which 
the remaining one of the last two has to the other of these 

Let AJ), JBU, CD, DF be the magnitudes, taken jointlj which 
arc proportionals , . 

that IS, as AD to DF, so let CD be to DF 
Then thej shall also be iiroportionals taken scparatcl}, 

VIZ as AF to Fli, so shall CFbe to FD 

OHK X LMNP 

l~ ~ I • » 

A F B C FI) 


Take otAF, FB, CF, FD any equimultiples \^hatc^cr QJI, JIK, 
ZM,MN 

and again, of FB, FD take anj equimultiples whatever JKX, NP 
Then because GJI is the same multiple of AF, that JTJi is of FB, 
tlierefore OH is the some multiple of AF, that GK is of AB , (t 1 ) 
but GH IS the same multiple of AF, that LM is of CF 
therefore OK is the same multiple of AB, that LM is of CF 
Again, because LM is the same multiple of CF, that MX is of FD , 
therefore LM is tlie same multiple of CF, that LX is of CD 1 ) 
but LM was shewn to be the same multiple of CF, that GK is oiABt 
therefore GK is the same multiple of AB, that LN is of CD , 
tliat IS GK, LX ore equimultiples of AB, CD 
Next, because HK is the same multiple of FB, tlint fiFX is of FD, 
and tliat KK is also the same multiple of FB, that XP is of FD , 
therefore HX is the same multiple of EB, tint MP is of FD (v 2 ) 
And because AB is to BE, as CD is to DF, (hTO ) 
and that of AB and CD, GK and LX arc equimultiples, 
and of FB and FD,HX and jlfP are equimultiples , 
therefore if GK be greater tlian HX, tlien LXts greater than J/Pj 
and if equal, equal , and if less, less (A def 5 ) 
but if ffJTbc greater than KX, 
tlicn, by adding the common jiart HK to both, 

GK IS greater than HX:, (l h\ 4 ) 
wherefore also LX is greater than MP, 
and by tolling away jlfA’’ from both, 
iitf IS greater than A'P (l nx 5) 
therefore, if ffJETbe greater than KX, 

LM IS greater than XP 
In like manner it may be demonstrated, 
that if GH he e^unl to JCX, 

V LM IS equal to XP , and if less, less 

'^H, LM are any c^imulbples whatever of AF, CF, (constr.) 
I and KX, XP are anv whatever of FB, FD 
therefore, ns AF is to EB, so is CF io FD (a def 6 ) 

If then magmtudes, &c Q L D 
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PROPOSITION XVin TIIEORCXr, 

If IrJ*^ tcpa~attJtf, le propsrlKrntt, Ihrp iholl clto be 

p’^epcrltenalt tc*n taken /c*'*'/?/ that u if t'e fr.t be ta the second, as 
the third to tre fovrth, the frit erd s'^ord tore’her shall be ta the secord, 
et tie third endfcjrlh h-getfer ta Uefeurth 

Lrt AE EE, CF FE be proportionals , 
ibat IS, as AE to EEt 'o let CFte to jTJ? 

Then thc\ 'hall nl»o bo prmortionals vrhen taken jointly, 
that IS, 05 ^i? to EJuf 80 shall CD be to DF 

G K o n L > p at 

ARB C P D 

Take of AS, EE, CD, DF any equimultiples whatever GD, HK, 
L3l ME, 

and again, of EF, JDFtakc any equimultiples whatever KO, EP 
and because KO, EP ere cquiraulujiles of EE, DF, 

"nd that KII, EM are Iikcuicc tnmmuhip’cs of EE, Di , 
Uiercfo'e if KO, the multiple of EE, be greater tlian KIT, uluch 
IS a muluple o*" tlic same EE, 

then EP the multiple of DF, is also greater than EM, the mnl- 
tjp’c of the same DF 

and if KO be cqu-'l to KIT, 

E’P is equal to EM, and if less, less 
First. let KO be rot grcaicr thm KIT, 

therefore EP is not greater than EM 
and because GJI, UK, are equimultiples of AE, EE, 
and that AE is greater than EE, 
therefore GIT is greater than UK, (v as. 3 ) 
hut JeO IS not greater than KU^ 
therefore GU is greater than KO, 

In like mrnrer it mv, be shcun, tljit EM is greater than EP, 
Therefore, if KO be not greater than KU, 
then GU the mnltip''c of AE, is aIwaj-5 greater than KO, the 
multiple of EE, 

and likcnrc E2r, tne multiple of CD, is greater than EP, the 
multiple of DF 

Xcsi, let KO bs greater than JiTiT; 
thcwforc, as has been shcrni, EP is greater than EM 

a K HO I. \ M p 

$ 9 — 

A EB C PB 

And because the whole GU is the same multiple of the whole 
AE,\h&iUKisofEE, 

therefore the remainder GK is the same mnltiplc of the remainder 
AE that GU is of AE, (v. 5 ) 

uhich is the same that EM is of CD 
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In like manner, Lecause J^3 £ is the same multiple of CD, that itfiV 
IS of DjE, 

therefore the remainder ZN is the same multiple of the remainder 
CF, that the -whole ZM is of the -whole 02) (v 6 ) 
but It -was shewn that ZM is the same multiple of CD, that OK 
u of AJE, 

therefore GK is the same multiple of AE, that Z22 is of CF, 
thot IS, OK, ZN are equimultiples of AE, CF 
And because KO, NP are equunmtiples of JBE, DF, 
therefore if from KO, NP there be taken KN, NM, which are 
likewise equimultiples of BE, EF, 
the remainders SO, MP are either equal to BE, EF, or equi- 
multiples of them (v 6 1 

First, let SO, MP be equal to BE, EF 
then because AE is to EB, as CP to FE, (h^ ) 
and that OK, ZN are equimultiples of AE, OF, 
therefore GK is to EB, as ZN to FE (v 4 Cor ) 
but SO IS equal to EB, and JlfP to FE , 

-therefore GK is to SO, as ZN to jlfP, 
therefore if CP be greater than SO, ZN is greater than MP, (v A ) 
and if equal, equal, and if less, less 
‘But let SO, IIP be equimultiples of EB, FE 
Then ^ecause AE is to EB, as CF to FE, (hyp ) 

GKEO LNMP 

I • “ • • "*“ 

A £ B C FD 

# t 

and that of AE, CP ore taken eqmmultiples OK, ZN, 
and of EB, FE, the equimultiples SO, MP , 
if GK be greater than SO, ZN is greater than MP , 
and if equal, equal , and if less, less , (v def 5 ) 
which was likewise shewn in the prccemng case 
But if CJTbe greater than KO, 
takmg KS from both, GK is greater than 210 , (l ox 6 ) 
wherefore also ZN is greater than MP, 
and consequently adding iOf to both, 

ZM IS greater than NP ' (l ox 4J 
therefore, if CD" be greater than KO, 

ZM IS greater than NP 

In like manner it may be shewn, that if CDTbe equal to KO, 

ZM IS equal to NP ; and if less, less 
And in the case m which KO is not greater than KS, ' 
It has been shewn that OS is alwajs greater than KO, 
and likewise ZM greater than NP 
but GS, ZM are any equimultiples whatever of AB, CE, (constr ) 
and PO, A^P are any whnteier of DP, DP, 
therefore, as AB is to BE, so is CD to DP (v def 6 ) 

If then magmtudes, &c Q e D 
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PROPOSITION XJS. THEOREil 

If a whole magnitude he to a whole, as a magnitude taken from the jirsl 
IS to a magnitude taken from the other, the remainder shall be to the 
remainder as the whole to the whole 

Let the 'vrhole AS be to the 'whole CD, as AS a magnitude taken 
&om AS 18 to CF a ma^tude taken from OJD 
Then the remamder SS shall he to the remainder FS as the whole 
AS to the whole CD 

A E B 

I 

C F D 

I 

Because AS is to CD, as AS to CF 
therefore alternately, SA is to AS, as DC to CF (v 16 ) ‘ 
and because if magmtudes taken jointly be proportionals, they are 
also proportionals, when taken separately, (v 17 ) 
therefore, as SE is to EA, so is DF to FC, 
and alternately, as SE is to DF, so is EA to FC 
hut, as AE-to CF, so, by the hypothesis, is AS to CD, 
therefore also SE the remamder is to the remamder DF, As the whole 
AS to the whole CD (v 11 ) 

'WTierefore, if the iihole, d:o Q E B ‘ 

Cob. — ^If the whole he to the whole, as a magnitude taken from 
the first IS to a magmtude taken from the other , the remamder shall 
hkeinse 'he to the remamder, as the magnitude taken from tlie first 
to that taken from the other The demonstration is contamed m th** 
precedmg 


PROPOSITION E THEOREM , 

\ 

If four magnitudes he proportionals, they are also proportionals by con. 
version , that is, the first is to its excess above the second, as the third to its 
excess above the fourth 

Let AS he to SE, as CD to DF 
Then SA shall be to j^E, as DC to CF, 

A E B 

■ 

C F D 
i ‘ 

Because AS is to SE, as CD to DF, 
therefore hy di'vision, AE is to ES, as CD to FD ; (v 17 ) 
and hy inversion, SE is to EA, as DF is to CD, ^ b ) 
wherefore, hy composition, SA is to AE, as DC is to CD (v' 18 ) 
If therefore four, &c Q E D 

I 5 
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PROPOSITION XX THEOREM 

If there he three magnitudes, and other three, which, talen tun and two, have 
the tame ratio , then if the first be greater than the tnird, the fourth shall he 
greater than the sixth , and tf equal, equal , and if lestj lest 

Let A, B, C be three magnitudes, and JD, B, F other three, which 
taken tyro and two haie the same ratio, 

Tiz as ^ IS to J?, so IS 2) to F, 
and as H to C, so is to JF* 

If ^ be greater than C, 2) shall be greater than F, 
and if equal, equal , and if less, less 

A B ' c 

B E F 

Because A is greater than C, and S is any other magmtude, 
and that the greater has to the same magnitude a greater ratio than 
the less has to it, (V 8 ) 

therefore A has to a greater ratio than C has to B 
but aa I) lato B, BO IS A to B, ^yp ) 
therefore 2) has to JB a greater ratio than Cto M (v 13 ) 
and because ^isto C, ns B to F, 
by inversion, Cis to B, as j* is to ^ ® ) 

and 2) was shewn to have to JB a greater ratio than C to JB 
therefore JD has to JB a greater rqtio than Fto B (V 13 Cor ) ' 
but the maraitude which has a greater ratio than anotW to the same 
magmtude, is the meater of the two, (v 10 ) 
therefore JD is greater than F 
Secondly, let A be equal to C 

Then JD shall be equal to F, 

A B c 

D E F 

Because A rnd Care equal to one another, 
udistoH, nsCisto^ {\ T) 
but IS to 27, as 2> to JB, Hiyp 1 

and Cis to B, as J'to JB, (hyp ; 

wherefore JO is to B, as Fto B, h 11 and V b } 
and therefore JD is equal to J?’ (v 9 ) 

Next, let A be less than C 
Then JD shall be less than F 

A B — c 

D E F 

Por C IS greater than A , 

and as was shewn in the first case, Cis to os JBto JE?, 
and in hke manner, B is to A, as JB,to JD , 
therefore Fis greater than JD, bv the first case; 
that IS, JD IS less than F 
Therefore, if there be three &.o Q E D« 
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PEOPOSmON XXI. THEOEEM. 

Tftheie he ihno matfntiudes, and other three, tchch have the tante rati 
taken two and two, hut in a cnts older, then if the first magnitude bi 
greater than the third, the fourth shall be greater than the sixth , and \f 
equal, equal, and \f less, less 

w Lot A, JB, Cbc tlirec magnitudes, and D, JJ, Pother three, rihich 
have tho same ratio, taken two and two, hut in n cross order, 

Tir os A IS to JB so is JD to P, 
ond os P IS to 0, so is 2) to P 
If ^ he greater than O, JD shall he greater than P, 
and if equal, equal, and if less, less 

A B c 

D E F 

Because A is greater than C, and P is an} other magnitude, 

A has to P a greater ratio than O has to JB (t 8 ) 
hut os P to P, so IS to P, (h)!) ) 
therefore P has to P a greater ratio tlinn C to P (v 18 ) 
and hccausc P is to C, as P to P, {h}^) ) 
b} inicrsion, Cis to P, os P to P 
and P wos shewn to hare to P n greoter ratio than dins to P , 
therefore Pirns to Pa greater ratio than P has to P (V Id Cor) 
<ut the mognitude to wluch the same has a greater ratio than it has 
to another, is the less of tho two (v 10 ) 

tliercforc Pis less than P, 
that IS, P IS greater than P, 

Sccondh, Let A he equal to C, 

P sholl ho equal to P 

A B c 


Because A and C arc equal, 

A IS to P, as 0 18 to P (v 7 } 
hut A 15 to P, ns P to P, (hjq) ) 
and Cis to P, as P to P, 
tvherefore P is to P, as P to P, fr 11 j 
and therefore P w equal to P (V 9 ) 
Next, let A he less than C 
JD shall he less than P 


B — B F 

Por Q IS greater than A , 
and as was shewn, Cis to P, as P to P, 
and in like manner P is to .4, as P to Pj 
therefore P 's peatcr than JD, hi case first; 
Uiat 18 , P 18 less than P 
Tliereforc, if thn-c he three, &.c o B B. 
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PEOPOSITION XXn TETEOBEII 

If there he any number of magmtudes^and as many others, winch talen 
Uoo and two in order, have the same rafts , the first shall have to the last of 
the first mannitudes, the same ratio winch the first has to the last of the 
others N B This js tisuBlly cited by the irorda “ cx tcguali,” or “ ex 
tequo ” 

Pirst, let there bo throe mngiuludcs A, B, 0, and as inonj clhcra ) 
■ 9 , B, F, -whioh taken tno and two in. order, have the same ratio, 
that IS, such that is to j 8, ns 2> to iS, 
and ns E is to G, so is to JP 
Then A shall be to 0, ns D to jP 

G K ar 

A B c 

D p F 

H Ii N 

Take of A and J) any equimultiples whatever G and JI, 
and of B and E any equimultiples whatever K and L , 
and of G and F any whatever M and N 
then boeausc .d is to J?, ns D to E, 
and that G, E arc equimultiples of A^J), 

and K, L equimultiples of B, E, ^ 

therefore ns G is to K, so is JT to i (v 4 ) / 

for the same reason, X is to ilf ns i to ^ 
and because there are three maCTitudes G, K, M, and other three 
H, L, N, which two and two, have the same ratio, 
therefore if Q be greater than M, E is greater than A', 
and if equal, equal , and if less, less , (a 20 } 
but (?, E are any equimnltiplcs whatc\cr of A, D, 
and ilf, N arc any equimultiples whatever ot C,F, (const r ) 
therefore, as A is to C, so is D to J* (v def 6 ) 

Next, let there be four magnitudes, A, B, G, D, 
and other four E, F, G, E, which two and two hn\e the same ratio, 

VIZ as aI IS to 2?, so is jp to F, 
and ns 25 to C> so 2^ to G, 
and as G to 2), so 0 to 22 
Then A shall be to 22, ns 2P to 22 


A B o D 
E P G H 


Because A, 25, G arc three magnitudes, and E, F, 0 other three' 
which taken two and two, have 'the same ratio , J 

therefore by the foregoing case, ^ is to C, as JP to © 
but (7 is to 25, ns (? is to 22, 

wherefore ngnm, by the first case A is to 2), ns 2? is to 22 
and so on, whatever be the number of magnitudes 
Therefore, if there bo any number, &o q e Ji 
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PROPOSITION XSTTl THEOREM 

^ ihare be any number of magnitudes, and as manv others, which 
tajJn two and two m a cross order, have the same ratio, the first shall have 
to the last of the first magnitudes the same ratio which the first has to the 
last of the others JV B ITus is usually cited by the ivords ** ex tequali 
m proportione perturbatd,” or “ ex tequo perturbato ” 

^ First, let there be three magnitudes A, JB, C, and other three D, 

E, F, urhich taken two and two in a cross order have the same ratio, 

that 18 , such that ^ is to JS, as J? to jP, 
and as J? is to (7, so is D to ^ 

Then A shall be to C, as D to F* 

Q H t 

A B C 

D E F 

K M N 

Take of A, B, JD any equimultiples whnteter G, FT, K, 
and of C, E, F am equimultiples whatever X, M, If 
and because Q, H are equimultiples of A, B, 
and that magnitudes have the same ratio which their equimultiples 
have, (v 16) 

therefore as ^ is to B, so is (? to J7 
and for the same reason, as JB is to F", so is ilf to iV 
but as ^ IS to F, so IS X to F, (hyp ) 
therefoie as ff is to FT, so is ilf to iv (v 11 ) 
and because as B is to C, so is X to E, (hyp ) 
and that S, K are equmultiples of B, D, and L, M of C, E, 
therefore osfistoX, sois^toFf fvd) 
and It has been shewn that (? is to JET, as Jf to iV 
therefore, because there are three magnitudes Q, H, L, and other 
three K, M, If, which have the same ratio token two and two pi a 
cross order, 

if G be greater than Z, K is greater than If 
and if equal, equal , and if less, less (r 2l ) 
but G, K are any equimultiples whatever of A, JD, (constr ) 
and Z, If any whatever of C, F, 
therefore as -4 is to C, so is X to F* (y def 5) 

Next, let there be four magnitudes A, B, C, X, and other four E, 

F, G, JET, which taken two and two in a cross order have the ffa m " 
ratio, 

■m ^ to F, as ff to Jff, 

F to C, as F'to G, 
and C?to«D, as F to F* 

Then A shall be to X, as F to JET. 

A B 0 j> 

E ? Q S 


Because A, F, C are three magnitudes, and F, G, JET other three, 
which taken two and two in a cross order, have the same ratio , 
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by the first case, is to C, ns JP to Jff , 
but (7 18 to -D, as ^ IS to JP, 

wherefore again, by the first case, A is to J>, as JB to H", 
and so on, whateier bo the number of magnitudes 
Therefore, if tiierobe anv number, &.C. Q i-D 

PROPOSITION XXrV THEOREM 

If thefirti hat to the second the tame rath which the third hat to the fourth 
and the fifth to the second the same ratio which the sixth has to the fourth , the 
first and fifth together shall have to the second, the tame ratio which the third 
and sixth together have to the fourth 

Let AB the first have to C the second the same ratio which DE 
the third has to F the fourth , 

and let BG the fifth liavc to C the second the same ratio which 
EH the sivth has to Fthe fourth 

Then A G, the first and fifth together, shall have to C tlic second, 
the same ratio which DH, the third and sis-th together, has to F Uie 
fourth 


A BO DEE 



Becnusc'J?(? is to C, ns EH to JPj 
by inversion, C is to BG, as JP to EH (v b ) 
and because, os AB is to C, so is DE to F, (hj’p ) 
and ns C to BG, so is JP to EH, 
ex ajqunli, AB is to BG, as EE to EH (v 22 ) 
and because these magnitudes arc proportionals when taken separately, 
they ore likewise proportionals when takc^omtlv t (t 18 ) 
therefore as C? is to GB, so is EH to HE 
but as GB to C, so is HE to JP (hj-p.) 
therefore, ex tequali, as is to C, so is EH to F (v. 22 ) 
AVnerefore, if tlie first, fiJc q E.D 
Cob 1 — ^If the same hj’pothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second, as the excess of the 
third and sixth to the fourth The demonstration of this is the same 
with that of the proposition, if diixsion be used instead of composition 
Con 2 — The proposition holds true of two ranks of magnitudes, 
whatever be them number, of which each of the first rank has to the 
second mamitude the same ratio that the corresponding one of the 
second rank has to a fourtn magnituae os is manifest. 


PROPOSITION XXY THEOREM 


If four magnitudes of the same kind are proportionals, the greatest and^ 
least of them together are greater than the other two together 




Let the four magnitudes AB, CE, E, JPbe proportionals, 

VIZ AB to CE, as Eto F, 

' let AB be the greatest of them, and consequently F the Icasti 
(7 14 and A) ' 
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Then AJS togelhei with J* shall be greater than CD together witli JS 
A on c n D 


B F 

Take AG equal to D, and CJI e(]^ual to F 
Then because as AJB is to CD, so is D to F, 
and that AG is equal to F, and CH equal to F, 
tlicrcfore AS is to CD, ts AO to CH (v 11, and 7 ) 
and because AB the 1111010 , is to the whole CD, ns AO is to ClI, 
hkewisc the remainder QB is to the remainder HD, as the whole AB 
18 to the whole CD (v 19 ) 

but AB IS greater than CD , (lijm ) 
therefore GB is greater than HD , ( v a ) 
and because is equal to E, and CJI to F, 

A G and F together are equal to CH and E together fl ax 2 ) 
therefore if to the unequal magnitudes GB, HD, of wnicli OJi is 
the greater, there be added equal magnitudes, iiz to GB tlie two AG 
and F, and CH and E to HD , 

AB and 1' together are greater than CD and E (1 ax 4 ) 
Therefore, if four magnitudes, £.c Q E s 

PROPOSITION F THEOREM 

Raliot tcliich are compounded of the tame ratios, are the same to one another 

Let A 1)0 to R, as D to E, and R to C, ns D to R 
Then the ratio which is compounded of the ratios of A to R, and R 
to C, 

which, by the dcGuition of compound ratio, is the ratio of A to C, 
shall he the same with the ratio of D to F, which, b> the same 
definition, is compounded of the ratios of T) to E, and Eto F 


ABC 

DBF 


Because there arc three magnitudes A,B, C, and three others D, E, F, 
which, taken tw 0 and two, in order, have the same ratio , 
ex (cquali, A is to C, as D to F (v 22 ) 

Next, let A be to R, as E to F, and Bio C, as D to E 


ABC 

DBF 


therefore, cx aqttah tn proportione perturhaia, (v 23 ) 

A 18 to C, 03 D to F, 

that is, the ratio of A to C, which is compounded of the ratios of 
A to R, and R to C, is the same with the ratio of D to F, which is 
compounded of the ratios of D to E, and Eta F 

And in like manner the proposition may bo demonstrated, what- 
erer be the number of ratios in either cose 
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rEOPOSITION G THEOBEM 

If tcveral raitot be the same to several ratios, each to each , the ratio 
which 1# compounded of ratios which are the same to the fir^t ratios, each 
to each, shall be the same to the ratio compounded of ratios which arc the 
same to the other ratios, each to each 

Let A be to B, ns E to F, and C to J), as (? to ZT 
and let A be to B, as F to Z, and (7 to i>, as L to ilf / 

Tlicn the ratio of F to 211, 

by tbc definition of compound ratio, is compounded of Ibc ratios of 
F to Z, and Z to JII, irlucu arc the same with the ratios of A to B and 
OtoB 

Amun, ns to J", so let be to 0, and as G to H, •jo let 0 be to P 
Then the ratio of N to P is compounded of the ratios of N to 0, and 
0 to P, which arc the same with the ratios of E to F, and 0 to II 
and it IS to be shewn that the ratio of F to M, is the same with 
the ratio of F to P , 

or that F is to M, aa to P 


A B 0 D K L M 
E P G n ^ O P 


Bccansc F is to Z, as {A to B, that is, as P to P, that is, ns) P to 0 
and 03 L to ilf, so is (0 to B, and so is G to II, and so is) 0 to P 
ex ffiqnali, F is to ilf, as A" to P (a 32 ) 

Tlifcforc, if several ratios, &c Q E-B 


PBOPOSITIOBH THEOBEiT 

If a ratio which m compounded of several ratios be the same to a ratio 
which 1* compounded of several other ratios, and if one of the first ratios, 
or the ratio which is compounded of several of them, be the same to one of 
the last ratios, or to the ratio which is compounded of several of them , 
then the remaining ratio of the first, or, if there be more than one, the 
ratio compounded of the remaining ratios, shall be the same to the rhnain~ 
mg ratio of the last, or, if there be more than one, to the ratio compounded 
of these remaining ratios 

Let the first ratios be those of Ato B,B to 0, C to D,I> to E, and 
Pto F 

and let the other ratios be those of Gio ff,II to F, F to Z, and 
Z to M 

also, let the ratio of A to F, winch is compounded of the first ratios, \ 
be the same witli the ratio of G to M, which is compounded of the - 
other ratios , j 

^ and besides, let the ratio of A to B, whieh is compounded of the 

inci of A to B, B to C, G to B, be the same with the ratio of G to 
which IS compounded of the ratios of G to H, and Fto F 
> hen the ratio compounded of the remaming first ratios, to wit, of 
ratios of B to P, and P to F, which compounded rnlio is the ratid 
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of D to JP, shall be the same \ntli the ratio of JT to M, \ihich is corn* 
pounded of the remaining ratios of JT to £, and £ to Jf of tlie other 
ratios 

A n c D E F 
G n K f 'I 


Because, bj the hypothesis, ^ is to D, as G' to 
by inversion, J5 is to as Xto 6-, (v B ) 
and as ^ IS to JP, so IS (r to M, (m’p ) 
Uicrcforc, ev mqiiali, D is to J*, as ^ to JIT (V 22 ) 
If, therefore, a ratio trhich is, &.c q e d 


PROPOSITION K THEOREM 

If there he any number of ratios, and any number of other ratios, such, that 
the ratio which ts eonpounded of ratios which are the same to the first ratios, 
each to each, ts the same to the ratio which ts compounded of ratios which 
are the same, each to each, to the last ratios, and if one of the first ratios, or the 
ratio which is compounded of ratios which are the same to several of the first 
ratios, each to each, be the same to one of the last ratios, or to the rath which 
ts compounded of ratios which are the stone, each to each, to several of the last 
ratios! then the remaining ratio of the first, or, if there be more than one, 
^the ratio which ts compounded if ratios which are the same each to each to 
the remaining ratios of the first, shall be the same to the remaining ratio of the 
last, or, if there be nore than one, to the ratio which Is compounded of ratios 
which are the same each to each to these remaining ratios 

Let the ratios of A io JB, C to D, E to F, be the first ratios 
and the ratios of G io JI,K to L, M to E, Oto P, Q to JZ, be the 
other ratios 

and let be to J7, as iS to T, and (7 to JO, os JT to V, and E to F, 
os V to X 

therefore, bj the dcfin>tion of compound ratio, the ratio of N to X is 
compounded of the ratios of S to T, TXo V, and V to X, tv Inch ore 
the same to the ratios of Ato E,C to D,EtaF each to each 
Also, w G to H, so let I'bc to Z, and Kio L,os Zioa, 

AT to A', as a to i , 0 to P, as 4 to c, and Q to E, as c to d 
therefore, b) the same definition, the ratio of I' to d is compounded 
of the ratios of I'to Z, Zio a, a to 4, 4 to c, and c to d, which ore the 
some, each to each, to tlie rauos ot G to II, K Va L, M to X, 0 to P, 
and Q to JZ 

therefore, b} the hj’pothesis, jS' is to X, os Ytod 
Also, let the ratio of A to E, that is, the ratio of S to T, which is 
dne of the first ratios, he the same to the ratio of e to g, which is com- 
pounded of the ratios of a to f, and f to g, which, bj the hj^pothcsis, 
are the some to the ratios of G to Sf, and K to £, two of the other 
ratios, 

and let the ratio of 4 to / be that which is compounded of the ratios 
of h to 7v, and i to 7, which arc the same to the remaining first ratios, 
vir of (7 to E, and E to F, 




^34 


ttrCLTD’S ELEMENTS 


olso, let the ratio of m to p, be that Tphich is compounded of the 
ratios of m to n, n to o, and o to p, 'which are the same, each to each, 
to the remaining other ratios, -viz of Jlf to JV, 0 to jP, and (3 to JZ, 
Then the ratio of /( to f shall be the same to the ratio of m to |> } or 
A shall be to /, as m to p 


/ 


h, k, L 

A, B, C, D, E, F B, T, V, X 
G, H, E, L, M, N , 0, F, Q, E. T, Z, a, k, o, d 
e, f, g m, n, o, p 


Because t is to/, as (C? to JST, that is, as) Y to Z, 
and / IS to g, as {K to L, that is, as) Z to a , 
therefore, ex osquali, c is to g, as T" to o (v 22 ) 
and by the hypothesis, A is to B, that is, jS' to 7, as e to ^ { 
•wherefore Sib to T, as Y to a, (r 11) 
and by inversion, Tia to iS, as o to x (v B ) 
but S IS to X, as y to JD , (hjTi ) 
therefore, ex eequali, T is to X, as a to if 
also, because 7t is to A, as7C to D, that is, ns) 2’ to F, (hyp ) 
and A IS to Z 08 (JS to P, tiiat is, ns) F to X, 
therefore, ex tequali, A is to /, as 2* to X 
m like manner, it may be demonstrated, that miatop, as a to d, ^ 
and it has been shewn, that 2' is to X, os a to d, 
therefore A IS to Z, as m to (v 11 ) Q E.D ^ 

The propositions <? and Y are usually, for the sake of brevity, ex- 
pressed m the same terms with propositions F and 21 and therefore 
It was proper to shew the true meaning of them ivhen they are so 
expressed , especially since they are very frequently made uco of by 
goomotors 
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Ik the first four IBooks of the Elements nro Gonsidcrcd, oitl} ti 
absolute cquidity and uicquality of Qcometrical magnitudes The Fift 
Book contains nu exposition of the principles ‘nherebj: a more deilnit 
comparison mo} be instituted of the relation of magmtudes, besides thci 
simple equality or inequality 

^ The doctrine of Proportion is one of the most important m the urhole 
course of mathematical truths, and it appears probable that if the subject 
Mere read Gimultancousl} in the Algebraical and Qcometneal form, the 
investigations of the properties, under both aspects, vrould mutually 
assist each other, and both become cquall) comprehensible , olso their 
distmct characters uould be more casdj perceived. 

Pcf T, II In the first Four Books the ivord part is used in the some 
sense as uc find it in the nmth axiom, “The whole is greater than its 
part ' uhcrc the word part means any portion u hates cr of any wholo 
magnitude but in the I'lfth Book, tho uord part is restricted to mean 
that portion of magnitude iihich is contained an exact number of times 
in the uholc For instance, if any straight line be token two, three, four, 
or any number of times another straight line, b) Euc i 3 , tho less line 
IS colled a port, or rather a submultiplc of the greater Imc , and the ^cater, 
a multiple of the less line The multiple is composed of a repetition of 
the same magnitude, and these dcfimtions suppose that tlic miutiplc may 
be divided mto its ports, am one of which is a mcosU'-c of tho multiple 
And it IS also obvious that when there are two magnitudes, one of wliicl 
Is a multiple of the other, the two magnitndcs must be of the same kind, 
that IS, they must be two Imcs, two angles, two surfaces, or two solids 
tlius, a tnanglo is doubled, trebled, &c , by doiiblmg, trebling, &c the 
base, and completing the figure The same may be said of a parollclo* 
gram Angles, ores, and sectors of equal circles maj bo doubled, trebled, 
or any multiples found bv Prop xxvj—xxix, Book iii 

Two magnitudes are said to be commensurable when n third magnitude 
of the same kind can be found which wdl measure both of them , and 
this third magmtude is caMcd their common measure and when it is tiio 
greatest magnitude which will measure both of tlicm, it is called the 
greatest common measure of the two magmtudes also when two magni- 
tudes of the same kind have no common measure, tlic) arc said to be 
tneommetisurable The same terms arc also applied to numbers 

Umtj has no mognitudc, properly so called, but may represent that 
portion of Cl cry kind of magnitude which is ossumed os the measure of 
all magmtudes of the same l^d The composition of unities cannot pro- 
duce Geometrical magnitude , three units arc more tn number than one 
unit, but still as much dificrcnt from magnitude as unit} itself Kumbers 
maj be considered os quantities, for we consider every thmg that con be 
exactly measured, os a quontit} 

Unity IS a common measure of all rational numbers, and all numerical 
r^onings proceed upon the hypothesis tlint tho unit is the same through* 
0 fit the whole of ana particular process Euclid has not fixed magni- 
tude of ana unit of length, nor made reference to an} unit of measure of 
lines, surfaces, or Tolomcs Hence anscs an essential difference between 
number and magmtude, unit}, being inaariablc, measures rationd 
numbers , but though any quantit} be assumed os the unit of mogmtude, 
it IS impossible to assert that tlus assumed umt will measure all o&er 
magmtudes of tho same kmd, < 
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All 'whole numbers therefore are commensurable , for unity is theu 
common measure also all rational fractions proper or improper, ore com- 
mensurable , for anr each fractions may be reduced to other cqumlcnt 
fractions lin-ving one common denominator, and that fraction Mhose de- 
nominator IS the common denominator, and ■whose numerator is unit) , 
mil measure an j one of the fraetions Two mn^itudcs hn\ ing a common 
measure can be represented by two numbers which express tlio number of 
times the common measure is contained in both the magnitudes J 
But two incommensurable magnitudes cannot be cxactl} represented by 
nnj two whole numbers or fractions'll hatcrer, os, foruistanccv the side 
of a square is incommensurable to the diagonal of the square Tor, it may 
bo shewn numerically, that if the mde ol the square contain one unit of 
IcngUi, the diagonal contains more than one, but less tlion two units of 
length If the side be diiidcd into 10 units, the diagonal contain; more 
than 14, but less than 16 such units Also if the side contain 100 units, 
the diagonal contains more than 141, but less than 142 such units It is 
also obvious, that as the side is successiveh divided into n CTcatcr number 
of equal parts, the error in the magnitude of the diagonal will bo diminished 
continunll) , but noi or can bo entirely exhausted , and therefore into whit- 
eicr number of equal ports the side of a square be dhidcd, the diagonal 
will noicr contain on exact number of such ports ITius the diagonal and 
side of a square haiing no common measure, cannot be cxactl) repre- 
sented by any two numbers 

The term equimultiple in Geometr) is to be understood of magnitudes 
of the same kind, or of different kmds, taken an equal number of times, and 
implies only a division of the magnitudes mto the some number of cquiA 
ports Thus, if tivo given lines are trebled, the trebles of the lines are 
eqmmulliplet of the two hues and if a gn en line and n gi\ cn triangle be 
trebled, the trebles of the line and tnanglc ore cqiumultiplcs of the line 
and triangle ns(M 1 fig) the straight line IIC and the tnnnglo yf//C 
arc equimultiples of the Imo BC and the triangle ABC and in the some 
manner, (m 33 fig ) the arc EiV and the angle 2. J/hT ore equimultiples of 
the arc EF and the nnglo EIIF 

Def in Aoyo* iotI juo /itytOtSv opoyivSii ») koto stuXikotiito rpoi 
ttWiiXa voia irx«Vi* Bi this definition of ratio IS to be understood the con- 
ception of the mutual relation of two magnitudes cf the same kind, as two 
sr-aight lines, two angles, two surfaces, or two solids To prcient am 
misconception, Def n la)8doivnthccntcnon,whcreb) itmay beknown 
what kinds of magnitudes can hove a ratio to one another, namely, 
Aoyou txt-iv ifpot aWnXa ptyiOij X/ytToi, a ivimrai veWnTXairia^o/itpa 
d\\ii\a>i> irrepcxeti' " Magnitudes arc Sold to liaic nratioto oncnjiothcr, 
which, when they are muluphod, con exceed one another ,” in other words, 
the magnitudes which are capable of mutual comparison must bo of tlio 
same kind 1 he former of the tw o terms is called the antecedent , and the 
alter, me consequent of the ratio If the antecedent and consequent are 
equal, Ao ratio is called n ratio of equality , but if the antecedent be greater 
or less than the consequent, the ratio is called a ratio of greater or of less 
inequality Care must be taken not to confoimd the expressions *' rniifo 
of equnlit) j^and “ equality of ratio " the former is apphed to the tmls 
of a ratio when they, the antecedent and consequent, arc equal to one 
Bnomcr, but the latter, to two or more ratios, when they are equal 
Anthmctical ratio has been defined to be the relation w hich one number 
I -ars to anotlmr w ith respect to quotity , the comparison bemg made by 
j idermg what multiple, part or ports, one number is of the other 
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Kn ftnthmcUcAl ratio, tlicrcforc, is represented by the quotient which 
arises from dividing the antecedent tyr the consequent of the ratio , or by 
the fraction w luch Kiis the antecedent for its numerator and the consequent 
for Its denominator lienee it will at once be obv lous that the properties 
of arithmetical ratios w ill be made to depend on tho properties of fractions 
It must ever be borne in mind tliat tho subject of Geometry is not 
number, but tho magnitudo of lines, angles, surfaces, and solids , and its 
direct IS to dcmonsintc their properties b> a comparison of their absolute 
and rchtivc magnitudes 

Al«o, in Geometry, mulltphealton is only a repented addition of the same 
magnitude , and diasioii is only a repeated subtraction, or the to) ing of n 
lc«s mngmtudo Bucce<s«ivcl) iram a greater, until there be either no re* 
roninder, or a remamder less than Uto magnitude which is successively 
Bubtmeted 

'iTio Geometrical ratio of any two given mignitudcs of tlic same kind 
will obnouslv be represented bv tlic mignitudcs Uicinsclvcs, thus, the 
ratio of tiro lines is represented by the lengths of the lines themselves, 
and, in the same manner, the ratio of tiro angles, tw o surfaces, or two 
solids, will be properly represented by Uic magnitudes themselves 

In the dedmUoii of ratio as given bj Euclid, all reference to a tliird 
magnitude of tlic sime geometnuil species, bj means of w Inch, to compare 
tho two, whose ratio is tho subject of conception, has been cnrcfullj 
avoided llie ntio of the two mogmtudes is their rclition one to the other, 
without tho intcrvenlioii of inj standard unit vrhutover, and nil the pro- 
positions demonstrated in tlic Fifth Book respecting the equahly or vie- 
A thtyoftvroormorc ratios, arc demonstrated independently ofniiv know- 
ledge of the exact numcncn measures of the ratios , and their gcneralitv 
includes all ratios, whatever distinctions may he made, ns to tlio terms of 
them being commensunblc or incommensurable 

In mcosunng nn> mignitudc, it is obvious tliat a mogmtudo of the 
same 1 md mu-t do used , but the ratio of tw o mignitudcs mn> be measured 
bv cverv thing which has the property of quaniltj Two Blralght luics 
will meisuro the rnuo of tw o triangles, or parallelograms (v i 1 fig ) • and 
two triangles, or two p irdlclograms will measure tlic ratio of tw o straight 
lines It would manifi'stlv be absurd to speak of the hnc ns measuring 
tlic triangle, or the triangle measuring the line (See notes on Book n ) 
The ratio of anj two cuantitics depends on Uicir relative and not their 
ahtplutc magnitudes { and it is possible for tho abioliile magnitude of two 
quantities to be changed, and their rehtive magnitude to continue tho 
same as before, and thus, the same ratio may subsist between two given 
magnitudes, and an> other tw o of tho same kind 

In tlus method ol measuring Geometrical ratios, the measures of the 
ration arc the same in number os the magnitudes thcmsclv cs It boa how - 
ever two advantages , first, it enables us to pass from ono kind of magni- 
tude to another, and tiius, independently of anj numcncal measure, to 
instiime a comparison between such magnitudes os cannot bo dircctlj 
empared with one another and secondly, tho ratio of two magnitudes 
ogtlic same kind may be mcawircd by two straight hues, whiui form a 
simpler measure of ratios than any other kind of magnitude 

But Uio simplest method of all would be, to express the measure of tlio 
ratio of iteo magnitudes b) one, but tlus cannot be done, unless the two 
magnitudes arc commensurable If two lines AB, CD, ono of whicli AB 
contains 12 units of any length, ond the oUicr CD contains 4 imits of the 
same length , then the ratio of the lino 427 to the line CD, is tlio same as tho 
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ratio of the number 12 to 4 Thus, two numbers may represent the ratio 
of tw 0 Imes when tlio lines are commensurable In the same manner, two 
numbers may represent the ratio of two angles, two surfaces, or two sohds 

Thus, the ratio of any two magnitudes of the same kmd may bo ex- 
pressed by two numbers, when the magnitudes arc commensurable By 
t^s means, the consideration of the ratio of tw o magmtudes is changed to 
the consideration of the ratio of two numbers, and when one number va 
divided bj the other, the quotient will be a stnpla number, or a f7 actum, 
which will be a measure of the raito of the two numbers, and thcrefor^f 
the two quantities If 12 be divided by 4, the quotient is 3, which ntca- 
sutes the ratio of the two numbers 12 and 4 Again, if besides the ratio 
of the lines AB and CD which contain 12 and 4 umts respectively, we con- 
sider two other lines EFouOl. G// which contain 9 and 3 units respectively, 
it IS obvious that the ratio of the Ime EF to GH is the same os the ratio 
of the number 0 to the number 3 And the measure of the ratio of 9 to 
3 IS 3 That is, the numbers 9 and 3 have the same ratio as the numbers 
12 and 4 

But this IS a numerical measure of ratio, and can only be applied strictly 
when the antecedent and consequent arc to one another as one number t^ 
another / 

And goncndly, if the two hnes AB, CD contain a and b units respec- 
tively, and q bo the quotient wluch mdicatcs the number of times the 
number b is contamed in a, then q is the measure of the ratio of the two 
numoers a and b and if EF and GII contain c and d umts, and the number 
d be contained q times m c : the number a has to b the same ratio os the 
number e has to d 

Ihis IS the numerical definition of proportion, wluch is thus expressed 
m Euclid’s Elements, Book vii, dcfimtion 20 " Four numbers arc pro- 

portionals when the first is the same multiple of tho second, or Uio same 
part or parts of it, as the third is of the fourth ” Tins dcfimtion of the 
proportion of four numbers, leads at once to an equation 


for, smee a contains b, q tunes 


a 
’ b 


9 


and smee e contains d, ; times 


e 

• d 


= 9 


c c 

therefore j ^ which is the fundamental equation upon which all the 

rcasonmgs on tho proportion of numbers depend 

If four numbers be proportionals, the product of the extremes is equol 
Id the product of tho means 

For if a, b, c, d be proportionals, or a 6 c d. 


Then 


a e 
b~d' 

Multiply these equals by id, 

aid cid 

“i T' 

or, ad Es be. 


I 

) 


that IB, the product of tho extremes is equal to the product of the moons 
And conversely. If the product of the two extremes bo equal to the 
duct of the two mbons, the four numbers arc proportionals 
For if o, i, c, d, be four quantities. 
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suoh tkat ad = he, 

c c 

then dividing these equals by id, therefore j = 51 

and a b • c d, 

or the first number has the same ratio to the second, as the third has to 
the fourth 

*f n b 

If c as 6, then ad = b*, and conversely if «d = i® then g = ^ 

These results are analogous to Props 16 and 17 of the Sixth Book. 
Sometimes a proportion is defined to be the equality of tivo ratios 
Def vin declares the mconmg of the term analogy or proportion Tlie 
ratio of tn o hues, two angles, two surfaces or two solids, means nothing 
more than their relative magmtude m contradistinction to their absolute 
magnitudes , and a simihtude or likeness of raUos implies, at least, the tii 0 
ratios of the four magmtudes which constitute the analogy or proportion 
Def IX states that a proportion consists m three terms at least, the 
meanmg of which is, that the second magmtude is repeated, being made 
the consequent of the first, and the antecedent of the second ratio It is 
also obvious that when a proportion consists of three magnitudes, all three 
are of the same kmd Def vi appears only to be a further explanation 
of what IS imphed m Def 1 m 

Def V Proportion having been defined to be the of ra^wf, 

or more properly, the equality or identity of ratios, the fifth defimtion lays 
,-,doivn h entenon by which two ratios may be known to be equal, or four 
' magmtudes proportionals, without involving any mqiury respectmg the 
four quantities, whether the antecedents of the ratios contam or ore con- 
tained m their consequents exactly , or whether there are any magmtudes 
w'hich measure the terms of the two ratios The criterion only requires, 
that the relation of the equimultiples expressed should hold good, not 
merely for any particular multiples, os the doubles or trebles, but for any 
multiples whatever, whether large or small 

This entenon of proportion may be apphed to all Geometneal magm- 
tudes which con be midliphed, that is, to oil which can be doubled, trebled, 
quadrupled, &.c But it must be borne m mmd, that *lhis entenon does 
not exmbit a defimte measure for either of the two ratios which constitute 
the proportion, but only, on iindcternuned measure for the sameness or 
equality of the two ratios The nature of the proportion of Geometrical 
ma^tudes neither requires nor admits of a numcncol measure of either 
of the two ratios, for this would be to suppose that all magmtudes are 
commensurable Though we know not the defimte measure of either of 
the ratios, further than that they ore both equal, and one may be taken os 
the measure of the other, yet particular conclusions may be amved at by 
this method for by the t^ of proportionohly here laid down, it con be 
proved that one magmtude is mcater than, equal to, or less than another 
that a third proportional canbe found to two, and a fourth proportional 
^ three straight Imes, also that a mean proportional can be found be- 
tween two straight lines and further, that which is here stated of 
straight Imes may be extended to other Geometneal magmtudes 

The fifth definition is that of equal ratios The defimnon of ratio itself 
(dels 3, 4) contains no entenon by which one ratio may be known to bo 
equal to another ratio * analogous to that by which one magmtude is 
known to bo equal to another magmtude (Euc i Ax 8) The preceding 
defitntions ^3 — 1— — < — ■* ^ — ■< 
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but lay down no test for comparison, or the deduction of properties All 
Euclid’s reasonings were to turn upon this comparison of ratios, and 
hence it 'vs as competent to lay down a criterion of equality and inequality 
of two ratios between two pairs of magnitudes In short, his effective de- 
dnition 18 a definition of proportionals 

'Ihe precision ivith whi6h this definition is expressed, considermg the 
number of conditions mvolved m it, is remarkable Like all complete . 
de^tions the terms (die subject and predicate) arc conTcrtiblc that wd 

(a) If four magmtudes be proportionals, and any equimultiple hi 
taken as prescribed, they shall naTO the specified relations with respect 
to ** greater, greater," &c 

(ij If of fbur magnitudes, two and two of the same Geometrical 
Species, It can be shouu that the prescribed equimultiples being taken, 
the conditions under nhich those magnitudes CMSt, must he such ns to 
f^ulfil die criterion " greater, greater, &.c " , then dicse four magmtudes 
shall bo proportionals 

It may be remarked, that the cases in which the second part of the 
entenon (“ equal, equal”) can be fulfilled, arc comporntii cl> few namely 
those in which the given magnitudes, whoso ratio is under consideration, 
ar£ both exact multiples of some third magnitude— or those which arc 
called commensurable When this, how ever, is fulfilled, the other two will 
be fulfilled as a consequence of this When diis is not the cose, or the 
magnitudes arc tncommensurable, the other tivo criteria dctcrmmcthc pro- 
portionality However, when no hypothesis respecting commensur- 
ability IS mvolved, the contemporaneous existence of the dtree eases 
(*« greater, greater , equal, equal , less, less") must be deduced from didl 
nj'pothctical conditions under which the ma^utudes exist, to render the 
critcnon valid 

With respect to this test or criterion of the proportionality of four 
magmtudes, it has been objected, that it is utterly impossible to make 
mid of all the possible eqmmultiples of the first and tlurd magmtudes, 
and also of the second and fourth It maj be replied, that the pomt m 
imestion is not detemuned by making such trials, but by shewung from 
the nature of the magmtudes, that whatever bo the multipliers, if the 
muluple of the first exceeds the muluplo of the second magnitude, the 
multiple of the third will exceed the multiple of the fourth magnitude, 
and it equal, will be equal , and if less, will be less, in any case which 
may be taken. 

The Arithmetical definition of proportion m Book vn, Dcf 20, even 
if it were equally general with the Geometrical defimtion m Book v, Dcf 
6, IS by no means muversally apphcablo to the subject of Geometrical 
magmtudes The Geometneal criterion is founded on multiplication, 
which IS alw ays possible "When the magmtudes ore commensurable, the 
multiples of the first and second may be equal or unequal , but when the 
magnitudes are mcommeusurable, any multiples whatever of the &st and 
second >ntis< be unequal , but the Arithmetical criterion of proportion is 
founded on division, w hich is not alw ays possible Euchd has not shewn 
in Book v, how to take any pcCrt of a hne Or other mogmtude, or Aat thf 
two terms of a ratio have a common measure, and ^erefore the numenciU 
defimtion could not be strictly apphed, even in the lizmted way in winch 
jt may be apphed 

Number and Magnitude do not correspond m all their relations , and 
-V. the distmction between Geometneal ratio and Arithmetical ratio , 
former is a compansion kotb wiiXiicoTtrra, accordmg to Quantity, but 
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the latter, according to quobtj Tlie former gives an undetermined, 
diough definite measure, m magnitudes, but tlie latter attempts to 
gi> e the exact value in numbers 

The fifth book exhibits no method ■nhcroby two magnitudes may be 
determined to bo commensurable, and the Geometrical conclusions de- 
duced from the multiples of magnitudes arc too general to furnish a 
numerical measure of ratios, being all independent of the commensura 
bility or incommcnsutabilitj of the magnitudes themselves 

It IS the numencal ratio of two magnitudes wliich will more certainly 
dtscotcr whether they arc commensurable or incommensurable, and 
lienee, recourse must be had to the forms and properties of numbers 
All numbers and fractions arc cither rational or irrational. It has been 
seen that rational numbers and fractions can express the ratios of Qco- 
meincal magmtudes, when they are commonsurablo Similar relations 
of incommensurable magnitudes may be expressed by irrational numbers. 
If the Algebraical expressions for such numbers moy bo assumed and 
employed in the same manner oS rational numbers The irrational 
expressions being considered the exact and definite, though undeter- 
mined, values of tlie ratios, to wluch a senes of rational numbers may 
successively approximate 

Though tn o incommensurable magnitudes have not an assignablonumc 
ncol ratio to one another, yet they have a certain definite ratio to one 
another, and tuo other magmtudes may have the same ratio os the first 
two and it v^l be found, that, when referenoe is made to the numerical 
aaluc of the ratios of four mcommcnsurablc magnitudes, the same irra- 
tional number appears m the two ratios 

The sides and diagonals of squares can be shcivn to be proportionals, 
and though die ratio of the side to the diagonal is represented Geome- 
tncally by the two bncs which form the side and the diagonal, there is 
no rational number or fraction which will measure exactly their ratio 

If the side of a square contom a units, Uio ratio of tlic diagonal to the 
side 18 pumencally os V2 to 1 , and if the side of another square contain 
b umts, tlie ratio of the diagonal to the side will be found to be in the 
ratio of V2 to 1 Agom, the two parts of any number of lines which 
may bo di\ ided in extreme and mean ratio will be found to bo respectively 
in the ratio of the irrational number v6 — 1 to 3— Vfi. Also, the 
ratios of the diagonals of cubes to the diagonals of one of the faces will 
be found to be in the irrational or incommensurate ratio of VS tot/ 2 

Thus it wnll bo found that the ratios of all incommensurable magni- 
tudes which are proportionals do involve the same irrational numbers, 
and these may be used ns the numencal measures of ratios m the same 
manner as rational numbers and fractions 

It is not however to such cnquincs, nor to the ratios of magnitudes 
when expressed as rational or irrational numbers, that Euelid’s doctnno 
of proportion is legitimotcly directed Tlicro is no enquiry into what a 
ratio IS in numbers, but whether in diagrams formed according to assigned 
conditions, the ratios between certain parts of the one are the same as 
'^he rauos between corresponding parts of the other Thus, with respect 
to any two squares, the question that properly belongs to pure Geometry ' 
is — ^whether the diagonals of two squares have tie same ratio os the 
Bides of the squores? Or whether the side of one square has to its 
diagonal, the same ratio as the side of the otlicr square has to its diagonal * 
Or again, whether in Euc vi 2, when BCand i)£ are parallel, the lino 
Bn has to the lino D/f, the same ratio iliat the line CS has to the line 


M 
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AE} Tlicro is no purpose on tlio 'part of Euclid, to assign eitlier of these 
ratios in numbers but on^ to prove that their uniTcrsal sameness is 
met itably a consequence of the ongmal conditions accordmg to nhich 
the diagrams -were constituted There is, consequently, no mtroduction 
of the idea of mcommensurables and indeed, vntli such an object as 
Eucbd hod m vicn , the simple mention of them would have been at least 
irrelevant and superfluous If howe\ er it be attempted to apply numeri- 
cal considerations to pure geometrical investigations, incommcnburablcsj 
11011 soon be apparent, and difiiculttes Moll arise Mhich Mere not foreseen/ 
Eucbd, hoM over, effects his dcmonstrotions inthout creating this arti- 
flcial dilHculty, or even recognising its ci^tencc Had he assumed a 
standard unit of length, ho v ould nai e invoh cd the subject in numeri- 
cal considerations, and entailed upon tho subject of Geometry the 
almost insuperable diflicultics which attach to all such mctliods ' 

It cannot, however, be too strongly or too frequentlj impressed upon 
the learner's mind, that nil Euchdn reasomngs are independent of the 
numencal expositions of the magnitudes concerned That the enquiry 
as to what numerical function any mngmtude is of another, belongs not 
to Pure Geometrv, but to another Science Tho consideration of any 
intermediate standard unit docs not enter into pure Geometry, into 
^gebraic Geometry it CBsentiall> enters, andindeed constitutes the funda- 
mental idea Tho former is wholl} free from numerical considerations , 
the latter is entirely dependent upon tliem 

Dcf vn is analogous to Eef 6, and la>s down the cntcrion whereby 
^e ratio of two magmtudes of the same kmd may be know n to bo greater 
or less than the ratio of two other magnitudes of the some kmd ^ 

Def xt includes Def x ns three magmtudes maj be contmued pr6- 
portionols, ns well as four or more than four In continued proportionals, 
all tho terms except tho first md last, are made succcssivclj tho conse- 
quent of one ratio, and the antecedent of the nert, whereas m other 
proportionals this is not the case 

A senes of numbers or Algebraical quantities m continued proportion, 
16 colled o Geamelneal progression, from the analogv they bear to a senes 
of Gcometniol magnitudes m continued proportion 

Ecf A Tlio term compound ratio was devised for the purpose of 
avoidmg circumlocution, and no difllculty can onso in tho use of it, if 
Its exact mcamng be stnctly attended to 

With respect to the Goometncal measures of compound ratios, three 
straight hues may measure the ntio of four, os in Prop 23, Book v i 
For KtaL measures the ratio of J?(7 to CG, and L to M measures the 
r^tio of DC to CE, and tho ratio of JiT toJfis tliat which is said to be 
compounded of tho ratios of K to £, and £ to M, w hicli is tlic same ns the 
ratio wluch is compounded of the ratios of the sides of tho parallelograms 
Both dupheate and triplicate ratio ore spcciCs of compound ratio 
Dupheato ratio is a ratio compounded of two equal ratios , and m the 
cose of three magnitudes which are contmued proportionals, means the 
ratio of the first to a third proportional to the first and second 

Tnpheate ratio, in tho same manner, is a ratio compounded of threw 
equal ratios, andm the cose of four magmtudes wluch arc continued 
proportionals, the tnpheate ratio of tho finst to tlic second means tho 
ratio of tho first to a fourth proporbonnl to tho first, second, and third 
magnitudes Instances of the composition of three ratios, and of tnph- 
cate ratio, will bo found in tlw eleventh and twelfth books 
^ The product of the fractions which represent or incisure tho ratios 
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of aiirabets, concsponds to the composition of Geomotrical ntios ol 
magmtades 

It has been shewn that the ratio of two numbers is represented by a 
fraction whereof the numerator is the antecedent, and the denonunator 
the consequent of the ratio, and if the antecedents of two ratios be 
multiphed together} as olso the consequents, the new ratio thus formed 
is said to be compounded of these two ratios , and in the same manner, 
r if there be more than tw o It is also obvious, that the ratio compounded 
^\of tivo equal ratios is equal to the ratio of the squares of one of the ante- 
cedents to Its consequent , also when there ore three equal ratios, the 
ratio compounded ol the tlucc ratios is equal to tlie ratio of tlie cubes of 
any one of^e antecedents to its consequent And further, it may be 
obserred, that when seieral numbers arc continued proportionals, the 
ratio of the first to the lost is equal to the ratio of the product of all the 
antecedents to the product of oil the consequents 

It may be here remarked, that, though tlie constructions of the pro- 
positions in Book V ore exhibited by straight Imcs, the enunciations ore 
expressed of magmtude in general, and are equally true of angles, 
triangles, parallelograms, arcs, sectors, Ho 

The two following axtoms may be added to the four Euchd has given 
Ax 5 A part of a greater magmtude is greater than the some part 
of a less mogiutudc 

Ax 6 'ihat magnitude of w Inch any part is greater than the same 
part of another, is greater than that other magmtude 

The learner must not forget that the capital letters, used generally by 
' Euclid m the demonstrotions of the fifth Book, represent the tnagratudes, 
not any numerical or Algebraical measures of them sometimes how ever 
the magnitude of a hne is represented* m the usual waj by two letters 
winch arc placed at the extremities of the hne 
Prop I Algebraically 

Let each of the magnitudes 4, B, C, S.C. be equimultiples of as many 
a, i, e, &.C. 

that 15, let A ts m times a = ma, 

B f= m times b a; nib, 

G ’am times c es tne, &c 

First, if there be two magnitudes cqmmultiples of two others, 

Then A -f- B = ma + md s m (o -f 6) » »i tunes (o + b). 

Hence A + B is the same multiple of (a -f fr), as A is of a, or B of 6 
Secondly , if there be three magnitudes equimultiples of three others, 
then A -l- B -1- C = mo + »i6 + »ic = »i (a + 6 + c) 

. = m times (o + 6 -J- c). 

Hence A + B + C is tlie same multiple of (« + t + c), 
as A 13 of a, B otb, nud C of c 
Similarly, if there were four, or any number of magnitudes. 
Tliercforc, if am number of magnitudes be equimultiples of as many, 
each of each, what mulbplc soever, anv one is of its part, the same 
mifttiplc shall ftic first magnitudes bo of nil the other 
Prop « Algebraicallj 

Let A, the mwt magnitude, he the same multiple of a, the second, 
ns Ag the third, is of the fourth , and A^ tho hfth tlie same multipl;) 
of a, the second^ as At the oixth, is of at the fourth. ^ 
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That IS, let Ai s m tunes a, a niSji 
Aa = m tunes a^ a na^, 

Aa = n times at a na„ 

Jt = n tunes O4 a na^ 

Then by addition,^! + •dt = faot + 1102= im+n)oa = tunesa„ 

and At + jit = mat + na^ = (irt+n) O4 a (m+n) tunes O4 
Therefore j 4 j + At is the same multiple of a„ as yf , -I- /fs is of a. 

That 18, if the £rst magnitude be the some multiple of the second, as^ 
the third is of the fourth, &.c 

Con If there be any number of magnitudes A^, At, &.c multiples 
of another a, such that = ma, At = na. At =pa, S.c 

And as many others -B,, Bt, Bt, &C. the same multiples of another b, 
such that a mb, Bt = nb, Bt = pb, La 
Then by addition, A, + A, + + d.c. a ma + no +_pa + &« 

a (»» + « + ja + &,c ) o a (>« + » +_p + &,c ) tunes a 
and Bi + Bt + Bt + La a mJ + m 6 + p5 + &.o a (m + n •{ p + &c ) 5 
a(»i 4 .M+p + SLc) tunes b 

that IS A| + -d, + A, + &c IS the same multiple of a that 
-Bj + -B] + -Bj + &.C IS of & 

Prop iir Algebraically 

Let A| the first magmtude, be the same multiple of a« the second, 
as A, the thud, is of a^ the fourth, 
that is, let At>=m times a, a ma„ 
and Ai a m tunes a, a ma. 

If these equals be each taken » tunes, 

thm. nAi = «ma, = mn tunes a^, 
and nAf = mna^ a mn tunes a„ 
or nAj, nA, each contam a,, a^ rcspeotiTely mn tunes 
'Wherefore nAj, nA. the equimultiples of the first and third, are 
respectiTely equimultiples of <>t and a^, the second and fourth 
Prop IV Algebraically 

Let A„ d,, Aj, flfi.be proportionals according to the Algebraical 
defimtion 

that IB, let A| a. A, n, 



multiply these equals by — , tn and n bemg any integers. 


ffiA, mAg 

' ** ■' ■ I 'w 

na^ na* w 

or fia, tnA^ na^, 

Thht IS, if the first of four mogmtudes has the some ratio to the 
second 'vrhich the third has to the fourth, then any equimultiples uhat 
ever of the first and thud shall have the same ratio to any equimultiples 
. of the second and fourtlu 
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Ihe Corollary is contained in the proposition itscU 

for if n be unitji then ntyf, n. viA, . t 
and if m be unityi also A^ na^ 

Prop T Algcbmcallj 

I.ct Ai be the some multiple of <i|, 

tliat Af a part of A\, is of a part of «i 
Then Ai — /f, is the same multiple of ai~- a, as A^ is of Oj 
Por let Ax—fA times tt^ e: niR,, 
end times oa = ma^, 

then Ai-“Ajt= mOi — nris = »i (a, — o,) t= in times (<i| «j), 

that IS Ai — Aj'iB the the same multiple of (a, — as A^ is of sp 
Prop Tt Algebraieally 

Let Alt Af be equimultiples respectively of aj, a, two others, 
that is, let Ai b m times = moj, 

Ajt^n times a, es mfij, 

Also if Uj a part of = n times «j e noj, 
and a part of A. <= n times a, = no. 

Then by taking equals from equals, 

. Ax — Bits TORj — nuj s: (m — n) R] = (m — n) times Rj, 

A.. — B^ts ma, — urj =s (j» — «) r, s (m — «) times r, 

that IS, the remainders Ay -* Bj, A- ~ Bj arc equimultiples of Rp Rj, 
raspcetivcly 

And il TO - n = 1, then y1, — Bj = r,, and yf, -- B, «= n, 
or the remainders are equal to Oj, Rj rcs'pectia ely. 


Prop A Algcbnucall>, 

Lot A„ Rj, Ax, 04 be proportionals, 
or Aj Rj Ax R4, 

then ^ ta — . 

ffj 04 


A A 

And since the fracUon — ! is equal to - 2 , the foUoiving relations 


oiilj can subsist betu cen Aj and a., and bctu cen A, and r. 

First, if t, bo greater than then Aj is olso greater than a. 
bccondly, if A. be equal to Oj , then A, is also equal to R4 
1 hirdly, if A, bo less than R, , then As is also less tlinn a. 

A * A ^ 

Otherwise, the fraction -i could not be equal to tlie fraction — . 

04 

Prop B Algebraically. 


Let Aj, Rj, a,, r, bo proportionals, 
or A, Rj Aa r,. 

Then shall R, Aj R, A*, 
For smeo Aj r. A, * 0| 
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and if 1 be divided by each of Utese c(juals« 



and fliercfore a, Ai a^ 

Prop o “ This IS frequently made use of by geometers, and isnecessary i 
to the 5th and Ctli Propositions of the 10th Book Clavius, m his notes/ 
subjomed to the 8th def of Book 6, demonstrates it only in numbers, by 
hdp of some of the propositions of tho 7th Book , in order to demonstrate 
the property contamed m the 6th definition of the 5th Book, when applied 
to numbers, from the property of proportionals contamed m the 20th def 
of the 7th Book and most of the commentators judge it difficult to prove 
that four magnitudes which are proportionals accordmg to the 20th def 
of the 7th Book, are also proportionals accordmg to tho 6th def of the 
6th Book But this is cosily made out os follows 

Pirst, if A, B, C, D, bo four magnitudes, such that A is the same 
mpltiple, or the same port of B, which C is of 2> 

Then A, B, C, B, are proportionals 
this IS demonstrated m proposition (c) 

Secondly, if AB contom the same parts of CD that BP does of GlI , 
m this case likewise AB is to CD, as EF to GH 

A B E p 

0 K D G L tt ■' 

I I 

Let CKha a port of CD, and GL the same port of GH, 
and let AB be the same multiple of OK, tliat EF is of GL 
therefore, by Prop o, of Book v, AB is to CK, ns EF to GL 
and CD, OH, are equimultiples of CE, GL, the second and fourth , 
■wherefore, by Cor Prop 4, Book v, AB is to CD, as EF to GH 
And if four magnitudes be proportionals accorffing to the 6th def of Book v, 
they ore also proportionals accordmg to the 201^ def of Book vn, 
Pirst, if ^ be to B, as Cto D, 

then if ,/f be any multiple or part of B, C is the same multiple or 
part of D, by Prop d. Book v 

Next, if ,<1B be to CD, as EF to OH 
then if AB contain any port of CD, EF contains the some part of GH ‘ 

A B E F 

M 

C K t) G L H 


for let CA'be a part of CD, and GL the same part of GH, 
and let AB be a multiple of CK 
EF IS the same mulb^e of GL 
take M the some multiple of GL that AB is of CK , 
therefore, by Prop o, Book v, AB is to CK, as ■to GL 
and CD, GH, are equimultiples of CK, GL , 
wherefore, by Cor Prop 4, Book v, AB is to CD, ns M to GH 
And, by the hypothesis, AB is to CD, os EF to GH, 
thermore M is eqmd to EF by Prop 9, Book v, 
end consequently, EF is the same multiple of GL that f B is of CK," 
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This IS the method by -nhich Sunson shews that the Geometrical 
dcfinitioa of proportion is a consequence of the Arithmetical defimtion, 
and conversely 

ff, Q 

It mnv how ever be shewn by employing the equation •^=51 tahmg 

tna, tnc any equimultiples of o and c the first and third, and nb, nd any 
Lquimultiplcs of b and d the second and fourth 
t And conversely, it may be shewn ex <tbmrdo, that if four quantities 
are proportionals according to the fifth definition of the fifth book of 
Euclid, they are also proportionals accordmg to the Algebmcal definition 
The student must however bear m mmo, that' the Algebraical defi- 
nition IS not equally applicable to the Geometrical demonstrations cen- 
tomedm the si^h, eleventh, and twelfth Books of Euclid, where the 
Geometneal defimtion is employed. It has been before remarked, that Geo- 
met^ IS the science of raagnttude and not of number, and though a sum and 
a difference of two magmtudes can be represented Geometrically, as well 
as a multiple of anv given magmtndc, there is no method m Geometry 
whereby the quotient of ti\o magnitudes of the same kmd con be ex- 
pressed The idea of a quotient is entirely foreign to the prmciples of 
the Pifth Book, os arc also any distmctions of magmtudes as bemg com- 
mensurable or mcommensurablc As Euchd in Books vn — v has treated 
of the properties of proportion accordmg to the -Arithmetical definition 
and ot their apphcation to Geometric^ magmtudes , there can be no 
doubt that his intention was to exclude all reference to numencal mea- 
sures and quotients in his treatment of the doctrme of proportion in the 
Pifth Book , and m his applications of that doctnne m the sixth, eleventh 
and twelfth books of the Elements 
Prop C Algebraically 

Let Aj, <1,, Aj, a, be four magnitudes 
First let Aj = ma^ and A, = ino, 

Then Aj o, Aj o, 

Por smcc Aj = niOj, w — i , 
and A, = ma, m = —i 
Hence 

as a^ 

and Ax a, A3 a^ 

Secondly Let Ai= — a„ and A, = ~ a,, 

^ m * ® »h * 

Then, as before, — = — , and ht 

Hence ~ , 

o, 

and Ax a- A, 

Prop D Algebraically 

Let Aj, O3, Ay, a^ be proportionate, 
or A, 
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1 irst let Ai bo a multiple of a,, or = m tunes Oj a met} 

Then shall = ma^, 

Forsmee Ji a, Aj 

Af Ag 

o, a, 

but since Ai = ma^, 

ma„ A, A, 

. — ■- s= — , or m = — , 
ff, a, «♦ 

and Af = ma, 

Therefore the thud Aj is the same multiiile of a, the fourth. 
Sccondl 7 If ylj =s — «j, then shall Aj = —a^ 


■Cl -"1 -"s 

For since — = — » 

andy4i = — flu — : = — , 

* « Of m 

Ai 1 , ^ I 

— = — , and Am = — fl** 
m 

•wherefore, the third Ag is the same part of the fourth a, 

Prop Ml IS so obvious that itmav be considered n'uomauc Als 
Prop 1 111 and Prop are so simple and obvious, ns not to rcquin 
algcbr'iical proof 

Prop -v Algebrmcnlly / 

Let Aj have a greater ratio to a, than A, has to a 
Then A. > Am 

A 

For the ratio of A, to a is represented by — , 
and the ratio of ydg to a is represented by — , 

j Af Ay ' 

- and smoe — > — , 

a a 

It follo-ws that A, > Ay 

Secondly Let a have to A, a greater ratio than a has to A, 

Then Ay < Ai 

For the ratio of a y 4 , is represented by , 

end the ratio of a A. is r^resented by -j- , 

■“1 

, o a 

and since -3- > » 

«5 "1 


dividing these nncquals by a, 

1 1 
Ay^A’ 

and multiplying these nncquals by Af Ay, 
Af > Ay, 

or Ay ^ 
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Prop XI. Algebraically. 

Let the ratio of A, Oj bo the sme ns tlie ratio of a^, 

and the ratio of a, bo tho BOinc as the ratio of a« 

Then the ratio of .d. * Og shall be the same as the ratio of At 
For since Ai.a2 Ag a„ 

Ai _Ai 
<h~ a^* 


Prop xn 


and since Aa a^ At 
At ^ 

• at" At 

Hence — ar"^, 
a. ttt 

and At a^ A^ Oi. 

Algcbroicallr 

Let At, A^ a,, A^, a, be proportionals) 
so tiiat At 0] ^3 n| A^ 

Then shdl At a. At-*- A» + A^ o- + fli + Oi 


For since At a. 

At 


i’ll 04 
A, At 

t — tS — • 

04 0, 


At Oji 


And 


A, At . m 

» /l,04«0i^>! 

0, O4 

i#l ilj 


a, 0* 


il, 0 | = 0 jf», 

also A|0j — OfAt 
lienee A. (oj + a« + a,) = 0, M, + i 4 , + A,), bj addition, 
and dividing these equals bj a, (0* + O4 + ®»)» 

At A ,+ At + At 

Oj 0 . 04 + 04 ’ 

audit, 0 s A, -l-As + ilj 04 + 04+04 
Prop XIII Algebraicallj 

Lctil„0„ils.O4, A, 0,. be SIX magnitudes, such that it, 0, it 
but that the ratio of A, 04 w greater than the ratio of it, 04 

Then the ratio of it, o, slnll be greater than the ratio of A ' 

i it, its 

For since it, a* A, 04 — => — , 

0» Ol 

At ^ A 

o* <** 


04 , 


butsmccA 0t > ^> 04 


At At 

Hence — > — 

01 04 

That IS, the ratio of A, o, is greater than the ratio of #» . 0*. 
Prop XIV Algebraically 

Let it,, oj, ilj, 04 bo proportionals, 

Then if it, > it*, then o, > 0,, and if equal, equal , and if less, less. 
For smee A, a. At 044 
At At 
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Multiply these equals by ; 


A 

A, 


5 

04 


and because these &actions are always equals 
if be > A3, then a, must be greater than ffj, 
for if a, were not greater than a^, 


tlie fraction — coiild not^be equal to ^ , 
a* -^3 

winch would be contrary to the hypothesis 
In the same manner, 

if Ai bo = Aj, then a, musthe equal to 04, ' 
and if be < ^ a, must bo less than a^ 

Hence, therefore, if &c 
Prop XV Algebraically 

Let At, 03 bo any magmtudes of the same kmd, 

Then A, oj mA mat, 
mAi and mai^ bemg any equimultiples of At artd a, 

*ra A, A| 

s Por — * = -i , 

Oa Oa 

and since the numerator and dcnommntor of a fraction may be mu 
bphed by Uic same number without altering the value of the foiction. 

A, mA. 

— 1= * » 

a, tiuta 

and Ai aa mAj nin. 

Prop XVI Algebraically 

Let A„ (7„ A„ 04 bo four magmtudes of the some kind, which nr 
proportionals, 

Ai Oj Aj 04 

Then thesb shall be proportionals when taken alternately, that i' 

Ai Aj (ij 04 

For smee Ai oj A, a, , 
then ^ e= ^ 

ffj at 


Multiply these equals by 

^ _ Oj 

A, T4’ 


A* 


and A, A, 03 a, ' 

Prop. xTit Algebraically 

Let Aj + ggi Of As + at, a, be proportionals, 
then A„ Oj, A„ a, shall be proportionals. 
For since A, ■{■03 03 Aj + 04 04 ^ 

■^1 + °9 ^ ;VL5j, 


or 



«4 
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and taking 1 from cncli of tln-bc. equals, 

Aj Ai 

nnd^i a_ Aa a^. 


Prop tTiir, IS the conrerso of Prop xvii 
Ihe following is Euclid s uidircct demonstration 

Let AL, LB, CF, FD be proportionals, 
that IS, as to LB, so let CF be to ID 
then tliesc shall be proportionals also when taken jomtly , 
that IS, as AB to BL, so shall CD be to DF 
A E B 

C a F D 

For if the ratio of AB to BE bo not the same ns tho ratio of CD to DF, 
the ntio of ^I/? to BE is either greoter than, or less than tho ratio of 
CD to DF 

^lr^t, lot AB has c to BE a less ratio than CD has to DF , 
and let DQ be tal cn so that AB has to BE the same ratio os CD to DQ 
and smeo magnitudes when taken jomtly ore proportionals, 
they arc alhO proportionals when t iken separately , (v 17 ) 
thereforo AE has to EB tho same ratio os CQ to QD , 
but, bj the hypothesis, AL has to EB tho same ratio ns CP to PD , 
therefore the ratio of CQ to QD IS the same ns tho ratio of CF to TD (v U) 
C ' Andivhcnfourmngnitudosareproportionnls, if the firstbe greater than' 
the second, the third is greater than Uio fourth , and if equal, equal , and 
if less, less, (v 14 ) but CQ is los than CF, 

therefore QD is leas than FD , which is absurd 
Wherefore the ratio of ylD to BE is not less than tlie ratio of CD to DF, 
that IS, AB has tho same ratio to BE ns CD has to DF 
Secondla By a similar mode of reasoning, it may likenaso be shcivn, 
that AB has the same mho to BE os CD has to DF, if AB be assumed to 
have to BL a greater ratio than CD has to DF , 

Prop xnii Algebraically 

Let Ai flj Aa o, 

Then Ai + Oj flj A, + o, 

For smeo Ai o, Aj a„ 

ond adding 1 to each of these equals , 


6 


+ 1 



Af + o* A3+ 01 
or, — ! , 

Of «» 

and Ai + o, o, Aj + 04 o* 

Prop SIX Algebraically 

Let tho whole Ai have the same ratio to tho whole A3, 
as ai taken from the first, is to a, taken from the scc'ond, 
that IS, let Ai A3 a. 


Then Ai-ai A, ~ Oj Ai , A3, 
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For since Ai ^4, oi Oj, 

Ai «ii 

— S3 — • 

Ag <h 

Multiplying these cqnnls by 

Aj «! oj Oi 
„ -^1 ^ Aj 

or — e — I % 

a| 04 

and subtracting 1 from each of these equolSt 

«i a, 

or, 

«i «* 

tti d multiplying these equals by — , 

•am “• Oj 

•^1 ~ ^ 

’ -^s-Os Oj’ 

but ^' = J, 

Oj 

~ < *i j_ 

and Ax - a, Og dj if. 

Cor If • Ag o, rtj, 

Then v4,— a, ylj — a, Oj flj, is found p^o^ed m the prcrcibng 
process , 

Prop B Algebraically 

Bet A| Og A^ Off 
Then shall A| Aj — Og Ag Ag^a* 

Pot since A, o. A, Ug, 

•^1 _ Ag 


subtracting I from each of these equals, 

Og «4 

Oj Ajj^^ Ag^g 


“• >1 >1 “* 
but^ = -* 

Oj Og 


Ai 

Ai- 


Ag 

Ag — tti 

Oj 

«3 


“ «4 “ 

-i ' 

dl 

Cb» 


Ag 

Ol 

<h 

^A,- 


S • ^ 

A,-ai* 
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A -^3 

or -T — i— = -3 — - ; 

iind vl| ** Cj * ^ <j^# 

J’rop, XX Alncbnicall\ 

Let Ai, A^, Aj TO tlirce magnitndes, nnd a^, tu, 03, otlicr thrcci 
such that A\ A. a, Oj, 
and ^2 Af a, a, 
if 'll > Aj,* then shall o, > Oj, 
and if equal, equal, and if less, less, 

„ . . At Of 

^utce Ai^A, a, Oj, -r = -* 

jS; «j 

also since At A* a-, a*. ^ «= 2* , 

■ “ 'i» flj 

and multipl^ring these equals, 

At At fli o« 

y -T^«=~ X — , 

Aj Ai ffj 0) 

A, n, 
or — = ~‘, 

Ai Oj 

and since the fraction — is equal to — , 

Aj ^ o, 

and that > Aj 
It follows that Oj IS > 03 
In the same way it may be shcira 
that iCAi = A3, then 0,5=03, and if A, be < At, then o, < 03 
Prop XXI Algebraically. 

' Iict Ai, A3, A3, be three magnitudes, 
and 0|, 03, 03 three others, 
such that A, A* . o. 03, 
and At A3 o, Ot 

If A, > A3, then shah o, > a„ and if equal, equal , and if less, less. 
For since A| A3 Oj Oj, — — — , 


and since A3 A3 


At Ot 

«i Oj. 7=*= — • 
A3 «3 


Hultiplxing these equals, 

A if* _ «3 **1 

' Ai As flj Oj’ 

A, Oi 
or 

Aj Oj 

and smee the fraction ~Js equal to — » 

and that A, > A3 
It follows that also o, > 03 

I Slmilarlv, ilmaj be shewn, that if A, = A3, then 0, «= j 
and if A, < A3, also 03 < q,. 
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Prop XXII Alscbnunlly 

Let Ai, Ait Aj be three magnitudes, 
and tti, a,, other three, 

such tnat A^ Ai ai Oi, 

and Ai ot 0^ 

Then shall A, A^ <13 

For since A, Ai Ot *h> 4 ^ = — 

Ai Bj 

J . Ai do 

and since A^ A, a* as, -r = “ 

■ 4 s Oi 

Multiply those equals, 

A\ An Ch On 

« T X -r = — X — , 

Ai Ai Oi Oi 


Ai 03 

and Ai As a, 03 

Next if there be four magmtudes, and other four ^ch, th::! 

jdi Ai II| On, 

Ai Ai , Oj (> 3 , 

A3 A^ Oi Os 

Then shall A, Ax Oj «4 

_ , . At Ot 

For suice Ai Ai eq a,, , 

A A „ „ Ai a, 

^ jSn jSj O3, ^ t 


As Ax Os 04 , = ~ • 

Ai a* 

Jlultiplying these equals. 


X — J< ^ = — 

-itj Ax Oj 
Ai <*1 
Ax 04 


y^x^, 
03 04 


and Ax Ax di 

and similarly, if there -were more than four magnitudes 
Prop xxni Algebraically ^ 

Let A], A2, As be three mngmtudes, 
and Oj, (lot Og other three, 
such that Ai An Oj o,, 
and Ai As Oi' a. 

Then shall Ai Ag oi Og 

For since Ai Aj Oj Og, r= 5 ? 


and smcc Ag Ag 1 Oj Og, 
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Multiplying Uicse tqualBi 

^ 1 ^2 fll 

T ■a ~r= — n 


and Ai ai Oj 

If thcio wcro four magnitudes, and other four, 
such that Ai Az a^, 

^5 ®2 ®S» 

Aj A^ Oi 

rhen shall also Ai A^ Oi Oj 


For smeo A^ 


as «S5 t: - ;r > 


lien shall also Ai Oi Oj 

A A ®S 

5 Ai A 2 ^ "3“ es — j 

A 2 Qi 

J A -^2 “2 

■"2 -“s a- flj, "T ~ » 

■oj 03 

j j *^8 

Aj At «! aj — s= — . 

■^1 a* 

Multiplymg these equals, 

■^1 „ -^2 V _ “3 «2 V ®i 

A, Ai At at oj 


a, 03 


. A 3 , 

_ ^ 

X ^ 

' A 4 

«4 

«3 

d* b: 

. "1 


At 



At 

«1 

ai» 


and Bumlarly, if tlicre he more than four maguitudesi 
Prop xs.iv. Algebraically 

Xjct At Oi Ai 04, 
and Ai a* A, at, 

Then shall At + A, o. A, + A, at. 

. M At An 

ForsmccA, 03 A3 oi, — = — s 

<h 

. . A. An 

ond since Aj «2 A, * 04, — = — • 

03 at 

Divide the former by the latter of these equals, 

Ai Aj Aj Ag 


03 Oj ai at’ 

A, On Ai at 

or— ix-x = -x— *, 
flj A, at Ag’ 

"dl =± d? 

A, Ag* 

addmg Lto each of these equals, 
A] + Ag _ A8 + Ag 

A Ao ' 



‘256 


ilUOLH)*b CLLMENlS 


and -2 — 

An Of 

ilultiplj tlieao equals together, 

I Ai + Ai ^ Aj • *■ ./ij 

^5 ®2 ®4 * 

or f \ 

«3 ‘*1 

and jlj + j4j Cj Aj + Ag 1 04. 

Qon 1. Sunilarlj may he shewn, that 

At — Ai Of Ag — At o-t 
Prop XXV Algebraically 

XiCt At ttg Ag Oj, 

and let At be the greatest, and consequent!} a, the 1 net. 

Then shall Ai + 04 > aj + 4 g 
, Since Ai Oj Ag at, 

A _ A 


Multiply these equals bv 

A >h 
• T ^ 

yig 04 

subtract 1 from each of these equals, 


or 


A 

A, -A 




? _ **3 ~ 

•^3 (*4 ' 

Miiltipl}'uig these equals by 
At — Ag Ag 
<h-«i “ o*’ 

but 

at 04’ 

•^1 ~A ^ ^ 

Oj — O4 Oj ’ 

but At > O], A] 18 the greatest of the four magn'tudea, 
also At “ Ag >03*" CI4, 
add ^3 + <>4 to each of these equals, 

Aj + 04 > 03 + Ag, 

" The whole of the process m the Pifth Book is purely lomcol, that is, 
the whole of tlic results are virtually contnmed in the defiiutions, in the 
•^manner and sense in which metaph}8icions (certom of them) imamne all 
„ " results of mathematics to be'eontomed m their dcfimtions and hypo- 

h No assumption is made to determine the truth of any conse* 

^ of this dedmtion, which takes for granted more about number or 

de than is necessary to understand the definition itself The 
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latter being once uiidcrotood, its results nro deduced bj inspection — of 
Itself onlj, uiUiout Ibe iicccssitj of looking nt any thing else Hence, 
a great distinction between the fifth nnd the preceding books presents 
itsdf The firstfour are a scnis of propositions, resting on dificrcnt fun- 
damental assumptions, that is, about dificrcnt kinds of magnitudes 
The fifth IS n definition nnd its dcs elopement. andifUicanologrby uliich 
names have been gn cn in tho preceding Hooks liad been attended to, the 
^roposiuons of ih-ii Book uould base been called corollaries of the defini- 
tion **—Connexion{fJ\twi&erandMiyintttde, byProfessor Do Morgan, p 5G 
Tlic Fifth Book of the Llcmcnts as a portion of Duclid's b}stcm of 
Geometry ought to be n tamed, as tlio doctrine contains some of the most 
important charactcnsUcsof an cfictuvc instrument of intellectual Fduca- 
tion This ojiinton is fisourcd bj Dr. Barrow in the following cxprcsfdso 
terms "There is nothmg in the whole bodj of the Dlcmcnts of a mbre 
subtile invention, nothmg more solidly established, or more accurately 
handled than the doctnm. of proportionals " 


QUESTIONS ON BOOK V. 

1, "CxThKi't and exemplify the nwaning of the terms, nultiple, sub- 
multiple f equimultiple 

2, "W hat opcratioas in Gcomclr} nnd Arithmetic are analogous ' 

( 3. What arc the dificrcnt meanings of the term measui e in Gcomctiy ’ 

\Yhcn arc Geometrical magnitudes said to hast a common mcaturel 

4 Wlicn arc magnitudes cniti to }m\ c, and not to has c, a ratio to one 
another r What restriction docs this impose upon tiic magnitudes in 
regard to their ^eeies t 

b AVhen ore magnitudes smd to be commcnsunblo or incommensur- 
able to each otlicr ^ Do tho definitions nnd tlicorcms of Book v, uicludc 
incommensurable quantities ? 

Ci Wliat IS meant b) thetcrmtfeome^nealratiof How is it represented? 

7 '^^'hy docs Dueltd gn c no independent dcfimtion of ratio ? 

8 Wiat sort of quantities nro excluded from Duclid’s idea of ratio, 
and how docs his idea of ratio dtfibr from tho Algebraic dc^ition ? 

9 How IS a ratio represented Algelraieallyt Is there nnj distmcbon 
between the terms, a ratio of equality, and equality of ratio f 

10 In what manner arc ratios, in Gconictr) , disUnguisbcd from each 
other as equal, greater, or less than one anoUicr' «liat objection is 
there to the use of an independent definition (propcrlj so called) of ratio 
in a Bj'Btcm of Gcomctiyf 

1 1. Pomt out the distinction betw con the gcomctncal nnd algebraical 
methods of treating the subject of proportion. 

12 What IS tlic geometrical dtlinition of proportion? Whence anscs 
^the necessity of such a definition as this ? 

' 13 Shcwthcncccssit) ofthcquidification "any teAa/erer"inISuchd'8 

definition of proportion 

14. M ust mngmtudcs that arc proportional be nil of tlio same kind ? 

16 To what objection has Euc v def 6, been considered liable ? 

10. Pomt out the connexion between tho more obsions dchmuon of 
proportion and that given by Euclid, nnd illustrate clearly the nature of 
tho advontage obtomtd bj which he sins induced to adopt it 

17< Why may not Euchd's definition of proportion be superseded in 
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a system of Geometry by the following “rour quantities arc propor- 
tionals, Mhen the first is the same multiple of tha second, or the same 
part of It, that the third is of the fourth ?” 

IS Pomt out the defect of the following dcfimtion “ Four mngm- 
tudes ore proportional when equimultiples may be token of the first and 
the third, and also of the second and fourth, such that the multiple^ ol 
the first and second are equal, and also those of the third and fourth ” 

19 Apply Euohd’s dcfihition ofproportion, to shew that if four quan- , 
titles be proportional, and if the first and the third be dinded into the/ 
same arbitrary number ot equal parts, then the sccohd and fourth will Cither 
be equimultiples of those parts, or will he between the same two Sue- ‘ 
ccssivc multiples of them 

20 The Geometrical definition of proportion is a consequence of tile 
Algebraical dcfimtion , and conversely 

21 "Vniat Geometneal test has Euclid given to asccrtnili that four 
quantities are not proportionals } What is the Algebraical test 1 

22 Shew m the manner of Euclid, that the ratio of 15 to 17 1 ^ greater 
tlian that of 11 to 13 

23 How for may the fifth definition of the fifth Book be regarded ns 
an axiom i Is it convertible ^ 

24 Def 9, Book v '‘Proportion consists of three terms at least ” 
How IS this to be understood? 

25 Define iluphcate ratio How docs it appear firom Euchd that the 
dupheate ratio of two magnitudes is tlic same os that of their squares^ 

26 When is a ratio compounded of any number of ratios ? What is 
the ratio which is compounded of the ratios of 2 to 5, 3 to 4, and 5 to 6 ? ^ 

27 By what process is a ratio found equal to the composition of two ' 
or mote mven ratios? One on example, where straight Imcs ore ihe 
magnitudes which express the given ratios 

28 IVhat hmitation is there to the alternation of a Geometneat pro- 
portion ? 

29 Explam the construction and sense of the phrases, ex eequali, 
and ex aqvah xn proportione perturhata, used in proportions 

30 Exemplify the menmng of the word homohgous as it is used m 
the Fifth Book of the Elements 

31 ^Vhy, in Euclid V 11, is it necessary to prove that ratios wluch 
BTC the some wnth the same ratio, are the same with one another ? 

32 Apply the Geometneal entenon to oscertam, whether the four 
lines of 3, 6, 6, 10 units are proportionals 

33 Provo by taking equimultiples according to Eudid's deflmtion, 
that the magmtudes 4, 6, 7, 9, are not proportiomls 

34 Give the Algebraical proofs of Props 17 andlB, oftheFifthBobk 

35 What IS necessary to constitute on exact defimhon * In the dc- 
monstmtiou ot Euc v 18, is it legitimate to ossumo the converse of the 
fifth defimtioii of that Book ? Does a mathematic^ defimhon admit of 
proof on the pnnciples of the science to which it relates ? 

36 Explain why the properhes proved m Book v, by moons of straight 
lines, Eire true of any concrete magnitudes 

37 Enunciate Euo v 8, and illustrate it by numerical examples 1 

88 Prove Algebraically Euc v 26 

_ 39 Shew that when four magmtudes are proporfaonals, they cannot, 

1 equally mcreosed or equally dimmished by any other magmtude, 

> to DC proporhonals 

• What grounds are there for the opimon that Euchd mterided to 

* the idea of numcncol measures of ratios in his Fifth Book 

What 18 the object of the Fifth Book of Euclid's Elements ? 
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DEriNITIONS 

I 

SuiILAR TGClihncal figures arc those which ha\c their several 
angles equal, each to each, and the sides about the equal angles pro> 
' portionals 

I 

n 

Reciprocal figure*!, \ iz triangles and nirallclograms, are such os 
have their sides about two of tneir angles proportionals in such a 
manner, that a side of the first figure is to a side of the other, as the 
remaining side of the other is to the remaining side of the first.” 

in 

A straight hnc is said to bo cut in extreme find mean ratio, when 
the whole IB to the greater segment, as the greater segment is to the 
less 

The nltitndc of am figure is the straight Ime drawn from its vertex 
perpendicular to the hose 




PROPOSITION I THEOREM 

TrwigJa and paraUeJograms of the same aUitvde are one to the other as 
thmr Bases 

Let the triangles ABC, A CD, ani the parallelograms EC, CF, 
have the same aUitude, 

■'^^thejperpendicular drawn from the point A to BE or BE pro- 

As the base R(7 IS to the base CE, so shall the triangle .,ji?Che to 
thetnanglejlCD, ' ' 

and the parallelogram EC to the parallelogram CF, 
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Produce SI) both ways to the points H, L, '/ 

and talie any number of straight lines BGf, GH. each equal to the/ 
base (I 3 ) ( 

and SK, KL, any number of them, each equal to the base CD , 
and join A O, AS, AK, AL , 

Then, because CD, SO, GH, are all equal, 
the tnangles AHO, A OS, ABO, are all equal (l 38 ) 
therefore, whatever multiple the base JTCjs of the base DC, 
the same multiple is the triangle AHO of the triangln AS C 
for the same reason whatever multmle the base DC is of the base CD, 
the same multiple is the tnangie ABC of the triangle ADC 
and if the base HC be equal to the base CD, 
the tnangie AHO is also equal to the tnangie ALC (I 38 ) 
and if the base DTCbe greater than the base CD, 
nRewiSB the tnangie C is greater than '^e tnanglfc ALC , 

and if less, less, 

therefore since there are four magnitudes. 

Viz the two bases D 0, CD, and the two triangles ABC, A CD , 'f 
and of the base DC, and the triangle ABC, the first aiid third, any " 

, equimultiples whatever have been taken, ‘ 

VIZ the base HC and Ae tnangie AHC, 
and of the base CD and the tnangie ACD, the second and fourth, 
have been taken any equimultiples whatever, 

VIZ the base CL and the triangle ADC, 
and smee it has been shewn, that, if the base HC be greater than 
the base CD, 

the triangle AHC is greater than the tnangie ADC, 
and if equal, equal , and if less, less , 
therefore, as the base DCis to the base CD, so is the triangle ADC 
to the triangle A CD (V def 6 ) 

And because the parallelogram CD, is double of the tnangie ADC, 

) 

and the parallelogram CD double of the triangle A CD, 
and that magnitudes have the same ratio which their equimultiples 
J1&Y6 f 15 J 

as ^e triangle ABC is to the tnangie A CD, so isthc parallelogram 
DCto the parallelogram CD, , 

and ^cause it has been shewn, that, as the base DCiS to the basiD 
CD, so IS the tnangie AD C to the tnangie ACD, 
and as the ^ngle ADC is to thb tnangie ACD, so iS the parnUe- 
logram BCAa the parallelogram CD, 

CD. 80 IS the parallelogram 
DCto the parallelogram CD (vU) ^ 

Wherefore, tnangles, Ac ^ q e,d, 
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Cor From this it is plain, Uint triangles and parallelograms that 
have equal altitudes, ore to one another as tlicir bases 

Let the ilgures be placed so os to hate their bases m the same 
straight line, ond haring dnsun pcriicndiculars fiom tlie \crticcs of 
the triangles to the basts, the straight line sriiich joms tlic -vertices is 
parallel to tlint in irhicli their bases are, (I 33 ) because the perpen- 
dictdars arc both equal and parallel to one another (I 28) Then, if 
Vhe same construction be made as m the proposition, the demonstration 
will be the same 


PKorosmoN n. theorem. 

If tt slrmcht Ime be drawn paralkl to one of the tidea of a irtangle, 
ti shatt cut the olt tr jirffj, or thru prodttced, proportionally and conversely, 
tf the sides, or the sides produced, be cut proportionally, the straight line 
which joins thepomts of section si all be parallel to the rcffiaiRiny side of the 
tTtrugle 

Let DiJbc drawn parallel to 27C, one ofthc sides ofthc triangle .fifFC 
Then liD shall ho to I>A, as CE to EA 
A A 





Join EE, CD 

Then the tnanglo DDE is equal to the triangle CDE, (i 37 ) 
because thej arc on the some base DE, and between tho same 
parallels DE, EC, 

but ADE is anoOier triangle , 

ond equal magnitudes have the same ratio to the same mognitudc; 
(V 7) 

therefore, as the tnanglo EDD is to the triangle ADE, so is the 
tnanglc CDE to tho triangle ADE 
but as die triangle EDE to the triangle ADE, so is ED to DA, (vi 1.) 
btcausc, having tho some altitude, vis the perpendicular drawn 
from the point D to AE, thej are to one another ns their bases, 
and for tho some reason, as tlic triangle CDE to thoXnaa^la ADE, 
BO IB CE to EA 

tlicrcforc, os ED to DA, so is CD to EA (v 11 ) 

Next, let the sides .lie of the tnnngic AEC, or these sides 
produced, be cut proportionally in the points D, E, that is, so that 
ED may bo to DA ns CD to EA, and join DE 

Then DE slinll bo parallel to EC. 

The same construebon being made, 
because as ED to DA, so is CE to EA , 
and as ED to DA, so is tho tnanglc EDE to tho tnanglc ADE\ (VI 1 ) 
and as CE to EA, so is the tnangle CDE to tho tnangle ADE, 
tberefore the tnanglo EDE is to the triangle ADE, os tho tnanglo 
CDE to the triangle ADE, (v 11) 
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that IS, the triangles JBDE, CEE have the same ratio to the triangle 
AEE 

therefore the triangle EEE is equol to the triangle CEE (v 0 ) 

" and they are on the same base EE 
but equal triangles on the some base and on the same side ofit,a]rp 
between the same jparallels , (l 39 J 

therefore EE is parallel to EC 


Wherefore, if a straight hue, &.o Q.E D 


/ 


PROPOSITION m THEOREM. 

V * 

If the angle of a triangle be divided tnto tieo equal angles, by a etraight 
line which also cuts the base , the segments of the base shall have the same 
ratio which the other sides of the triangle have to one another and con- 
versely, if the segments of the base have the same ratio which the^olher sides 
of the triangle have to one another, the straight hfie drawn from the vertex to 
the point of section, divides the vertical angle into two equal angles 

Let AEChe a tnangle, and let the angle EAChe divided into two 
equal angles by the straight hne AE 

Then EE shall be to EC, as EA to AC 



Through the point C draw t® paralle’ to EAf (l 31 ) 
and let EA produced meet CE in E 
Because tlie straight line AO meets the parallels AE, EC, 
the angle ACE is equal to the alternate angle CAE (I 29 ) 
but CAE, by the hypothesis, is equal to the angle EAE, 
wherefore EAE is equal to the angle ACE (ax 1 ■) ' 
Again, because the straight line EAE meets the parallels AE, EC, 
the outward angle EAE is equal to the inward and opposite angle 
AEC (I 29) 

but the angle ACE has been proved equal to the angle EAE , 
therefore also A CE is equal to the angle AEC, (ax 1 ) 
and consequently, the side AJS is equal to the side AC (i 6 ) 
and because AE is drawn jiarallel to EC, one of the sides of the tri- 
angle ECE, 

therefore EE is to EC, os EA to AE (ti 2 ) 
but AE 18 equal to AC, 

— ^the refore, n8_EILtpJDC,^o is EA to AC (v,.7 ) 
Next,TerE2) be to EC, ns EA to AC, and join AE 
Tlien the angle EAC shall bo divided into twa equal angles bj the 
straight Ime AE 

The same construction being made , 
because, as EE to EC, so is EA \o AC, 
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and as JtD to JD C, so is BA to AE^ becaust Al) is parallel to EC, 
(VI 2) 

tlicreforo BA is to A C, ns BA to AE (v 11 ) 
consequentU AC\% equal to AE, {x 9 ) 
and therefore the angle AEC is equal to the angle A CE {16) 
but tlie angle AEC is equal to the outward and opposite angle BAB, 
and the angle ACE is equal to the alternate angle CAD (1 29 ) 
^wherefore also the angle BAD is equal to the angle CAD , (n\ 1 ) 

’ tlmt IS, the angle BACk cut into two equal angles by the straight 
line AD 

Therefore, if the angle, Q E o 

pRorosmoN a. iheorem 

Jf the outtcard eingh of a trwntfJe made It/ producing one of its sides, 
b‘ divided into tiro equal angles, hy a straight line, lehich also atis the base 
prodmed , the segnenls bttteci.n the dividing line and the extremities of the 
base, here the same ra'to lehiek the other stdei of the triangle hqce to one 
another and conversely, if the segments of the base pioduced have the same 
i tttio lehich the other sides of the triangle have , the straight line draivn from 
the vertex to the point of section divides (he outxcard ang's of the triangle 
into tito equal angles 

I et ABChc a triangle, and let one of its sides R-d be produced to JJ, 
and Ic*^ the outward angle CAE be divided into two equal angles by 
the straight line AD which moots the brse produced in D 
‘Then BD shall be to DC, as LA to AC 


h 



B C D 


Through C draw CFpnrnlloi to AD (l. 31 ) 
and hccaUbO tin straight line A C meets the parallels AD, EC, 
the angle A CD is equal to tlie alternate angle CAD (l 29 ) 
but CAD IS equal to the angle DAE, (h}p ) 
therefore also DAE is equal to the angle ACE fn\. 1 ) 
Again, because the straight line EAE meets tlie parallels AD, EC, 
the outward nugle DaE is equal to the inward and opposite angle 
CEA (I 29) 

but the angle ^CPhas been proved equal to Ibo ingle DAE, 
therefore also the angle ACE I’i equal to the angle CJA , (a\ 1 ) 
and consoqucntlj the side AEvi equal to tlie side AC (l 0 ) 
and because AD i% jnrallcl to EC, i side ol the triangle BCE, 
therefore BD is to DC, as BA to AF ("^i 2 ) 
but AFis equal to AC, 

therefore, ns BD is to DC, so is BA io AC (v 7 ) 

Ne\l, let BD bo to DC, as BA to A C, and join AD 
nic angle CAD, shall be equal to the angle DAE 
The same conslnictioii being made, 
because BD is to DC, as BA to AC 
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and tliat BD is also to DC, as BA to AF, (n 2 ) 
therefore BA is to A C, as BA to AF (v 11 ) 
wherefore ACvi equal to AF, (v 9 ) 
and the angle AFC equal to the angle A CF fl 6 ) 
but the angle AFC is equal to the outuord angle FAB, (I 29 ) 

' and the angle ACFta the alternate angle CAB, 
therefore also FAB is equal to the angle CAB (ax 1 ) 
■Wherefote, if the outward, &,o q.e.1) 

PROPOSITION rv THEOREM 

The sides about the equal angles of equiangular triangles are proportionals , 
and those which are opposite to the equal angles are homologous sides, that is, 
are the antecedents or consequents of the ratios 

Let ABC, BCFhe equiangular tnangles, hanng the angle ABC 
equal to the angle BCF, and the angle ACB to the angle BBC, and 
consequently the angle BA C equal to the angle CBF (l d2 ) 

The sides about me equal angles of the tnangles ABC, 2>C& shall 
be proportionals , 

and those shall be the homologous sides which ore opposite to the 
equal angles 




Let the triangle BCF be placed, so that its side CF may be coa- 
tiguonsto BC, and in the same straight line with it. (l 22 ) 

Then, because the angle BCA is equal to the angle CFB, (hyp ) 
add to each the angle ABC, 

therefore the two angles ABC, BCA are equal to the two angles 
ABC, CFB (ax 2 ) 

but the angles ABC, BCA ore together less than two nght angles , 
(I 17) 

therefore the angles ABC, CFB are also less than two nght angles 
wherefore BA, FB if produced will meet (I ax 12 ) 
let them be moduced and meet in the point F 
then because the angle ABC is equal to the angle BCF, (hyp ) 
EJF IS parallel to CB , (I 28) 
and because the an^e ACB is equal to the angle BFC, 

AC IS parallel to FF (l 28 ) 
therefore FA CB is a parallelogram , if 

and consequently AF is eimnl to CB, and AC to FB (l 34 ) ' 
and because ACis parallel to FF, one of the sides of the tnangle FBS, 
BA IS to AF, ns BC to CF (vi 2 ) 
but AF IB equal to CB , 

therefore, as BA to CB, so is BC to CF (v 7 ) 
and alternately as AB to BC so is BCto CF, (\ IG 1 
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again, liccauso CD is parallel to SF, 
as IJCto CE, so IS FD to DE (vi. 2 ) 
but FD IS equal to A C, 

tbcreforc, as BCio CE, so la AC to DE, (v 7 ) 
and alternately, txa EC to CA, so CE to ED (v 16 ) 
therefore, because it has been pro\cd that AE is to EC, aa DC to CE, 
and as EC to CA, so CE to ED, 

• > ex asquali, EA is to AC, aa CD to DE (v. 22 ) 

liicrcforc the sides, &o Q E.D 


PRorosmoN V. theorem 

Jf the sides of tin tuangUs, about each of their angles, be prcgiertionah, 
the tnangla shall be equiangular , mtd the equal angles shall be those ichieh 
are opposite to the homologous sides. 

Let the triangles AEC, DEFha.\c their sides proportionals, 
so that AB IS to EC, os DE to EF, 
and EC to CA, as EF to FD , 
and conscquentl) , ex tcnuali, EA to A C, ns ED to DF 
Then the triangle shall bo equiangular to the triangle DEF, 
and the angles vrhich arc opposite to the homologous sides shall bo 
equal, viz the angle AEC equal to the angle DEF, and ECA to 
EFD, and also E AC to EDR 
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At the points E, F, in the straight line EF, make the angle FEO 
equal to the angle AEC, and the angle EFO equal to ECA (l 23 ) 
wherefore the remaining angle EOF, is equal to the remaining 
angle iJ^C, (l 32) 

and the triangle GEFia therefore equiangular to the triangle AEC 
consequently they haio their sides opposite to the equal angles pro- 
portional: (vi 4) 

wherefore, as AE to EC, so is OE to EF\ 
but as AE to EC, so is DE to EF, (hj^i ) 
therefore as DE to EF, so OE to EF, {\ 11 ) 
that is, DE and OE ha^c the same ratio to EF, 
and consequently arc equal (v 9 ) 

For the same reason, DF la equal to FO 
and because, in the triangles DEF, OEF, DE is equal to EO, and 
EF 18 common, 

Ji^he two sides DE, EF are equal to the two OE, EF, each to each, 
and the base DF is equal to the base OF, 
therefore the angle DEF is equal to the angle OEF, (l 8 ) 
and the other angles to the other angles which are subtended hy the 
.equal sides, (l-4) 

therefore the angle DFE is equal to the angle OFE, and EDF, to 
EOF, 
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and because the angle DJCFis equal to the angle GJCF, 
and OFF equal to tlic angle AJiC, (conslr ) 
therefore the angle jii7C IK equal to the angle (ax 1) 

for the same reason, the angle A CS is equal to the angle FFF, 
and the angle at A equal to tlio angle at p 
therefore the triangle ASC is equiangular to the triangle 
Tinicrcfore, if tlie sides, &.c q E D 


PROPOSITION VI THEOREM 


/: 


If (vo tnanglu Juite one angle of the one equal to one angle of the oiU 
and the tidet about the equal anghe proportionals, the triangles shall it 
egmangular, and shall have those angles cgual tc/iieh are opposite to the 
homologous sides 

Let the triangles AS C, FSPhaye tlic angle SA C m the one equal 
to the angle SSF in the other, and the sides about those angles pro* 
portionals , that is, SA ta AO, na BS to SF 

'rhen the tnanglcs /)J?J^sball be equiangular, and shall hate 
the angle ASC equal to the angle SBF, and ACS to BFB , 

D N 

,Q 





B 

At the points JD, F, in tlie straight lino BF, make the angle FJD(^ 
equal to ciUicr of the angles SAC, EOF, (I 23 ) 

and the angle DFG equal to the angle ACS 
Mhereforo the remaining angle at S is equal to tlie remaining angle 
at G (I 32 ) 

ond consequently the tnangle JDGFis eqiqangidnr to tlie tnang]cABC, 
tliereforo as SA to AC, so is 6D to BF (vi 4 ) 
but, by the hypothesis, ns SA to AC, bo is B1) to BF, 
therefore as BB to BF, so is GB to BF, (v 11 ) 
wherefore BB is equal to BG, (V 9 ) 
and jDPis common to the two tnangles BBF, OBF 
therefore tlie two sides BB, BFato equal to the two sides OB, BF, 
each to each , 

and the angle JED J* is equal to tlie angle OBF, (constr ) 
wherefore tlie base D^’is (muni to the base FO, (l 4 ) 
and the triangle BBF to the tnangle GBF, 
and the remaining angles to the rcinnining angles, each to each, 
rrhioh arc subtended by the equal sides 

therefore the angle BFO is equal to the angle BFB, 
and the angle at to the angle at D; 
but the angle BFO is equal to the nn^c A CS , (constr ) r 
therefore the angle ACS is equal to the angle BFB, (ax 1 } 
and the qnglo SAC is equal to the angle BBF (hyp ) 
wherefore also the remaining angle at S is equal to the remaining 
itiigle at D, (l 32 ) 

h' reloie the tnangle ASC is equiangular to the tnangle BBF 
11 herefore, if (no triangles, &.c Q r D 
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V.?* PROPOSITION vn TIICOREM 

Ij two tnanffles have otie angle of the one equal to one angle of the other, 
and the aides aiout two other angles proportionals , then, rf each of the 
remaining angles he either less, or not less, than a right angle, or tf one of 
them be a right angle, the triangles shall be equiangular, and shall have those 
angles equal about which the sides are proportionals 

) Let the two tnangics ABC, DEF have one an^le m the one equal 
to one angle in the other, 

nz, the angle BA C to the angle EDF, and the sides about two other 
angles ABC, D^JPproporbonals, 

so that AB IS to BC, as DE to EF, 
and in the first cose, let each of the remaining angles at C, Phe less 
than a right angle 

The tnangle ABO shall he equiangular to the triangle EEF, 

■VIZ the angle -45(7 shall he equal to the angle EEF, 
and the remaming angle at C equal to the remainmg angle at F. 



For if the angles ABC EEFhe not equal, 

one of them must he greater tnan tne other 
^ let ABC be the greater, 

and at the pomt B, in the straight line AB, 
make the angle ABC equal to the angle DEF, (l 23 ) 
and because the angle at ^ is equal to the angle at E, (hyp ) 
and the angle ABG to the anpe DEF, 
the remainmg angle AGB is equal to the remainmg angle DFE 
(I 32) 

therefore the tnangle ABG is equiangular to the triangle DEF 
wherefore as AB is to BG, so is DE to EF (vi 4 ) 
but as DE to EF, so, bj hypothesis, is AB to BC, 
therefore as AB to JBC, so is AB to BG (v II ) 
an^ because AB has the same ratio to each of the Imes BC, BG, 
BC IS equal to BG , (T 9 ) 

and therefore the angle BGCis equal to the angle BCG (l 6) 
hut the angle BCG is, by hyp^othesis, less than a nght angle , 
therefore also the angle AGC is less than a nght angle , 
and therefore the adjacent angle A GB must be greater than a nght 
angle , (I 13 } 

but ifwas proved that the angle AGB is equal to the angle at F, 

* therefore the angle at F is greater than a nght angle , 

^out, by the hypothesis; it is less than a nght angle, nhich is absurd 
Therefore the angles ABC, DEF are not unequal, 

' that IS, they are equal 

and the angle at ^ is equal to the angle at D (hyp ) 
wherefore the remaimng angle at <7 is equal to the remaining angle a 
F (I 32 ) * 

therefore the triangle ABC is equiangular to the tnangle DEF, 
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Next, let each of the angles at C, JFbe not loss than a right angle. 
Then the triangle shall olso in this case he equiangular to the 
triangle ‘DJSF, 



D 




I K 


The same construction being made, 
it may be prosed in like manner that JiC is equal to SO, 
and therefore the angle at equal to tlie angle SGC 
but the angle at C is not less than a right angle , (hj’p ) 
therefore the angle SOC is not less than a right argie 
wherefore two angles of Uie triangle SGC are together not less than 
two right angles 

which IS impossible , (I 17) 

and therefore the triangle ASC may be proved to be equiangular to 
the tnangle SJ3F, as m the first case 
Lastly, let one of the angles at C, F, ms. the angle at C, be a right 
angle in this case likewise the triangle ASC sliall be equiangiuar 
to the tnnngle SSF 

A 

A 

B C 



For, if they be not equiangular, 

at the point S in the straight bne AS make the angle AS O equal 
to the angle DSF, 

then it may be prosed, as in the first cose, that ^G' is e^al to SC 
and therefore the angle SCO equal to the angle SGU (l 6 ) 
but the angle SCO is a right angle, (hyp ) 
therefore the angle SGC is also a ririit angle , (ax 1 ) 

whence two of the angles of the tnangle SGC are together not less 
than two nght angles, 

which 18 impossible (l 17 ) 

therefore the tnangle ASC is equiangular to the triangle DSF 
"Wherefore, if two tnangles, &c Q E l>. 


PROPOSITION Ym THEOREIkL 

In a right-anghd tnangle, \f a perpendicular be drmon from the rip'At- 
ongle to tM base, the tnangles on each side of it are similar to the idd^s 
triangle, and to one another 

' ^ Let AS (7 be a nght angled-tnangle, having the nght angle SA Cj 
d from the point A let AD be draw n perpendicular to the base SC 
Then the triangles ASD, .4DC shall be similar to the whole tn- 
iigl<* ASC, and (o ont anothei 







I 



nccnti^e the nrele JtA C is equal to the angle ADS, each of them 
{{ping n angle, (a\ 11) 

and iliat tiic angle at S is common to the two triangles ASC A SI) 
the remaining angle A CS is equal to the remaining angle BAD, 

(I 32 ) 

therefore the triangle ABC\*i equiangular to the triangle ABD, 
and the sides about their equal angles arc proportionals , (M d ) 
wherefore the tmnglcs are similar (Tl def 1 ) 
m the like manner it maj he demonstrated, that the tnanglc ADC 
IS equiangular and similar to the tnanglc ABC 
And tlic mangles ABD, A CD, being both equiangular and similar 
to ABC, are equiangular and Eimilnr to each other 

Ihcretorc, in a nght-onglcd, &.C. Q E.D 
Con From this it is manifest, that the perpendicular drawn from 
the nght angle of a right angled mangle to the base, is a mean propor- 
tional between the segments of the base , and also that each of tlic 
sides is a mean proportional between the base, and the segment of it 
Oiljiccnt to that side because in the mangles BDA, ADC, BD is to 
\t)A, as DA to DC, (t r 4 ) 

and in the mangles ABC, DBA, BC I'ilo BA, as BA to BD (vi 4 ) 
Mid in the triangles ABC, ACD, BC is to CA, ns CA to CD (VI 4 ) 


PROPOSITION IX. PROBLEM 

From n jricca tlraiQH hvt to m* off any pari rejmnd 

Let .dR he the given straight hne 
It is required to cut off anj part from it 


A 



From the point A draw a straight line A C, miking any angle with AB, 
. and in AC take aiij point D, 

’ * and take .dCthe same multiple of AD, that .41? is of the part 
which IS to be cut off from it, 

join BC, and draw DE parallel to CB 
Then .4 shall be the part required to he cut off 
Because ED is parallel to BC, one of the sides of the mangle ABC, 
as CD IS to DA, so is BE to EA , (vi 2 ) 
and by composition, CA is to AD, as BA to 4i7 (v 18 ) 
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but CA IS a multiple of AD , (constr ) 
therefore DA is the same multiple oi AJS (v D ) 
whatever pait therefore AD is of AC, AE is the some part of 
u heiefore, from the straight hue AD the part required is cut off 
Q E F , 

PROPOSITION X. PROBLEM 

To divide a given straight line similarlg to a given divided straight hneJ 
that IS, into parts that shall have the same ratios to one another which tiJ 
parts of the divided given straight lute have 

Let AD be the straight line given to be divided, and AC the divided 
line 

It 18 required to dmde AD similarlj to AC. 



Let A Che divided m the points D, E, 
and lot AD, AC he placed so as to contain any angle, and join DC, 
and through the pomts D, E draw DF, paraUels to DC (i 3l ) 
Then AD shall be (hvided in the points F, Q, similarly to ^<7 

Through D draw DSK parallel to AD . 

therefore each of the figures, FS, MD is a parallelogram , T 
therefore DH is equtd to FG, and ELK to GD fl 34 ) 
and because EE is parallel to KC, one of the sides of the triangle 
DEC, 

as CE to ED, so is KE to ED (vi 2 ) 
but EE is equal to DQ, and ED to GF, 
therefore, as CE is to ED, %e\eDG to GF (V 7 ) 
ogam, because FD is parallel to GE, one of the sides of the triangle 
AGE, 

as ED IS to DA, so is GFto FA (vi 2 ) 
therefore, as has been proved, as CE is to ED, so is JSff to GF, 
and as ED is to DA, so is GF to FA 
therefore the given straight hno AD is divided similarly to Q E F, 

PROPOSITION XI PROBLEM 
To find a third proportional to two given straight lines 

Let AD, AC he the two given straight hnes 
It 18 required to find a third proportion^ to AD, A C 

A 



L E 

Lot AD, AC he placed so as to contain atyr angl'* 
produce AD, AC to the points D, E, 
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nnd make SD equ'il to AC 

join JBCt and tiirougii D, draw jDJD parallel to SC (l 31 ) 
llien CE sinll be a third proportional to AS and -4 <7 
Because SC is, parallel to EE, a side of the tnangle ABE, ~ 
AS IS to SB, as AC to CE (vr 2 ) 
but SB Is equal to AC, 

therefore as AS vs to AC, so is AC to GE (v ^ ^ 
Wherefore, to the two given straight lines AS, AC, a third pro- 
portional CE IS found. Q E F 


PROPOSITION Xn PROBLEM 
To find a fourth proportioncl to three ptvm tlratffht lines 

Let A, B, <7 be the three given straight lines 
It IS required to find a fourth proportions to A, S, C 
Take two straight lines BE, BF, containing any* arigle EBF 
and upon these make BG equal to A, GE equu to S, and BJI eq[UBl 
to C, (L 3 ) 

D A 



E f 


join GE, and through E draw EF parallel to it (ill) ^ 
Then EF shall be the fourth proportional to A, S, C 
Because GE is parallel to EF, one of th e sid es of the triangle BEF, 
BG IS to GE, as BE to EF, (vi 2 ) 
but BG IS equal to A, GE to S, and BE to C, 
therefore, as is to S, so is C to EF (v 7 ) 

WTierefore to t he t hree given straight Imes A, B, C, a fourth 
proportional EF is found Q E F 

PROPOSITION Xm PROBLE3I 
To find a mean proportional beticeen tico gieen straight Itnesi 

Let AB, BCie the two given straight lines 
It IS required to find a mean proportional between them 



A EC 


"Place AB, BCm a straight line, and upon AC desenbe the semi- 
circle ABC, 

and from the pomt B draw BB at right angles to AC (l. 11 ) 
Then BB shall be a mean proportional between 4 W an d^f? 
Join AB, BC 
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And because the angle ADCm a semicurcle is a n^it angle, (m 31 ) 
and because in the nght-nngled tnangle ADC, jBD is drawn from 
the right angle perpendicular to the base, 

DB IS a mean proportional between AB, BC the segments of the 
base (VI 8 Cor) 

therefore between the two given straight lines AB, BC, a mean 
proportional DB is found aE F 


PROPOSITION XIV THEOREM 

Egttal paraTlelogramt, which have one angle of the one equal to one 
angle of the other, haw their tides about the equal angles reeiprocallg pro- 
portional and conversely, parallelograms that hate one angle of Die one 
equal to one angle of the other, and their sides about the equ^ angles reci- 
procally proportional, are equal to one another 

Let AB, BChe equal parallelograms, which have the angles at B 
equal 

The sides of,thc parallelograms AB, BC about the equal angles, 
shall be reciprocally proportional , 

that IS, DB shall be to BB, as GB to BF 

* A F 



Let the sides DB, BB be placed in the same straight hne , 
wherefore also FB, BG are m one strai^it hne (i 14 } 
complete the parallelogram FB 

And because the parallelogram AB is equal to BC, and that FB 
18 another parallelogram, 

AB 18 to FE, as BC to FB (v 7) 
but os AB to FB so is the base DB to BB, (vi 1 ) 
and as BC to FB, so is the base GB to BF, 
therefore, as DB to BB, so is GB to BF (v 11 ) 
'Wherefore, the sides of the parallelograms AB, BC about their 
equal angles are reciprocdly proportional 
^ext, let the sides about the equal angles be reciprocally proportional, 
vi5! as DB to BE, so GB to BF 
the parallelogram AB shall be equal to the parallelogram BC 
Because, as DB to BE, so is GB to BF, 
and as DB to BB, so is the porallelogram AB to the parallelogram 
FB, (VI 1 ) 

ind as GB to so is the parallelogrimRC to the parallelogram 

therefore as AB +o FB, so BC to FB (v 11 ) 
therefore the parallelogram AB is equal to the parallelogram BC 
(V 9) 

Therefore equal parallelograms, &c Q e-p 
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TROPOSmOX XV. THEOREM. 

Egital tnati^hs tehch Aaro one mifflo of the one equal to one angle 0/ 
the other ^ hate their tides about the equal angles reeiproeallg proportionat 
and conversely, ti tangles which hare one angle in the one equal to one angle 
tn the other, and their sides about the equal angles rcetprocally proportional, 
are equal to one another, 

' l.ct ABC, A JDE he equal triangles, which hn^e the angle BAC 
equal to tlic angle DAB 

Then the sides nhout the equal onglcs of tlie triangles shall be re- 
ciprocal!}’ proportional , 

that is, CA shall ho to AD, ns BA to AB. 



Let the triangles be placed so that their sides CA, AD be in one 
straight line , 

wherefore also BA and AB ore in one straight line , (i. 14 ) 
and join BD 

Because the tnanglc ABU is equal to tlie tnnnglc ADB, 
and that ABD is another tnanglc , 
therefore ns tlic tnanglc CAB, is to the triangle BAD, so is the 
tnanglc ABD to the tnanglo DAB} (' 1 ) 
but ns the tnnnglc CAB to tlic tnanglc BAD, so is the base CA 
to tlie base AD, (Ml) 

and ns the triangle BAD to tlie tnnnglc DAB, so is the base BA 
to the base AB , (vi 1.) 

therefore ns CA to AD, so is BA to AB (v 11 ) 
wherefore tlie sides of the triangles ABC, ADB, oboiit the equal 
angles are reciprocal!} projiortional 
Next, let the sides of the triangles ABC, ADB about the equal 
angles be rcciprocnlh proportional, 

siz CA to AD as BA to AB 
Then the tnanglc (7 shall be equal to the tnanglc ADB 

Join BD ns before 

Then because, as CA to AD, so is BA to AB , (h}’p ) 
and as CA to AD, so is the tnnngle ABC to the triangle BAD 
(M 1) 

and as BA to AB, so is the tnanglc BAD to the tnongle BAD, 

(M. 1 ) 

therefore os the tnanglo BAG to the tnanglo BAD, so is the tri- 
angle BAD to tlic triangle SAD , (t 11 ) 
that IS, tlic tnangles BAC, BAD base the same ratio to tlie tn- 
anglc BAD 

uhcrefore the tnnngle .(IJSC'is equal to the tnanglc (t 0) 

Therefore, equol tnangles, &o Q £ D. 



rnorosiTiON xvi theorem. 

If four straight lines be proportionals, the rectangle confatnetl bu the 
exit ernes ts equal to the rectangle conlaxned by the means and conversely, 
if the rectangle contained bv the extremes be equal to the rectangle con- 
tained by the means, the four straight lines are proportionals 

Let the four straight lines AS, CD, E, IPhe proportionals, 

V17 as AS to CD, so iS to J? . 

The rectangle contained by AS, F, shall be equal to the rectangle ' 
contained by CD, E 


E 
F 

c 1) 

From the points A, C draw AC, CJET at right angles to AS, CD 
(I 11) 

and make AO equal to F, and GET e^al to (l 3 ) 
and complete the parallelograms 5 (t, jDJr (I 31) 

Because, ns AS to CD, so w JB to F, 
and that E is equal to CM, and F to AG, 

AS IS to CD as CM ta AG (v 7 ) 
therefore the sides of the parallelograms SG, DM about the equal 
angles are reoiprocallj proportional, 
hut parallelograms which have their sides about equal ahglcs reci- 
procally proportional, are equal to one another , (VI 14 ) 
therefore the parallelogram SGib equal to the parallelogram DM 
but the parallelogram is contained by the slight lines AS, F, 
because AG is equal to F, 

and the parallelogram DMw contamed by CD and E, 
because CET is equal to E, 

therefore the rectangle contamed by the straight hnes AS, F, is 
equal to that which is contained by CD and E 
And if the rectangle contained by the straight hnes ASf F, be 
equal to that which is contamed by CD, E, 

tliese four Imes shall be proportional, 

•VIZ AS shall be to CD, as JB to JF 
The same construction being made, 
because the rectangle contamed by the straight lines AS, F, is 
equal to that which is contained by CD, E, 
and that the rectangle SG is contained "by AS, F, 
because AG is equal to F, 

and the rectangle jDJffby CD, E, because CM is equal to E, ► 
therefore the parallelogram 56? is equal to the parallelogram DM, 
(ax 1) 

and they are equiangular 

^^hut the sides about the equal angles of equal parallelograms are 
reciprocally proportional {yi 14 ) 

■wherefore, os AS to CD, so is CM to ^6? 


n 
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But Cff Ls equal to JO, and AG to F, 
therefore as AB is to C2>, so is jS to P (v 7 ) 
Wherefore, if four, &c Q e D 

PROPOsmosr xvn theorem 

1/ three strat^ht Itnat le proporUonaU, the rectangle contained by the 
extremes ts equal to the square on the mean , and conversely, %f the icctangle 
^niained by the extremes be equal to the square on the mean, the three 
straight lines are proportionals 

Let the, three straight hnes A, JB, Che proportionals, 

VIZ as ^ to S, so i? to C 

The rectangle contained hy A, C shall be equal to the square on JB 



Take JD equal to S 

And because as A to B, so B to C, and that B is equal to JD, 

A IS to B,m JD to C (T 7 ) 

but if four straight lines be proportionals, the rectangle contained 
b}' the extremes is equal to that nrhich is contained by the means , 
(W 16) 

< therefore the Rectangle contained by A, C is equal to that con 
tamed by B, J) 

but the rectongle contained by B, JD, is the square on B, 
because B is equal to D 

therefore the rectangle contained by A, C, is equal to the square on B 
And if the rectangle contained by A, C, be equal to the square on B, 
then A shall be to J?, as 27 to C 
The same construction being made, 
because the rectangle contained by A, Cis equal to the square on B, 
and the square on B is equal to the rectan»e contained by B, JD, 
because B is equal to 27, 

therefore the rectangle contained by A, C, is equal to that contained 
byJ5,2) 

but if the rectangle contamed bj the extremes be equal to that con- 
tamed by the means, the four straight lines are proportionals (vi 16 ) 
therefore Aieto B, as D to C 
but B is equal to 27 , 

•therefore, as A to B,ao Bio C 
-Therefore, if three straight lines, &c Q E D 

'' PROPOSITION XVm. PROBLEM 

Upon a given straight line to describe a rectilineal figure srmxidr, and 
similarly situated, to a given rectilineal figure 

Let AB he the given straight Ime, and CJD BF the given re6tilmeal 
figure of four sides 
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It IS required upon tHe ^len straiglit bne AB to describe a rectdi'< 
neal figure sunilor, and similarly situated, to CDEF 


Tom DF, and at the points A, B in the straight hne AB, make th^ 
angle BAO equal to the angle at C, (i 23 ) 

and the angle ABG equal to the angle CDF, 
therefore the remaming angle A GB is equal to the remaimng angle 
CFD (i 32 and ax 3 ) / 

therefore the triangle FCD is eqmangulor to the tnangle GAB 
Again, at the pomts G, B, m the straight hne GB, m^e the angle 
-BffjEToqual to the angle (l 23) 

and the angle GBS equal to FDF, 
therefore the remaining angle GSB is equal to the remaining angle 
FDD, 


and the tnangle FDD equiangular to the tnangle GBS 
then, because the angle AGB is equal to the angle CFD, and BGS 
to DFB, 

the -whole angle AGS is equal to tlie -whole angle CFD, (ax 2 ) 
for the same reason, the angle ADS is equal to tlie angle CDS 
also the angle at A is equal to the angle at C, (constr ) * 

' and the angle GSB to FED 

therefore the rectilineal figure ABSG is equiangular to CDEF 
likewise these figures ha-ve their sides about the equal angles pro- 
portionals , 

because the tnangles GAB, FCD bemg equiangular, 

BA IS to AG, ns CD to CF, (vi O 
and because AG is to GB, as CP to FD , 
and os GB is to GS, so is FD to FE, 
by reason of the equiangular tnangles BGS, DFE, 
therefore, ex mquah, is to GS, as CF to FE (-\' 22 ) 

In the same manner it may be proved that AB is to BS, as CD 
to DE 


and GS is to SB, as FE to ED (vi 4 ) 

"Wherefore, because the rectihneal figures ABSG, CDEF are 
equiangular, 

and have their sides about the equal angles proportionals, 
they are similar to one another (vi del 1 ) 

Next, let It be reqmred to desonbe upon a given straight hne AB, 
a rectilmeal figure similar, and similarly situated, to the rectilineal 
figure CZ>JDSP of five sides Y 

DE, and upon the given straight hne AB describe the rectili- 
neal figure ABSG similar, and similarly situated, to the quadrilateral 
figure CDEF, by the former case 

and at -the pomts B, S, m the straight hne BS, make -the angle 
SBL equal to the angle EDS, 

and the angle B&L equal to the angle DEK\ 
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(hen fore the rctnalning angle at L is equal to the remaining angle 
at A' (I 32, and ns 3> 

And because the figures ABJTG, CDBFare similar, 
the angle GffB is eimal to the angle FJ32) (vi def 1 } 
and JBITZ is equal to BLK, 

irherefore the whole onglc GJ£L » equal to the whole angle FEK 
for the same reason the angle ABL is equal to the angle CDK 
' therefore the five-sided figures AGSLB, CFEKB are equiangular 
and because the figures AGKB, CFED ore similm, 

G2I IS to HB, os FEia ED, (vi def 1 ) 
but os JIB to KL, so is ED to EK, (VT 4 ) 
therefore, ex tequah, GJI is to HL, os FE to EK (v 22 } 
for the same reason, AB is to BL, os CD to DK 
and BL is to LH, as DK to KE, (vr 4 ) 
because the triangles BLIT, DKE arc equiangular 
therefore because the five-sided figures A GHLJi, CFEKD ore cqu 
ongulor, 

and have their sides about the equal angles proportionals, 
they ore similar to one another 

In the some manner a rectilineal figure of six sides maj be described 
upon a given straight line similar to one given, and so on Q e.f 

PROPOSITION XIX THEOREM 

Simitar trianffla ere to one another in the duplicate ratio of thar homo- 
10301 a tides 

Let ABC, DEF ho similar tnanglcs, having the angle B equal to 
the angle E, 

and let AB be to BC, as DE to EF, * 

so that the side BCmay be homologous to EF (v def 12 ) 

Then the tnangle ABC shall hate to the tnangle DEF the dupli- 
cate ratio of that which HChas to EF 

A D 


Take BG 0 third proportionol to BC, EF, (nil) 
so that BCinay be to EF, as EF to BG, and mm GA 
Then, because as AB to BC, so DE to EF, 
altemateh, AB is to DE, as BC to EF (v 16) » 

but os Be to EF, so IS EF to BG, (constr ) 
therefore, as AB to DE, so is EF to BG (V 11 } ' 

therefore the sides of the tnanglcs ABG, DEF, whiw ore about the i 
equal angles, are reciprocal]} proportional, 
but triangles, which have the sides about two equal angles recipro- ' 
callr jiroportional, are equal to one another (vi 16 ) 

uierewre the triangle ABG is cmoI to the tnangle DEFi 
and because as BCis to EF, so EF to BG, 
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LUULllj's iLTlMUNli. 


nnd that if tlircc straight lines be proportionals, the first is said to 
have to the third, the duplicate ratio of that which it has to the second 
(v def 10 ) 

therefore JiChas to BO the duplicate ratio ofthat which5CTiesto-EF 
but as BCia toBO, so is the triangle ^ilCto the triangle^^ff, (vi 1 ) 
therefore the triangle ^J9Chas to the triangle ABO, the dupheate 
ratio of that -raich 5 Chas to JEP 
but the triangle ABO is equal to the tnangle DEF, 
therefore also the triangle has to the tnangle DEF, the dupli-^ 

cate ratio of that which JSChas to EF 

Therefore similar tnaiigles, &.C Q.£ D, 

Cob, From this it is manifest, that if three straight Imes bo pro- 
portionals, as the first is to the third, so is any triangle upon the first, 
to a similar and similarly desenbed tnangle upon the second. 


PROPOSITION Xi. THEOREM. 


Similar polygons may he divided into the same number of siiniiar tri- 
angles, having the same ratio to one another that the polygons have , and the 
polygons have to one anoiner the duplicate ratio of that which their homo- 
logous sides have / 


Let ABODE, FGKKL be similar polygons and let AB be the 
side homologous to FG 

the poljgons ABODE, FGKKL may be divided into the same,^ 
number of similar tnangles, whereof each shall have to each the same 
ratio which the polygons have , 

and the polvgon ABODE shall have to the poljgon FGKKL the 
dupheate ratio of that which the side AE has to the side FG 



Join BE, EC, GL, LK 

And because the polygon is similar to the polygon FGKKL, 

the angle BAE is equal to the angle GFL, (^^ def 1 ) 
and BA is to AE, as GF to FL (Tl. def 1 ) 

therefore, because the tnangles ABE, FGL have an angle in one, 
equal to an angle m the other, and their sides about these equal angles 
proportionals, 

the tnangle ABE is equiangular to the tnangle FGL (VL 6 ) 
and therefore similar to it, (vi 4.) 
wherefore the angle ABE is equal to the angle FGL ^ 

and, because the polygons are similar, * 

the whole angle ABO is eqtiol to the whole angle FGK, (tl def 1 ) 
therefore the remaimng angle EBC is equal to the temainmg angle 
LGK (I 32 andax 3) 

and because the tnangles ABE, FGL are sunilar, 

EB IS to BA, as LG to GF, (vi 4 ) 

I 



mil bccniiso tJie pohcons nrt i iiml »i, 

AJi lb to JiC, ns FG to GJI, (n dcf 1 ) 

* tlicrcfon., cx a?quah, FJ3 is to FC, os LO to Gll, (v 22 ) 
thatis, the sides nhnutthe equal angles FJJC, ZGIIaxo proportiomls , 
therefore, the triangle FJiC is equiangular to the triangle if? 
(VI C ) and similar to it , (vi 4.) 

for tlie same reason, the triangle ECD bkewise is similar to the tri- 
^ angle LUK 

thcretore the similar poljgons ABODE, FGJIKL are divided into 
the same number of «inular triangles 

Also those triangles shall hate, each to each, the same ratio which 
the polygons have to one another, 
the antecedents being ABE, EBC, LCD, and the consequents 
FOB, LGH, LUK 

and the polygon ABODE shall have to the poUgon TGUKL the 
duplicate ratio ot that which the side AB has to the homologous 
side FG Because the triangle ABE is similar to the tnangle FGL, 
ABEhazXo FGL, the duplicate ratio of that which the side ii?has 
to the side GL (vi 19 ) 

for the same reason, the tnangle BEC has to GLU the ddpbcnto 
ratio of that which BE has to GL 
therefore, as the tnangle ABE is to the triangle FGL, so is tho 
tnangle BEC to the mangle GLU (v 11 ) 

.\gain, because the triangle EBC is similar to the triangle LGU, 
iiChastoifriT, the duplicate ratio ofthatahich the sidei7(7has 
to the side LU 

for the same reason, the tnangle ECD has to the tnangle LUK, tho 
duplicate ratio of that -tthich 270 has to LU 
therefore, as the tnangle EBC is to the tnangle LGU, so is the tn- 
anglc ECD to Uie triangle LUK (v 11 ) 
but It has been prosed, 

that the triangle 27270 is likewise to tho tnangle LGU,o.s the tn- 
angle ABE to the tnangle FGL 

therefore, ns the tnangle ABExo the tnangle FGL, so is the tnnnglo 
EB C to the tnangle LGU, and the tnangle ECD to t>c tnangle LUK 
and therefore, as one of the antecedents is to one of the consequents, 
80 arc all the antecedents to all tho consequents (v 12 ) 
that IS, as the tnangle ABE to the tnangle FGL, so is the pohgon 
ABODE Xo tlie noljgon FGJIKL 
but the tnangle ABEhas to the ^nanglo FGL, the duplicate ratio of 
that which the side AB has to the liomologous side FG, (vi 19 ) 
therefore also the polygon ABODE has to the poUgon FGIJKL the 
dupheate ratio of tnat which AB has to the homologous side FG 
t "Wherefore, similar pohgons, &.c Q f D 

Cor 1 In like manner it may be proved, that similar four-sided 
figures, or of any number of sides, are one to another in the ddpbcatc 
ratio of their homologous sides ond it has already been proved in tn- 
angles (yi 19,) therefore, univcrsallv, similar rectihneal figures are to 
one anomer in the duplicate ratio of their homologous sides 

Con 2 And if to AB, FG, two of the homologous sides, a third 
proportional ilfbe taken, (vi 11 ) 
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AB has to Jf the duplicate ratio of that which Ali has to PGt 
(v def 10) 

but the four-sided figure or polrgon upon AB, has to the four- 
sided figure or polygon upon FG likewise the duplicate ratio of that 
which AB has to FG (Tl 20 Cor 1 ) 

therefore, as AB is to JIf, so is the figure upon AB to the figure 
upon FQ (v 11 ) 

which was also proved in triangles (vi 19 Cor ) p 

therefore, universally, it is manifest, uat if three straight lines he'^ 
proportionals, as the fimt is to tiie third, so is any rectilineal figure 
upon the first, to a similar and similarly described rectihncal figure 
upon the second 

PROPOSITION NXT. THEOREM 

Rectthneal Jiffures icJuch are similar to the same rectilineal Jtgure, ars 
also similar to one another 

Let each of the rectilmeal figures A, B be similar to the rectilmeal 
figure C 

The figure A shall be similar to the figure B 



Rccause A is similar to C, ^ 

they are equiangular, and also base their sides about the equal* 
angles proportional (vi def 1 ) 

agpin, because B is similar'to C, 

they are equiangular, and have their sides about the equal angles 
proportionals (VI def 'l ) 

therefore the figures A, B are each of them equiangular to C, and 
ha\e the sides about the equal angles of each of them and of C pro- 
portionals 



therefore A is similar to B (vi def 1 ) 
Therefore, rectilineal figures, &c q e d 


PROPOSITION XXn THEOREM 

If four straight lines he prtgiorttonals, the similar rectihncal figures 
similarly described upon them shall also be jproportionals and conversely, 
if the similar rectilineal figures similarly described upon four straight lines 
be proportionals, those straight lines shall be proportionals 

Let the four straight lines AB, CD, EF, ffNTbe proportionals, U 
nz AB to CD, as EF to OS, < 

and upon AB, CD let the similar reotihneal figmes JSIAB, LCD be 
similarly described , ' 

^ and upon EF, GS the similar reotihneal figures MF, NS, m hke 
manner 

, the rectilineal figure KAB shall be to LCD, as 3fF to NS 
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To -i/?, VI) tike II Ihml proporlioinl X, (M. 11 ) 
nnd to XF, GlI n third proportional 0 
nnd liccnu^i’ AF a to CJ} ns i'JP’to GIF, 

* therefore CD is to A, ns Oil to 0 (t 11 ) 

srhcrcforc, ex ncijinli, ns All to X so DF to O (\ 22.) 
hut w A F to X, *0 « the rectilineal figure XAF to the rcctilincnl 
figure X-CD, 

and ns EF to O, so is the rectilineal figure XF to the reclilmcal 
figure XJI (VI. 20 Cor 2 ) 
therefore, ns to XCA so IS -IfPto AV/ (\ 11.) 

And if the rectilineal figure XAE he to LCD, ns jtjfj’to XJI, 
the straight line AF shall he to CD, ns 2.7'’ to GJI 
Mnke ns AF to CD, so EFto PF, (n 12 ) 
nnd upon PE describe the rectilineal figure SE s}77n}ar nnd simi» 
Inrlv situated to cither of the figures HIP, XJI {xj 18 ) 
then, hccaitsc ’<<iAF to CD, so is EF to PE, 
nnd that upon AF, CD nrc described the similnr and similnrl) 
fituateu reciihneals KAF, LCD, 

nnd upon EF, PF, in like manner, the similar rcclihncnls JtlF, SF , 
^ Uicreforc KAF is to LCD, ns .VF to SJt 

buth) the h)*poihcsis KAF is to J,CD, as il/F’to XJIi 
end therefore the rectilineal iffF having the same ratio to each of the 
ITTO XJI, SR, 

these nrc eijual to one another, (t 9 ) 
they arc also similar, and similiarh situated; 

therefore GII is equal to PR 
nnd because ns jf J7 to CD, so is EF to PR, 
and that i'JJ « equal to GJI, 

AR IS to CD, as ETto GJI. (t 7 ) 

If therefore, four straight line*, &c q. E. o. 


riiorosiTiov \xiii thkorlsi 

EguxtmgtiJar pnrallelfuitnmt hare to one another (he ratio xehteh ts 
eompamded of the ratiof of thtir ttdet. 

Let v<CJ CFhe equiangular parallelograms, basing the angle 21 CD 
equal to the angle ECG. 

Then the ratio of the parallelogram AC to the parallelogram CF, 
shall be the same with the ratio \nnch is compounded of the ratios of 
t^'’lr sides 

A P n 
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Lot DC, CG 1)0 plocctl in n straight line , 
therefore DC nn'l CD arc also in a straight line , (t 14.) 
and coniplotc the parallelogram DG, 
and taking nnj straight line K, 
make ns DCto CO, so A to L , (vi 12 ) 
and ns JDCto CA, so moke A to jf, (VJ 12), ^ 

therefore, the ratios of K to JC, and L to 3f, are the same snlh the 
ratios of the sidas, ^ 

VIZ ot DC io CG, and DCto CD 
hut the ratio of K to ilf is that \rhich is said to be compounded ot 
the ratios of K to L, and L to M, (V def A ) 
therefore K has to jJf the ratio compounded of the ratios of the sides 
and because as DCto CG, so is the parallelogram to the paral- 
lelogram GET, (^^ 1 ) 

hut as DCto CG, so is K to L, 

therefore K is to L, ns the pomllclogram AO to tlie parallelogram 
CD (V 11 ) 

again, because as DC to CD, so is the parallelogram CJI to the 
parallelogram OF, 

but as JDGto CD, so is A to iJf, 

wherefore Z is to JU) ns the pamliclogmm CD to the norallelogram 
CF, (\ 11 ) 

therefore since it hns been proved, 

that as X to X, so is tlie par<allologram AC to the pnmllelogmm CEff 
and as L to M, so is the parallelogram CD to the parallelogram CF, 
ev (cquah, K is to ill, as the parallelogram AC to the parallelogram 
CF (V 22 ) 

but X has to M the ratip arhich is compounded of the ratios of the 
sides , 

therefore also the parallelogram jIC hns to the parallelogram CF, 
the ratio 'which is compounded of the ratios of the sides 
Wherefore, equiangular parallelograms, &c Q E D 

PKOPosmoN xxn'' theorem 

Parallelograms ahovt the diameter of any parallelogram, are similar to 
the whole, and to one another 

Let AD CD be a parallelogram, of which the diameter is A C, 
and DG, DK parallelograms about the diameter 
The pamllolo^ams DG, DK shall be similar both to the whole 
parallelogram AD CD, and to one another 

A E B 


D E C 

Because DC, ffXnre parallels, 
the angle ADCia equal to tlie angle AGF (I 29 ) 
for tlie same reason, because DC, DFaro parallels, 
the angle ADC is equal to the angle ADF 





HOOK M rnor xxn, ^x^ 283 

and cacli of the ancles J3QD. LFG is equal to the opnositc nnsk 
(134) 

and therefore they are equal to one another 
•wherefore the parnllelogmnis AS CD, ADFG, arc equiangular 
and because the angle ASCk equal to the angle AEF, 
and the angle SAC common to the two triangles SAC, EAF, 
Ihej are equiangular to one another , 
thcrcfoic ns AS to SC, so is AS to S2^ (VI 4 ) 
and because the opposite sides of parallelograms are equal to one 
another, (I 84 } 

AS IS io AD os AS \o AG , (v 7) 
and DC io CS, ns GF io FE , 
and also CD to DA, as FG to GA 
therefore the sides of the paralldogrnms AS CD, AEFG about the 
equal angles arc proportionals, 

and thoj are therefore similar to one another, (vi def J ) 
for the same reason, the parallelogram AS CD is similar to the 
parallelogram FHOK 

wherefore each of the parallelograms GS, KHis similar to DS 
ut rectilineal figures which are similar to the same rectilineal figure, 
are also similar to one another (Ti 21 ) 

therefore the pamlleloCTam GS is similar to KS 
I^Ticrcfore, parallelograms, &c Q E p 


PBOPOSmON XXV, PROBLEM. 


To desenhe a rcchUneal fqu.rc tc/«cA shall be similar to one, and equal 
io another given rccitlmcaljigurc 


Let AS C ho the giaen rectilineal figure, to which the figure to bo 
described is required to be similar, and D that to uhich it must be 
equal 

It IS required to describe a rectilineal figure similor to ASC, and 
equal to D 



R 

CS3 Za 

G U 


Upon the straight lino SC describe the parallelogram SE equal to 
the figure ASC, (I 46 Coi ) 

also upon CE describe the parallelogram CM equal to JX (l 45 Cor ) 
and having the angle FCE equal to the angle CSL 
therefore iJCand CP are in n straight line, as also SS and EM 
(I 29 and I 14 ) 

between PCand CPfind a mean proportional GII, (vr 13 ) 
and upon GM desenbe tlio rectilineal figure KGH similar and «inii 
larly situated to the figure ASC (vr 18 ) 

Because JBCis to GJI ns GH to CP, 
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and that if three straight Imea'be proportionals, as the first is to 
the third, so is the figure upon the first to the similar and similarljr 
desenhed figure upon the second , (vt 20 Cor 2 ) ' 

therefore, as J5C to CF, so is the rectilineal figure ABC io KGH 
but as JSCto CF, so is the parallelogram BE to the parallelogram 
FF, (V7 1 ) 

therefore as the rectilineal figure ABC is to KGE, so is the paral- 
lelogram BE to the parallelogram EF (v 11 ) ^ 

and the rectilineal figure ^FCu equal to the parallelogram BE\ 
(constr ) 

Uitrefore the rectihncal figure KGS is equal to the parallelogram 
EF (V 14) 

but EF IS equal to the figure E f (constr ) 

•wherefore also KGS is equal to E and it is similar to ABC 
Therefore the rectihneal figure JCCFThas been desenbed similar to 
the figure ABC, and equal to JD Q E.F 

PROPOSITION XXYI. THEOREM 

If tteo sttmlar parallclogrami have a eonmon angle, and he similarly 
tituated, they are abmtt the same diameter 

Let the parallelograms AB CE, AEFG be simdar and similnrlj 
situated, and hare toe angle EAB common 

ABCE and AEFG shall be about the same diameter * 


AO D 



D c 


For if not, let, if possible, the parallelogram BE have its diameter 
A UC in a different straight line from AF, the toametcr of the paiil- 
hlognun EG, 

and let GF meet ASC in S, 
and through S drair SK pmllel to AE or BC, 
therefore the parallelograms ABCE, AKSQ being about the same 
diameter, thej are similar to one another, (tn 24 ) 
wherefore as EA to AB, so a GA to AK {\l def 1 ) 
but because ASCJO and A£FG are similar parallclogramsi (byp ) 
as EA is to AB, so is OA to AE, 
therefore as GA to AE, so GA to AK, (v 11 ) 
that IS, GA has the same ratio to eoch of the straight lines AE, AK. 

and consequently AK is equal to AE, (v 9 ) r 

the less equal to the greater, which is impossible 
thCTefore ABCE and AKS6 are not about tlie same diomcipr 
wherefore ABCE and AEFG must be about the same diameter 
' Therefore, if two similar, &.c, Q.E.D 
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pROPOsrriON xxvn theorem 

0/ ell paraXltlograma applied to the same straight line, and defieioit bi 
parattilograms, similar and simxlerlg situated to that which u describe 
upon the half of the line , that which ts applied to the half, and is smila, 
to its defect, is the greatest 

. Let AB be it straight line divided into t\ro equal parts in C, 

* and let the panllelogram AD he applied to the him AC, -which is 
therefore deficient from the parallelogram upon the whole hne AB by 
the parallelogram CE upon the other half OB 
of all the parallelograms applied to any other ports of AB, and 
deficient by parallelograms that are similar and su^arly situated to > 
CE, AD shaU be the greatest 

Let AFhe any patmlclogtnm applied to AK, any other part o{AB 
than the half, so ns to be deficient from the parallelogram upon tlie 
whole hne ABh^ the parallelogram EH similar and similarly situ* 
'ilcJ to CE 


fit, E 



A CK B 

AD shall be greater than AF 

First, let AK the hose of AF, be greater than A C the h alf of AB • 
and because CE is similar to the parallelogram HE, (hyp ) 
they are about the same diameter (vi 26 ) 
draw their diameter DB, and complete me scheme 
tlien, because the parallelogram CFis equal to FE, (l 43 ) 
add A'lT to both 

therefore the whole CH is equal to the whole EE 
^but CH IS equal to CG, (l 36 ) 
because the base ACis equal to the base CB, 
therefore CG is equal to EE (ut 1 ) 
to each of these equals add UF, 
then the whole AF is equal to the ^omon CBX (at 2 ) 
therefore CE, or the parallelogram AD is greater than the pan 
lelogram AF 

Next, let AE the base of .4jPbe less than AC 

G FM n 


A KC B 

then, the same construction being made, because BO k equal to CA, 
therefore HM is equal to MG, (l 34 ] 




286 LDCLID’s tLEMtNTS 

theicfore the paraUelogram DS is equal to the parallelogram DQ, 
U 36) 

vhereforo DSn gi eater than LG 
but DU is Mual to DK, (i 43 ) 
therefore DK is gieater tJian L6 
to each of these add AL , 

tlien the whole AD is gieater than the whole AF . 
Tlierefore, of all parallelograms applied, &.c q H D 

PROPOSITION XXVm PROBLEM 

Tq a fftvcn slraxght line to apply a pm allelogram equal to a given 
rectilineal figure, and deficient by a parallelogram similar to a given paral- 
lelogram but the given rectilineal figure to wh*ch the pgrallelogi am to be 
applied IS to be equal, must not be greater than the parallclogi am applied to 
half of the given line, having its defect similar to the defect of that which is 
to be applied, that ts, to the given parallelogram 

Let AD be tlic given straight line, and Cthe given rectilmcal figure, 
to which the paiallclogram to he applied is required to he equal, which 
figure must not bo greater (VI 27 ) than the parallelogram ajqihed to 
the half of the line, na^’lng its defect from that upon the whole line 
similar to the defect of tint which is to be applied , 
and let D he the parallelogram to which mis defect is required to be 
similar 

It IS required to apply a parallelogram to the straight Ime AS, 
which shall be equal to the figure 0, and be deficient from the paral- 
lelogram upon the whole line by a parallelogram similar to D 
Dmde AS into two equal parts in the point S, (I 10 ) 
and upon SS describe the paiaficlogram SJiFG similar and sum 
larly situated to D, (vi 18 ) 

and complete the parallelogram AG, which must either be equal to 
C, or greater than it, by the determination 
AG he equal to C, then what was required is already done 
II G OF 

Q a 

A L. 8 11 Iv A 

for, upon the straight hue AS, the parallelogram AG is applied equal 
to the figure C, and deficient by tlio parallelogram SF sunilar to D 
But, if be not equal to (7, it is greater than it 
and SF is equal to AG, (I 36 ) 
therefore SF also is greater tlian C 

Make the parallelogram KLMN equal to the excess of SF above 
(7, and similar and similaily situated to D (vi 25,) 

tlien, since D is similar to SF, (coristr ) 
therefore also KM is similar to SF, (vi 21 ) 
ct KL be the homologous side to SG, and LM to GF 
and beqauBO SF is equal to (7 and KM together, 
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Jir 1 “* {greater tlian KM, 

ihcrcforn tl»c straipht line Kir is gronler than KL, and OF tJian LM 
inaKc OX equal to LK, and GO equal to LM, (t 3 ) 
and complete tlie inrallolognim XGOP {l 31 ) 
thcrclorc JITO is equal mid smnhr to KM 
but ilTilf i« Pirailor to KF, 
vberefore also XQ is similar to JOF, 

^ana Uierefore XO and EF ate about the same diameter (vi 26 ) 
kt OPB be their diameter and complete the scheme 
Tlien, because JOPis equal to Caiid KM together, 
and XO a jiart of the one is equal to KM a part of the other, 

Uie tcmaindir, Mr. tlic gnonion FRO, is equal to the remainder C 
(ax 3 ) 

and because OR is equal to XS, bj adding SR to each, (i 43 ) 
tlie svholc OR Is equal to the suiole XR 
but XB is equal to TK, because the base AB is equal to the base 
JCS\ (I 36 ) 

wherefore nko TR is equal to OR (ax 1 ) 
add to each then Uio whole JiSis equal to the whole, mz to 
the gnomon LRO 

but It has been proved that the gnomon RRO is equal to C} 
and thertfore also 7S is npinl to C 
\\’hcrcrore the paraUclogram 'J'S, equal to the giren rectilineal 
■•“gure C, IS ap])licd to the gnen straight lino AR, dclicicnt bj the 
pamllclogram SR, similar to the given ono JD, bocaiiso SR is similar 
XoKF (Ti 24 ) Q > K 


PROPOSITION XXIX PRORLPM 

Tc a fftreii slraight hue to ojrplft a paralMoifram equal to a criccn redtr 
lineal Ji^e, exceedinir btf c foralhlooram similar to another g Km 

Let AR be tlie giv en straight line, and C the pv on rcctilincnl figure 
to which the paralUlogram to be opjihcd is rtquircd to be equal, and 1) 
the parallelogram to which the cxccs!, of tlie ono to bo iipplied above 
tlial upon the givci\ line is required to be similar 

It IB required to appl) a parallelogram to the given straight line 
AR winch shall be equal to the figure C, exceeding bj a parallelogram 
similar to h. 


AjJLV-JiJnAo 


ri r z 


Divide AR into two equal parts in the point J7, (r 10 ) and upon 
PsR tlLscnbc the parallelogram EL similar and simil.uly situated to 
D (VJ 18) 

and make the parallolognnn 6 Jf equal to EL and (7 together, and • 
similar nmf siniilarl} situated to J) (vr 2fl ) 

wliertforc OJ£ is similai to EL (vx 21 ) 
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1 

let KH be the side homologous to FL, and KO to FE 
and because the parallelojTQQi ^ greater than EE, 
therefore the side EJ5' is greater than FZ, 
and EG than FE 

produce FE and FE, end make FLjUI equal to KS, and FEN to KO, 
and complete the parallelogram MN 
MN IS therefore equal and similar to GH 

but GH 18 similar to EL , / 

wherefore MN is similar to EL , 

and consequently EL and MN are about the same diameter (VI 26 ) 
draw their diameter FX, and complete the scheme 
Iherefore, since GS is equal to EL and C together, 
and that GN is equal to MN, 

MN 18 equal to EL and C 
take away the common part EL , 
then the remamder, nz the gnomon NOL, is equal to C 
And because AE is equal EE, 
the parallelogram AN is equal to the parallelogram NS, (i 36 1 
that is, to EM (l 43^ 

add NO to each , 

' tlierefore the whole, viz the parallelogram AX, is equol to the 
gnomon NOL '' 

but the gnomon NOL is equal to Of 
therefore also AX is equal to C ^ 

"Wherefore to the straight hne AE there is apphed the parallelo^ 
gram AX equal to the given rectilineal figure C, exceeding bv the 
puallelogram PO, which is similar to D, because PO is ^ilar to 
EL (vi 24) qbf 

« 

PROPOSITION XXX PROBLEM 
To cut a given etraigTU line in extreme and mean ratio 
Let AE bo tlie gnen straight line, 

It IS required to cut it in extreme ^and mean ratio 



D 
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Upon AS describe the square SC, (T 46 ) 
and to -4 C apply the parallelo^m OS, equal to EC, exceeding by 
the figure AS similar to EC (vi. 29 ) ^ 

then, since EC is a square, - ^ 

therefore also AD is a square 
and because SC is equal to CD, 
by tokmg the common part CE from each, ' 
the remainder EF is equal to the remainder AD 
and these hgures nie equiangular. 
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therefore Uieir sidei about tlie equal angles are reciprocally propor- 
tional (VI 14 ) 

therefore, os FS to ED, so AE to EB 
but FE IS equal to A C, (l 34) that is, to , (def 30 ) 
and EJD is equal to AE, 
therefore as BA to AE, so is A^ to EB 
but AB 18 greater than AE, 
wherefore AE is greater than EB (v 14 ) 
therefore the straight line AB is out in extreme and mean ratio u 
E (VI def 3) QEF 

Ofberwise, 

Let AB be the given straight hne 
It 18 required to cut it on extreme and mean ratio 

A g B 

Divide AB in the point C, so that the rectangle contained by AB, 
BC, ma} be equal to the square on AC (ll 11 ) 

1 nen, because the rectangle AB, BC is equal to tlie square on AC, 
as BA to AC, so is ^4 O' to CB (vi 17) 
tlierefore AB is cut in extreme and mean ratio in C (VI def 3 ) 
QEI 


PROPOSITION XXXI THEOREM 

' Jit right angled tnangke, the rectilineal figure deienhed upon the tide op~ 
poHte to the right angle, u egual to the similar and nmilarly described figures 
upon the sides containing the right angle 

Let ABO\si a nght-angled triangle, having the light angle BAC 
The rectilineal hgure desenbed upon shall be equal to the 
similar and similorl) desenbed figures upon BA, AC 



Draw the perpendicular AD (i 12 ) 
therefore, because in the nght-angled tnangie ABC, 

AD 18 draini fiom the right angle at A perpendicidar to the base BC, 
the tnangles ABD, ADC nve «amilar to the whole tnangie ABC, 
and to one another (vi 8 ) 
and because the triangle ABC is similar to ADB, 
as CB to BA, so is BA to BD (vi 4 ) 
and because these three straight hnes are proportionals, 
as the first is to the third, so is the figure upon the first to the similar 
and similarly desenbed fi^e upon the second ^ 20 Cor 2 ) 
therefore os CB to BD, so is the figure upon CB to the similar and 
similarly desenbed fi^e upon BA 
and inversel}, as DB to BC, so is the figure upon BA to that upon 
BC (v B) 




S90 iLrunN in mist*:. 

for the Kiiur n’lson, m to CIL so die fiintre upon C 4 to tin 
upon CJi- ^ 

thert’'i3rc fio ii/) nnd JiClojeuitrto iJC, *o iin titc ft.utcs upot 
to ttni upon it C (t 2*) 
liut Jil) rntl iJCtogeth' r nrc cqii d to iJC, 
tlicrtfo't tl e fii.iire tk’onbetl on JiC i'- etjinl to the MimlT om 
finuhrlt de-cntud figurj.5 on It 4, -iC* (t ^ ) 
htrefori, m n{,iu-oHglcd trmnglt'-, iVe <i i u 


pnoposiriox ixxii tueokem 

IfttfO Ineitolrs trAnA have iieo st let of the oil' proporttonal to tiro sxft^ 
cf the c*A/<r, be jotntd nl one anyle, *o as to hare their homoJeyous tide 
parallel to one another ; the reniaintn^ tides thnlt be in n s'ratphl line 

'LclASC, DCElic two tnniirft^ wliieh ha\e the two stiles i-4 
^Cproporttonal to the two CD DD, 

S17 to AC, ns CD to DD, 
nnd let AJb hi pmllel to DC, and AC to DB 


K 



riitn liC and CD shall be in o stnicht hne 
RtraufC AD iR pnrallel to DC, and tne slrniphtiinc .IC mtets thtm 
the altcniatc rngles J?.i C A CD are equal , (i 29 ) 
for the s (me nason, tht an^k CDD ts cqinl to the nnqk .i CD , 
sviureforo i!«o iElC’istqonl to ODD {n\, 1 ) 
tnd htcausc the tmnpss ADC, llCiJ base one angle nl. I tqun! t 
otic at D, and the suits about these angles proporUotinls, 

MS Di to A C, ns CD to DD 
the tn^ngk ./ifCiR equianguhr to i)Cir (\i C) 
therefore the angle ADCu iquil to the nngk DCD 
and tlic angle It t C wns p’-os td to be equal to .1 CD , 
lKt'Sv.forc tht whole entk .167. tS equal to the tsvo ungk'- ADC, 
DAC (ftx 2) 
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^Koposmox xxxnL theorem. 

In tqual circles, angles, vhe'htT at the caUert or exmtmfertncts, have 
t! ' <arn« ratut irhlch tlie etratnfermses on vhteh they stand hate to one 
cntihcr so alto have the sectors 

Let A BC, DUFte equal cirdes , and at their centers the angle® 
BGC, BJETF, and the angles BAC,EDF, at their circumferences 
^ As the circumference BC to the circu mference JBF, so shall the 
angle BGC be to the angle EFLF, and the angle BACio the 
angle EBF, 

and also the sector BGC to the sector EHF 


Take any number of circumferences CK, KL, each equal to BC, 
and any number trhatever F3I, 3121, each equal to JEF- 
and jom GK, GL, EM, HE 
Because the circumferences BC, CK, KT, are all equal, 
the angles BffC C&JT, if are also all equal (ni.27) 
therefore what multiple soever the circumference BL is of the cir- 
cumference BC, the same multiple is the angle BGL of the angle 
BGC 

for the same reason, whatever multiple the circumference EE is of 
the circumference EF, the same multiple is the angle EEE of the 
angle EHF 

and if the circumference BL be equal to the circumference EE, 
toe angle BGL is also equal uT the angle EHE, (iii. 27 ) 
and if the circumference BL be greater than EE, 
likewise the angle BGL is g’uater than EEOI, and if less, less 
therefore, smee there are four magnitudes, the two circumferences 
BC, EF, and the two angles BGC, EHF, and that of the circum- 
ference BC, and of the angle i?(?C, have been taken any equimultiples 
whatever, viz. the circumference BL, and the angle BGL , and of the 
circumference EF, and of the angle EHF, env equimultiples what- 
ever, VIZ the circumference EE, and the angle EHE 
and smee it has been proved, that if the circumference BL he greater 
than EE, 

the angle BGL is greater than EHE, 
and if equal, equm , and if less, less , 

{Ltffefore as the circumference BCxo the circumfcreDce EF, so u the 
angle BGC to the angle EHF (v def 5 ) 
but as the angle BGC is to the angle EHF, so is the ang^eBACto 
the angle EDF (v 10 ) 

for eacn is double of each (ni 20 ) 

therefore, as the circumference BC is to LF, so is the angle BGC {o 
the angle EHF, and the angle BAC to the angle ELF 




02 


EUCLID’S ELEMENTS. 

AlsO| as the circumfetence ^Cto EFf so sliall the sector £(?C’be 
to the sector EHF 


Join EC, CK, and in the circumferences, EC, CK, take any pomts 
X, 0, and join EX, XC, CO, OK 

Then, heeause in the tnanglcs GEC, OCK, 
the two sides EG, GCose equal to the two CG, GK each to each, 
and that they contain equal nn^es , 
the hose ECi& o^al to the base CK, d ) 
and the triangle GBOto the triangle GCK 
and because the circumference EC is 'equal to the circumference CK, 
the remaining part of the whole circumference of the circle AEC, is 
equal to the remauung part of tlie whole circumference of the same 
curole (ax 3 ) 

therefore the angle EXC is equal to the angle COK, (in 27 h 
and the segment EXC is therefore similar to the segment COK, 
(ni def 11) 

and they are upon equal straight lines, E C, CK ^ 

but similar segments of circles upon equal straight Imes, are equal 
to one another (in 24 ) > 

therefore the sclent EXC is equal to the segment COK 
and the triangle EGCyias proved to he equal to the tnnngle CGK, 
therefore the whole, the sector EGC, is equal to the whole, the 
sector CGK 

for the same reason, the sector KGL is equal to each of the sectors 
EGC, CGK 

in the same manner, the sectors EHF, FHM, MHN may he 
piovfed equal to one another 

therefore, what multiple soever the circumference EL is of the circum- 
ference ^(7, the same multiple is the sector EGL of the sector EGC, 
and for the same reason, whatever multiple the circumference EN 
IS of EF, the same multiple is the sector EHN of the sector 
EHF 

and if the circumference EL he equal to EH, the sector EGL is 
equal to the sector EHN, 

and if the circumference EL be greater than EN, the sector EGL 
IS greater than the sector EmN, 

and if less, less , w 

smee, then, there are four magmtudes, the two circumferences EC, 
EF, and the two sectors EGC, EHE, and that of the circumference 
EC, and sector EGC, the circumference EL and sector EGL ore any 
^uimultiples whatever, and of the circumference EF, and sector 
,^EHF, the circumference EN, and sector EHN are any eqmmultiples 
whatever , ' 
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and since it lias been pro\ cd, that if the circumference BL he greater 
than EN, the sector BQL is greater than the sector EHE, 
and if equal, equal , and if less, less 

therefore, as the circumference JSC is to the circumference EF, so 
IS the sector BGCXo the sector EMF (v def 6 ) 

Tinierefore, in equal circles, &c Q E B 

PBOPOSmON B- THEOEEM 

If an angle of a triangle be bisected bg a straight line which lihcioiseeutt 
the Sose , the rectangle contained bg the sides of the triangle is equal to the 
rectangle contained bg the segments of the base, together with the square on 
the straight line which bisects the angle 

Let ABChz a triangle, and let the angle BAC\i^ bisected bj the 
straight hue AE 

The rectangle BA, AC shall be equal to the rectangle BB, DC, 
together \nth we square on AB. 



E 

S' ' Describe the circle ACB about the tnai^lc, (iv 6 ) 
and produce AB to the circumference in E, and join EC 
Then because the angle BAB is equal to the angle CAE, (hyp ) 
and the angle ABB to the angle AEC, (xa 21 ) 
for thej are in the same segment, 
the tnanglcs ABB, ABC are equiangular to one another (l 32 ) 

therefore as BA to AB, so is EA to AC, (vi 4 ) 
and consequently the rectangle BA, AC is equal to the rectangle EA, 
AB, (n 16) 

that 15, to the rectangle EB, BA, together mth the square on AB , 
(n 3) 

but the rectangle is equal to the rectangle BD, DC, (ni 35 ) 

therefore the rectangle BA, AC is equal to the rectangle BB, BC, 
together mth the square on AB 
"Wherefore, if an angle, &.c Q E D 


PROPOSITION C THEOREM 

Iff ran ang angle of a triangle, a straight line he drawn perpendicular to 
tie base, the rcctanqle contained bg the sides of the triangle is equal to the 
'\eiangle contained bg the perpendicular and the diameter of the circle de- 
siiibcd about the triangle 

Let ABC be a tnangle, and AB the perpendicular from the angle 
A to the base BC 

' The rectangle ^Cshall be equal to the rectangle contained by 
AB and the mameter of the circle described about the tnangle. 



^94 i,tJcLID*b tLT-MFNl'S 


B 


Describe the circle A CS about the triangle, (it 6 ) and draw its 
diameter AJE, and join JSC '/ 

Because the right angle JBDA is equal to the angle ECA in a 
semicircle, (ill 31 ) 

and the angle AJiJJ equal to the angle in the same segment, 
(m 21 ) the mangles AJBD, ABC are equiangular 
therefore as BA to AD, so is BA \.o AC, (VI 4 ) 
and consequently the rectangle BA, AC\& equal to the rectangle BA, 
AD (VI 16) If therefore from any angle, S.C. Q E.D 

PROPOSlllON D THEOREM 

The rectangle contained hy the diagonals of a gtiadrilateral figure inscribed 
in a circle, is equal to both the rectangles contained hy its opposite sides 

Let ABCD be any quadrilateral figure inscribed in a circle, and 
join A C, BD 

The rectangle contained by AC, BD shall be equal to the tuo 
rectangles contained bj AB, CD, and bj AD, BC , 

^lake the angle ABB equal to Uie angle DBC (I 23 ) 
add to each of these equals the common angle BBD, 
then the angle ABD is equal to the angle BBC ‘ 
and the angle BDA is equal to the angle BCB, because thej are 
in the same se^ent (UI 21 ) 
therefore the triangle ABD is equiangular to the triangle BCB 
wherefore, os JBCis to CB, so is BD to DA , (yi 4 ) 



and consequently the rectangle BC, AD ys equal to the rectangle 
BD, CB (VI 16) 

again, because the oxi^aABB is equal to the angle DBC, and the 
angle BAB to the angle BDC, (UI 21 ) 
the mangle ABB is equiangular to the mangle BCD 

therefore as BA to AB, so is BD to DC, ^ 

wherefore the rectangle BA, DC is equal to the rectangle BD, AB 
but the rectangle BC, AD has oecn shewn to be equal 
to the rectangle BD, CB , 

therefore the whole rectangle AC, BDis equal to the rectangle 
ylil, DC, together with the rectangle udD, ^(7 (il 1) 

Therefore the rectangle, &c q e D 

’This IB alicmmn of 01 Ptolomwus, in psgr 9 of his 





NOTES TO BOOK Vl. 


Ik this Book, tlie theory of proportion, exhibited in the Fifth Book, is 
aoplicd to the comparison of the sides and areas of plane rectilineal figures, 
both of those ■which arc similar, and of those "which are not similar 
Def I In defining similar triangles, one condition is sufficient, namely, 
'hat similar triangles are those nmch have their three angles respectively 
equal , as in Prop 4, Book vi, it is proved tliat the sides about the equal 
angles of equiangular triangles are proportionals But in defining similar 
figures of more than three sides, both of the eonditions stated m Def i, 
are requisite, as it is obvious, for instance, m the case of a square and a 
rectangle, which have their angles respectively equal, but have not their 
sides about their equal angles proportionals 

Tlie followmg definition has been proposed “Similar rectilmeal 
figures of mure than three sides, are those which may be dmded into the 
same number of similar tnangles This definition would, if adopted, 
require the omission of a part of Prop 20, Book \ i 

jDcf HI To this definition mav be added the folloivmg 
A. straight line is said to be divided Anrmonicnlfy, when, it is divided 
'into three parts, such that the whole line is to one of the extreme segments, 
as the other cvlremc segment is to the middle part Three lines are in 
fiarmonical proportion, when the first is to the third, as the difference be- 
tween the mst and second, is to the difference between the second and 
th'rd , and the second is called a harmonic mean betw eenthe first and third. 

The expression ‘ harmomcal proportion' is derived from the followmg 
fact in the Science of Acoustics, that three musical strings of the same 
matcnal, thickness and tension, when divided m the manner stated ui the 
definition, or numerically os 6, 4, and 3, produce a certam musical note. 
Its fifth, and its octave 

Def TV The term altitude, as applied to the same triangles and paral- 
lelograms, will be different accordmg to the sides which may be assumed 
as the base, unless thej arc cquilatcrid 

Prop I In the same manner may bo proved, that tnangles and paral- 
lelograms upon equal bases, are to one another as their altitudes 

Prop A When the triangle ABC is isosceles, the line •which bisects 
tlic txtenor angle at the vertex ii parallel to the base In all other cases, 
if the hne which bisects the angle BAG cut the base JJCm the point G, 
then the straight Imo BD is harmomcally dmded in the pomts 0, C 
For BG IS to GC os BA is to AC , (vi 3 ) 
and BD is to DC as BA is to AC, (vi a.) 
therefore BD is to DC as BG is to GC, 
hut BG = BD- DG, and GC^GD ~ DC 
Wherefore BD is to DG as BD — DG is to GD — DC, 

Hence BD, DG, DC, are in harmomcal proportion 
Prop TV IS the first case of pmilar tnangles, and corresponds to the 
third case of equal triangles. Prop 20, Book i 
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T-UCnD’s> rLEMTNTS 


Sometimes the sttlcs opposite to the equal anpilcB in two cquiangulst 
tnonglcs, ore called the cortesponding stdts, and these arc said to be taro 
poTtional which is simpl> taking the proportion in Huchd oltcmatcw 
The term homologmu {o/io\o/ov), has reference to the plates Uie adcs 
of the triangles have in the ratios, and in one sense, homologous sides na- 
be considered as corresponding sides The homologous sides of any two 
similar rectilineal figures will be found to be tliosc which nro adjacentto 
two equal angles in etch figure 

Prop t , the com erst of Prop i\ , is the second ease of similar tnanglci, f 
and corresponds to Prop 8, Book i, the second case of equal triangles 
Prop 1 1 IS the third case of similar triangles, and corresponds to Prop, 

4, Book 1 , the first ease of equal triangles 

The propertj of similar triangles, and that contained in Prop 47, BooW 
1 , are the most important theorems in Gtomctn ' 

Prop Til IS the fourth ease of similar tiiaiiglcs, and corresponds to the 
fourth ease of equal triangles demonstrated ir ♦he note to Prop 20, Book i 
Prop IX The loariicr here must not forget the difllrcnt meanings of 
the word part, ns employed In the Elements The word here has the 
same meaning ns in Euc \ d> t 1 

Itmai be remarked, that this proposition is a more simple ease of the 
next, namclj , Prop x 

Prop XI This proposition is that particular case of Prop xii.inwiiich 
the second and third terms of the proportion are equal These two 
problems exhibit the same results bj a Geometrical construction, as nro 
obtained bj numerical inultiplicnuon and diiision 

Prop xiii The difference in the two propositions hue it 14, and 
£uc 1 1 13, IS this in the Second Book, the problem is, to make n reel- ^ 
angular figure or square equal m area to on irrcgiihr rectilinear figure, 
m wluch the idea of ratio is not introduced In tlic Prop m the Sixth 
Book, the problem relates to rnuoa onlj, and it requires to dimdc a line 
into tw o parts, so that the ratio of the w hole line to the greater segment 
ma^ bo the same os the ratio of the greater segment to Uie less 

ilio result in this proposition obtained by a Geometrical construction, 
is analogous to that wluch is obtained by the multipliinuon of two 
numbers, and the extraction of the square root of the product 

It may he observed, that half the sum of il jj and 2JC i« colled the 
Arithmclic mean between these lines, also that DD is colled the Geo- 
meinc mean between tlic same lines 

To find two moan proportionals between two gnen lines is impossible 
by the straight line and circle Pappus has given seieral solutions of 
this problem in Book in, of his Malliemntical Collections , and rutocius 
has mven, m his Commentary on the Sphere and Cylinder of Aicluincdcs, 
ten different methods of solving this problem 

Prop xn depends on the same principle ns Prop xs, and both may 
easily be demonstrated from one diagram Join DI , FF, FO in the fie 
to Prop xn , and the figure to Prop xv is formcil We may add, that 
there does not appear any reason avhy the uropcrtics of Uio triangle and 
pamllclogram should bo here separated, and not m the first proposition oL 
the Sixth Book " 

Prop \v holds good when one angle of one triangle is equal to the 
defect from \^hnt the corresponding angle in the other ^^ants ot two rscht 
onglcs ° 

This theorem will perhaps be more distinctly comprehended by the 
’^earner, if he ivill bear in mind, that four magnitudes are Tcciprocally 

% 
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proporlional, when the ratio compounded of tlieso ratios is a ratio of 
equality 

Prop XMX isonl} n particular ease of Prop and more properly, 
might appear as a corollary and both ore eases of Prop w 

Algebraically, Let AD, CD, L, F, contain a, b, c, d units respectively 


Then, smeo a, b, e, d are proportionals. 


a e 
b"^d 


Multiply these equals by bd, ' ada be, 
or, the product of the extremes is equal to the product of the means 
And convcrsGl) , K tlie product ol the extremes be equal to the pro 
duct of the means, 

or ad = be, 


then, dividing these equals by bd. 


a e 
b “S’ 


or the ratio of the first to the second number, is equal to the ratio of the 
third to the fourth. 


Siimlarly may be shewn, that if 2 = i , then ttd=b* 


And conversely, if adesb* , then r 

0 


b 

d’ 


Prop xviii. Similar figures arc said to be similarly situated, when 
their homologous sides arc parallel, os when the figures arc situated on 
the same straight Ime, or on parallel lines but when similar figures are 
situated on the sides of a triangle, the similor figures arc said to be similarly 
situated when the homologous sides of each figure have the same re* 
latnc position with respect to one anotlicr , that is if the bases on which 
the similar figures stand, were placed parallel to one another, the rc> 
maming sides of the figures, if similarlj situated, would olso be parallel 
to one another 

Prop xx It may easily be shewn, that the perimeters of similar 
polygons, are proportional to their homologous sides 

Prop wt. This proposition must be so understood ns to include all 
rectihiicnl figures whatsoci cr, which require for the conditions of simila. 
nty another condition than is required for the similant} of triangles ' 
‘’Cc note on Euc vi Bef i 

Prop vMii Thcdoctnncof compound ratio, including duplicate and 
triplicate ratio, in the form m which it was propounded and practised by 
the ancient Geometers, has been almost wholli superseded Howcvci 
•■atisfactorj for the purposes of evnet rcasomng the method of expressing 
the ratio of two surlaccs, or of two solids by two striight Imcs, may be m 
it<self. It Ins not been found to be the form best suited for the direct ap 
])lication of the results of Geometry Almost all modern writers on Geo* 
inctrv and its applications to ever} branch of the Mathematical Sciences, 
hate adopted the algebraical notation of a quotient A A DC, or of a 

^-action — - , for expressmg tlic ratio of two lines AD, DC as w cU as that 

of a product AD x DC, or AD DC, for the expression of a rcotanglc 
'Ihe want of a concise and expressive method of notation to indicate the 
proportion of Geometrical Magnitudes in a form suited for the direct ap- 
plication of the results, has doubtless fovoured the mtroduction of Algo- 
oraicol symbols into the language of Geometry It must be admitted, 
however, that such notations m tliolonguagcof pure Geometry are hoble 


0 5 
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to very serious objections, chiefly on the ground that pure Geometry does 
cot nmmi the Anthmeticol or Algebraical idea of a product or a piaheni 
into Its reasonings On the other hand, it may be urged, that it is not 
the employment of symbols which renders a process of reasonmg pecu< 
[larly Geometneal or AJgcbraical, but the ideas "which ore expressed by 
them If symbols be employed in Geometrical reasonmgs, and be under- 
stood to caress the magnitudes themsehifs and the concyiiton of their Geo^ 
metrical ratio, and not any measures, or numerical values of them, there I 
Mould not appear to be any very great objections to theu use, pro'nded ^ 
that tbo notations employed "u cro such as ore not hkdy to lead to mis- 
conception It IS, howeicr, desirable, for the sake of aioiding confusion 
of ideas m reasonmg on the properties of number and of magnitude, that 
the lan^age and notations employed both m Geomepy and Algebra 
should be ngidlj defined and stnctly adhered to, in all coses At the 
commencement of his Geometrical studies, the student is recommended 
not to employ the symbols of Algebra in G^oipptnoal demonstrations 
How fat It may be necessary or advisable to employ them when he fully 
understands the nature of tne subject, is a question on which some difle- 
rence of opimon exists 

Prop XXV There docs not appear any sufficient reason why this pro- 
position is placed betw ecn Prop "xxrv and Prop xx"vi 

Prop -rxvn To understand this and the three fc>llo"wmg proposi- 
tions more cosily, it is to be observed 

1 “ That apat(dlalagr*iiiii^^i^ba beached to a attoi^tliiic, wdum. 

It is described upon It os one of Its sides £x gr the parallelogram 

13 said to be applied to the straight line AB 

2 But a parallelogram AL is said to be applied to a straight Ime 
AB, deficient by a parallelogram, when AD tho base of AB is less than 
AB, and therefore AE is less than tlie parallelogram aO described upon 
AB in the some angle, and between the same parallels, by the parallelo- 
gram DC, and DC is therefore called the defect of AE 

3 And a parallelogram AG vs said to be apjihid to a straight Imo 

AB, cxceedmg bv a parallelogiam, -when APtSaa base of AG is greater 
than AB, and tberofore AG exceeds AC tho parnllelo^m described 
upon AB m the some angle, and between tho same parallels, bj the ^ 
parallelogram BG Simson ' ‘ 

Both among Euchd's l^eorcmB and Problems, cases occur in "which 
the hypotheses of tho one, and tho data or quiesita of the other, are 
restricted wnthin certam limits as to magmtudo and position The 
dctermmation of these limits constitutes the doctrme of Maxima and 
Minima Th'us — The theorem EUo vi 27 is a case of tho maximum 
value "which a figure fulfilling the other conditions can hove , and tho 
succeeding proposition is a problem uivoliung this fact among the 
conditions as a part of the data, in truth, pcrfecuy analogous to Euc i ' 
20, 22 , wherein tho limit of possible dimmution of tho sum of the two 
sides of a triangle described upon a given base, is the magmtude of 
the base itself the limit of the side of a square which slmll be equal to 
the rectangle of the two parts mto which a given lino may be divided, ) 
IS half the Ime, as it appears from Euc ii 6 — the greatest line that can 
be dra"wn from a given point "withm a circle, to tbo circumference, 
Euc III 7, IS the Ime which posses through the center of the circle , 
and the least line which can be so drawm from the same pomt, is the part 
produced, of the greatest line between the pven pomt and the circum- 
ference Euc XU 8, also affords another instance of a maximum and a 
■minimum when the given point is outside the given cirdo 
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Prop sjsTi 'Uiw pr£>pos)tin« i<t tho general ease of Prop 47f BocL i, 
for a’»^ similar n i-tilmi al figure Ucsenbed on the sides of a nglit-nnded 
triangle Ihc demonstrauon, hOMcver, here given is ■wholly independent 
ot Lue 1 47 

Prop xvxiit In tlie dcmaastration of this important proposition, 
an^Ico gp'ntfr Uian two ncl t nuplcs are cmplojcd, in accordance with 
,ho entenon of propo-tio^aTiy laiddownin hue v def fi. 

Tliia propo''it on forms the basts of the assumption of arcs of circles 
for il 0 meaHiircs ot anglis at their centen One magnitude maj bo ns- 
sumeil ns Jhe incisure ot another nngiutude of a dificrcnt Kind, when the 
tiio arc so connected, that nnj vamtion in them takes place simultanc- 
t^J^ly, and in the eime direct ortiportion 'Ihw being tlio case unth 
snp.l<H a’ the c^n'er o* a circle, and the arcs subtended by them, the 
ircj of circles can heabMimtd as the measures of the angles tho> subtend 
It the center of the circle 

Prop n The converse of this proposition does not hold good when 
the triingio i® irosccIcs 


QUESTXOAb ON BOOK VI 

1 Umisotisi! bc,i ten t unllnr figures and equal tigurcs 

2 hVh It !•. the d slincltott between homa^offoui lui-i, and cgunl tides 
m Gcomttncil figures* 

% A\ hat » ti 0 number o' conditions requisite to determme siinilanti 
«if hgU'c* * Is the number of conditions m Pudid b dclinition of similar 
‘'gurCB ij^rcitcr than wliat is neco« ari ' Propose a definition of siinilnr 
•ig ires which includes no supcrlluous cnndition 
~ 4 I xphin 1 ow Poctid mal,cs use of the dcfmilion of proportion ui 
Hue It 1 

J Prove that triangles on the same biso arc to one another ns their 
altintdrs 

6 II two tTiiiiigJc« of the Fime altitude have their biscs unequal, 
and ifo 1 C of J cm ho diiidod into m equal parts, and if llie other contain 
n Ot those pans , pros t tint the triangles his e the fi imc numerical relation 
as ihtir bi,cs IVhi is this Proposition less genend than Hue M 1 > 

7 Art iriang’os vhich ha\c one angle ot one equal to one angle of 
another and the sides ibout two other angles proportionals, neccssnril> 
ximilir r 

8 MTnt arc the conditions, considered bj Pudid, under which two 
lnnii„l<s arc Fimdar to eirh ot’icr- 

0 Applj Cue \ I 2, to trisect the diagonal of a pnnllologram 

10 Wien arc three linos said to be in hinnonicnl proportion* If 
bolli tlicintcpor and estenor angles at the icrtcv of a triangle (Puo vi 
i, A ) be bi-scttcd by lines which meet Oio base, and the base produced, in 

il), G , llio BCgmcnU JiG, GD, GC of tlie base shall be in Hormomctd pro- 
portion 

11 If the angles at tlie base of the tnanglo m the figure Euo vi A, 
be. equal to cich other, how is the proposition modified ? 

12 Under what cirtumstinccs will the bisecting line in the fag Euo, 
VI A, meet the base on the side of tlio angle bLSCctcd.? Shew that there 
is an indeterminate cose 
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13 State Bomo of the uses to uhich Euc vi 4, may te applied 

14 Apply Euc VI 4, to prove that the rectangle contained bj the 
segments of any chord possmg through a gi%cn point within a circle It 
constant 

16 Fomt out dearly the dificrcnco m the proofs of the two latter cases 
in Euc n 7 

16 From the corollary of Euc vt 8, deduce a proof of Euc i 47 

17 Shew how the last two properties stated m Euc vi 8 Cor mnv 
be deduced from Euc i 47 , ii 2 , vi 17 

18 Given the nth part of a straight line, find by n Geometrical con 
Btruction, the (n + l)tli part 

10 Define what is meant by a mem proportional between two given 
lints and find a mean proportional between the lines whose lengths arc 
4 and 9 units respectively Is the method vou employ suggested bj any 
Fropositions in an} of the first four books i 

20 Determine a third proportional to two lines of 6 and 7 units and 
a fourth proportional to three lines of 6, 7, 0, units 

21 hmd a straight Imc which shall have to a given straight line, the 
ratio of 1 to V'S 

22 Define reciprocal figures Enunciate tho propositions proved re- 
specting such figures in the SixUi Book 

23 Givo tho corollary, Euc ii 8, and prove thence that the Arith- 
metic mean is greater than the Geometric between the same extremes 

24 If two equal triangles have two angles together equal to twr 
right angles, tho sides about tiioso angles arc rcciprocallv proportional 

25 Give Algebraical proofs of Prop 10 and 17 of Book vi 

26 Enunciate and prove the conicrse of Luc vi 16 

27 Explain what IS meant b} 8a}ing, that "similar tnangles are in the 
duplicate ratio of their homologous sides " 

28 What nro tho data which determine triangles botli m species mid 
magmtude ? How nro those data expressed in Geometr} ? 

29 If the ratio of the homologous sides of two tri ingles be os 1 tt 
4, what IS the ratio of the triangles ^ And if the ratio of the triangles be 
as 1 to 4, what is the ratio of the homologous sides * 

30 Shew that one of the triangles in the figure, Euc IV 10, is a mean 
proportional between tlic other two 

31 What 18 the algebraical interpretation of Euc vi 19 ’ 

32 From your definition of Proportion, proi c that tlic diagonals ol 
a square arc in the same proportion as their sidcc 

13 What propositions docs Euclid proi c respecting similar poll gens 

34 Tlicparallclograms about the diameter of n parallelogram arc similai 
to tho wholo and to ono another Shew when thci ore egual 

36 Proa e Algebraically, that tlic areas (1) of similar tnnnglcs and (2) 
of similar parallelograms ore proportional to tho squares of their homo 
logous sides 

36 How IS it shewn that equiangular parallelograms have to on< 
another the ratio which is compounded of tho ratios of their bases and al 
titudcs ’ 

37 To find two Imcs which shall have to each other, the ratio com 
pounded of the ratios of the Imcs A to S, and C to D 

38 State the force of the condition " similarl} described ," and shew 
that, on a given straight Ime, there ma} be described os many polygoni 
of different mogmtudes, similar to a given polygon, as there ore sides oi 
different lengths in the polygon. 
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39 Descnbe a tnanglc simiHr to a givca triangle, and having its 
area double that of the given tnanglc 

40 The three sides of a tnanglc are 7, 8, 9 units respectively, detcr- 
mme the length of tne hncs which meeting the base, and the base produced, 
bisect the intcnor angle opposite to the greatest side of the tnanglc, 
and the adjacent extenor angle 

41 The three sides of a tnanglc arc 3, 4. 5 inches rcspcctiveU , find 
^the lengths of the external segments of the sides detemuned by the hnes 

which bisect the extenor angles of the tnanglc 

42 AYhat arc the segments into which the hypotenuse of a nght- 
angled tnanglc is divided bj a perpendicular drawn from the nght angle, 
if uie sides containing it arc a and 3a umts respcctn cly ' 

43 If the three sides of a tnanglc be 3, 4 , 5 units respectively avhnt 
arc the parts into which they ore divided by the Imcs which bisect the 
angles opposite to them ^ 

44 It tlic homologous sides of two tnangles be os 3 to 4, and the area 
of one tnanglc be hnoivn to contain 100 square units , how many square 
umts are contained in the area of the other tnangle ^ 

46 Prove that if HD be taken in produced (fig Euc vi 30) 
equal to the greater segment AC, tlicn AD is divided in extreme and 
mean ratio m the point H 

Shew also, that in the senes 1 , 1, 2, 3, 6, S, £lc m which each term is 
the sum of the two preceding terms, the hist two terms perpetually ap- 
proach to the proportion of the segments of a line divided in extreme and 
mean ratio hmd a general expression (free from surds) for the nth term 
^ of this senes < 

46 The parts of a lino divided in extreme and mean ratio arc mcom- 
mensurable with each other 

47 Shew that in Euclid s figure (Euc n 11 ) four other Imcs, besides 
the given hnc, ore divided in the required manner 

48 Enunciate Euc vi 31 'What theorem of a previous book is m- 
cludcd m this proposition * 

49 'What IS the supenor limit, ns to magnitude, of the angle at the 
circumference in Euc vi 33 ? Shew that the proof may be extended by 
inthdrawmg the usually supposed rcstnction os to an^or magnitude, 
and then deduce, as a corollary, the proposition respccUng the magnitudes 
of angles in segments greater than, equal to, or less than a scmu^le 

50 The sides of a tnanglc inscribed in a cirdo arc o, 6, c, imits respcc- 
tivdy find by Euc vi c, the radius of the circumscnbing circle 

61. Enunciate the converse of Euc vi D 

62 Shew independently that Euc vi n, is true when the quadn- 
lateral figure is rectangular 

63 Shew that the rectangles contained by the opposite sides of a 
quadrilateral figure which docs not admit of having a circle desenbed 
aboutit, arc together greater than the rectangle contam^ b} the diagonals 

64 'What dificrent conditions maj be stated os essential to the possi- 
hihty of the inscnption and circumscnption of a circle m and about a 
(Quadrilateral figure 7 

56 Pomt out those primositions in the Sixth Book m which Eucdid’s 
dcfimtion of proportion is directly apphed 

66 Explain bnefiy the advantages gamed by the apphcation of 
analysis to the solution of Gcometncol Problems 

67 In what cases are tnangles proved to be ejtial in Euchd, and m 
/rhat cascb arc they proved to be similar 1 



GEOMETRICAL EXERCISES ON BOOK VI 


PHOPOSITIOX I PROBLEM 
To wseribe a t^tmretn a giten tnnngh 

AnnUsii Let yf J3C he the given triangle, of which the hose liC ^ 
and the perpendicular AD arc gnen 

A F 



Let FGHKhti the required inscribed square 
Thin SI£0, BDA ore similar triangles, 
and GH is to GB, as AD is to AB, 
but GF IS equal to GII , 
tliercforc GFis to OB, as AD is to AB 

Let JJJP be joined and produced to meet a line drawn from A ^ 
rallcl to tlic bnso BO in tlic pouit D 

Then the triangles BGF, BAD arc similar, 
and AL is to AB, as GFk to GB, 
but GFn to OB, ns AD is to AB , 
ivherefoie AD is to AB, ns AD is to AB, 
hence AD is equal to AD 

SjTjthcsis TTirough the icrtcx A, draw AD parallel to SC the 
bn^c of the triangle, 

make AD equal to AD, 
join DB cutting AC m F, 

through F, dimr FG parallel to BC, and FF jwrallcl to AD , 
also tliroiigh G draw GJF parallel to AD 
Then GIIKF is the square required 

The diifercnt coses maj be considered when the triangle is equi- 
lateral, scalene, or isosceles, and when each side is taken as the base 

PROPOSITION n THEOREAI 

If from the exlrciwltc- of any diameter of a given circle, perpendietdare 
be draion to any chord of the circle, they shall meet the chord, or the chord 
proawed in ttco points which arc eyiiidislant from the center ^ 

First, let Uio chord CD intersect tlie diameter AB m Z, but not 
at rijAt angles , and from A, B, let AE, ZjFbe drawn perpendicular 
to CD Then the points F, E are cqmdislant £rom the center of the 
chord CD 

Join EB, and from I the center of the circle, draw IG perpendi 
cular to CD, and produce it to meet DB in H 
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ITxen IG basecte CD in G , (in 2 ) 
od IG, AE being both perpendicnlar to CD, are parallel fl 29 ) 
Therefore HI is to BH, ns lA is to HE , (VI 2 ) 
and BH is to EG, as HE is to GE, 
therefore BI is to FG, as lA is to GE, 
but BI 18 equal to lA , 
therefore FG is equal to GE 
It IS also manifest that DE is equal to CF 
'l^Tien the chord does not mtersect the diameter, the perpendicu- 
lars intersect the chord produced 

PROPOSITION m THEOREM 

If Uco dtagonah of a regular pentagon he draten io cut one another, the 
^greater segments Kill be equal to the side of the pentagon, and the diagonals 
tail ait one another tn extreme and mean ratio 

Let the diagonals AC, BE be dra-vni from the ei-trenuties of the 
side AB of the regular penttfgon ABCDE, and intersect each other 
m the point H 

Then BE and AC axe cut m extreme and mean ratio m H, and 
the greater segment of each is equal to the side of the pentagon 
Let the circle ABCDE be desenbed about the pentagon (it 14 ) 
Because EA, AB are equal to AB, BC, and they contain equal 
angles , 

therefore the base EB is equal to the base (i 4 ) 
and the triangle EAB is equal to the triangle CBA, 
and the remaining angles ttiII be equal to the remaining angles, 
each to each, to irhich the equal sides are opposite 
D 



A Therefore the angle BAC is equal to the angle ABE 
and the angle AWE is double of the angle BAH, (i 32 ) 
but the angle EAC is also double of the angle BAC, (vi 33 ) 
therefore the a^le HAE is equal to AHE, 
and consequently HE vs equal to EA, (l. 6 ) or to AB 
And because BA is equal to AE, 
the angle ABE is equal to the angle AEB , 
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but the angle ABE has been proved equal to BAE 
therefore the angle BEA is equal to the an^e BAS ^ 
and ABE is common to the two triangles ABE, ABE, 
therefore the remaining angle BAE is equal to the remaining 
angle ABOB , 

and consequently’ the triangles ABE, ABE are equiangular, 
therefore EB is to BA, as AB to BE but BA is equal to EE, 
therefore EB is to EE, as EE is to BE, ^ 

but BE IS greater than EE, therefore EE is greater than E[B , 
therefore BE has been cut in extreme and mean ratio in E 
Similnrlv, it ma^e shevra, that ^Chas also been cut in extreme 
and mean ratio in M, and that the greater segment of it CE is equal 
to the side of the pentagon 

PROPOSITION IV PROBLEM 

Divide a given arc of a circle into tieo parts which shall hate their chords 
in a given ratio 

Analysis Let A, B be the two given pomts in the circumference 
of the circle, and Ctlie pomt required to be found, such that when the 
clior^ A C and B Cara joined, the hnes A C and B Cshall have to one 
another the ratio of ^ to JF 



Draw CD touching the circle in C, 
join AB and produce it to meet CD in D 
Since the angle BACis equal to the angle BCD, (in 32 ) 
and the angle CDB is common to the two toanglcs DBC, DAC, 
therefore the third angle CBD in one, is equal to the third angle 
DCA in the other, and the triangles ore simHaT, 
therefore AD is to DC, os DCisto DB, (vi 4 ) 
hence also the square on AD is to the square on DCiOs AD is to 
BD (VI 20 Cor) 

But AD is to AC, as DC is to CB, ('tl 4 ) 
and AD is to DC, ns to CB, (v 16 ) 
also the square on AD is to the square on DC, as the square on AC 
IS to the square on CB , 

hut the square on AD is to the square on DC, as AD is to DB 
therefore the square on ^Cis to the square on CB, as AD is to BD, 
but AC IS to CB, as E is to F, (constr ) 
therefore AD is to DB as the square on J? is to the square on F 
Hence the ratio of AD to DB is given, 
and AB is given in magmtude, because the pomtsJf, B in the cir- 
cumference of the circle are given. 
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Wherefore also the ratio of AD to AB is given, and also the mag 
niiudc of AD 

Sj-nthcsis Join AB and produce it to D, so that AD shall he to 
BD^as the square on JD to the square on F 

From D draw DC to touch the circle in Q and join OB, CA , 
Since AD IS to DB, as the rquorc on £ is to the square on F, (constr ) 
and AD is to DB, as the square on ^Cis to the square on BC, 
therefore the square on yf C is to the square on BC, as the square on 
E IS to the square on F, 

and ^ £7 IS to ^ O', as J? is to F 

PROPOSITION V PROBLEM 

A, B, C are given points Jt m rtginrcd to drate through anv other pawl 
tn the same plane teith A, B, and C, a straight line, such that the sum of its 
distantes from two of the given points, mag be equal to its distance from the 
third 

Analj-sis Suppose F the point required, such that the hne XFS 
heing drawn through anj other point X and AD, BE, CH perpen- 
dicufars on XFJ£, the sum of BE and CH is equd to AD. 


K 



Join AB, BC, CA, then ABC is a triangle 
Draw AG to Insect the base^Cin G, and draw <?A'pcrpcndicular 
to EF 

Then since BCis bisected in G, 
the sum of tlic perpendiculars CJI, BE is double of GK, 
but CJl and BE are equal to AD, (h>‘p ) 
therefore J^D^lustbc double of GK, 

but since AD is parallel to GK, ' 

the mangles ADF, GKF ore similar, 
therefore AD is to AF, ns GK is to GF, 
hut AD is double of GK, therefore AF is double of GF, 
and consequenth, GFvs onc-tlurd oi AG the line drawn from the 
Tc”tc\ of the tnanglc to the bisection of the hose 
But AG ISO hne given m magnitude and position, 
therefore the point F is determined 
Synthesis Join AB, AC, BC, end bisect the base BC of Uic tn- 
nngle ABC in G, join jdf? and take (?jP equal to one-third of GA , 
the hne drawn through X and J^^aviII dc the line required 
It 18 also obvious, that while the relative position of the pomts A, 

B, C, remains the same, the point P remains the same, wherever the ' 
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S oint JC may be The point IK. may therefore coincide vyith the point 
and when this is the case, the position of the hno FK is left un- 
determined Hence the following ponstn 

A triangle being given in position, a point m it may be found, 
such, that any straight hno whatever being drawn througn that pomt, 
the perpendiculars drawn to this straight line £:om the two angles of > 
the triangle, which are on one side of it, will be together equal to the i 
perpendicular that is drawn 'to the same hne from the angle on the^ 
other side of it 


I 

6 Till ANGLES and parillelogiams of unequal altitudes are to each 
other in the ratio compounded of the ratios ot their bases and altitudes 

7 If ^ CB, AUB be tno triangles upon the same base AB, and 
between the same parallels, and if through the point m which two of 
the sides (or two of the sides produced) intersect two straight lines be 
drawn parallel to the other two sides so os to meet the base AB (or 
AB produced) in points E and F Prove that AE=BF 

8 Intbe hase AC of a tnangk ^BCtahe any pointD, bisect 
AD, DC, AB, BC, m F, F, Q, xT respectively shew that JEQ is 
equal to JETP 

0 Construct an isosceles triangle equal to a given scalene tnanglc )$ 
and having an equal vertical angle with it 

10 If, in similar triangles, from any two equal angles to the 
opposite sides, two straight lines be drawn making equal angles with 
the homologous sides, these straight hnes will have the some ratio as 
the sides on which they fall, and will also divide those sides propoi- 
tionally 

11 Any three lines being drawn making equal angles with the 
three sides of any tnangle towards the same parts, and meeting one 
another, will form a triangle simdar to the original tnangle 

12 BD, CD aie perpendicular to ftie sides AB, ACofvi tnonrie 
ABC, and CE is drawn perpendicular to AD, meetmg AB m E 
shew that the triangles ABC, ACE are similar 

13 In any triangle, if a perpendicular be let fall upon the base 
from the vertical angle, the base will be to the sum of the sides, as the 
difference of the sides to the difference or sum of the segments of the 
base made h> the perpendicular, according ns it falls within or with- 
out the tnanglc 

14 If triangles (7 have a common angled, triangle 

ABC triangle ABP ABAC AE AF 

15 If one side of a tnangle be produced, and the other shortened 
by equal quantities, the hne joining the points of section w ill be di- 
vided by the base m the mverse ratio of the sides 

n 

16 Pmd tu 0 anthmetic means between two given straight lines 

17 To divide a given hne m harmomcal proportion , 
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lo To first! !j. a f;coiretncal const-tncaon, an anthmetjc, 
geciactnc, and harmonic mean bchveen tvo given hues 

19 Prove gcomctncalK, that an anthmetic mean betveen t^vo 
quantiUer, is ijtvater than a gcometnc mean Al«o having given the 

of two lines, and the excess of their arithmetic above thcK 
geotretne mean, find bv a construction the lines themselves 

20 If through the pomt of bisccaon of the ba«e of a triangle anv 
* lire be dmvTi, mtcr<ccwng one side of tbe triangle, the other produced, 

and a line dravrn parallel to the base from the vertex, tins une sh. il 
be cut harmonicallt 

21 If a given straight line AB be divided ifato anv two parts m 
^the point C, it is. required to produce it, so that the whole line 
'produced mc\ be I armoniealh divided in C ard J? 

22 If from a point uiUiout a circle there be drawn three straight 
lines, two of which touch the circle, and the other cuts it, the line 
which cuts llie circle will be divided harmonicall} bj the convex 
circumference, ana the chord which joins the points of contact 

IIL 

21 St c*v gcometricails that the diagonal and side of a square are 
incommccsurab!". 

2 1 If a straight lino be divided in two given points, determine a 
third point, such mat its distances from the extremities, may be 
p-oportional to its du'tanccs from the given points 

25 Determine two straignt lints, such Inat the sum of their 
squares maj tqualag’ven square, and tie j: rectangle equal a given 
rectangle 

20 Draw a straight lire such that tuc perpendiculars let fall 
from any iwint m it on two given bncs mat be m a given ratio 

27 'll diverging bnts cut a straight line, so that the whole is to 
one extreme, as the oihcr extreme is to the middle part, they will 
intersect everv other intercepted line m the same ratio 

2S It IS required to cut off a part of a given line so that the part 
out off mav bo a mean p-oportionol between the remainder and 
ar other given line 

29 It ic required to divide a given finite straiglit line into two 
parts, the squares of which shall have v gi'cn ratio to each other 

IV 

30 From the yerlex of a tnangle to me base, to draw a straignt 
line which «hnll be an arithmetic mean between the «idcs contamirg 
me vortical angle- 

31 From the obtuse angle of a tnangle, it is requued to draw a 
j line to tl e base, which shall be a mean proportional between the 

segments of the base. How many answers does this question admit 
of? 

32 To draw a line from the vertex of a tnangle to the base, which 
shall be a mean proportional between the whole base and one se^cn i. 

d3 If the jicrpendicular in a nght-angled tnangle divide the 
hypotenuse in extreme and mean ratio the less side is equal to the 
alternate segment 
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34 From the -vertex of any tnangle ABC, draw a straight line 
meeting the base produced in D, so that the rectangle BB I)U=: AB* 

35 To find a point P in the base PC of a triangle produced, so 
ihat JPB being drawn parallel to AC, and meeting produced to B, 
AC CP CP PB 

36 If the tnangle ^PC has the angle at C aright angle, and 
from C a perpendicular be dropped on the opposite side intersecting 
itmP,then^JD BB A(P CB* 

37 In am right-angled triangle, one side is to the other, as the 
excess of the li} potcnusc above the second, to the line cut off from the 
first between the right angle and the line bisecting the opposite angle 

38 If on the two sines of a right-angled tnangle squares be 
desenbed, the lines joining the acute angles of the triangle and tho 
opposite angles of the squares, will cut off equal segments from the 
si(^ , and each of these equal segments will be a mean proportional 
between the remaining segments 

39 In am right-angled tnangle ABC, (whose hypotenuse la AB) 
bisect the angle A by AB meeting CB in B, and prove that 

2A(P A(P~CB‘ BC CB 

40« On two given straight lines similar tnangles arc described 
Required to find a third, on which, if a tnangle similar to tlicm be 
described, its area shall equal the difference of wcur areas 

41 In the tnangle ABC, AC^ZBC If CB, CB rcspccUveh 
bisect the angle C, and the extenor angle formed bj producing AC, 
prove that the triangles CBB,ACB,ABC, CBJC, have their areas as 


42 It 18 rcquii cd to bisect anj tnangle (1) by a Ime drawn parallel, 
(2) b) a line drawn perpendicular, to the base 

43 lo divide a given triangle into two parts, having a given ratio 
to one another, by a straight line drawn parallel to one of its sides 

44 Find three points in the sides of a triangle, such that, thev 
being joined, the tnangle shall be dmded into four equal tnangles 

4o Irom a given point in tlie side of a tnangle, to draw lines to 
the sides which shall divide the tnangle into any number of equal parts 

46 Anj two triangles being given, to draw a straight line narallil 
to a side of the greater, which snml cut off a triangle equal to the less 

VL 

47 The rectangle contained by two lines is a mean proportion* 1 
between their squares 

48 Desenbe i rectangular parallelogram which shall be equal lo 
a given square, and have its sides in a given ratio 

49 It from any two points vnthm or without a parallelogram, 
stmght lines be dniwn perpendicular to each of two a^acent sides 
and mtersectmg each other, they form a parallelogram similar to the 
Jfprmer 

4)0 It IB required to cut off from a rectangle a similar rectangle 
1 shall be any requured part of it. 
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51 If firom one angle ^ of n parallelogram a straight line be drawn 
cutting the diagonal in JD and the sides in P, Q, shew that 

EQ 

52 The diogonals of a trapezium, two of whose sides ore parallel, 
cut one another in the same latio 


vn 

53 In a given circle plocc a straight line parallel to a gnen 
straight line, and havinc a given ratio to it, the ratio not being 
grcHer than that of the diameter to the given line in the circle 

54 In a given circle place a straight lint, cutting tn o radii which 
arc perpendicular to each other, in such a manner, that tlic hne itself 
may be trisected 

66 AB IS a diameter, and P anj point in the circumference of a 
circle ; AP and BP are joined and produced if necessary , if from anj 
point C of AB, a perpendicular be drawn to AB meeting AP and BP 
in points JD and E rcspcctiielj, and tlie circumference of the circle 
in a point P, shew that CD is a third proportional of CM and CF 

66 If from the extremitj of a dmmeter of a circle tangents be 
drawn, anj other tangent to the circle ‘cianinated b} them is so 
divided at its point of contact, tliat the rudius of the circle is a mean 
proportional between its segments 

_67 From a mven point without a cmcle, it is required to draw a 
sti^ght line to the concaac circumference, which shall be dnided in a 
given ratio at the point wlicic it intersects tlio com ex circumference 

68 From what point in a circle must a tangent be draivn, so that 
a perpendicular on it from a giicn point in the curcumfercnce may be 
cut b\ tlie circle in a given ratio P 

89 Through a given point within a given circle, to draw a 
straight line such that the parts of it intercepted between that point 
and Sie eircumference, may haio a giien ratio 

60 Let the two diameters AB, CD, of the circle ADBO be at 
right angles to each other, draw any chord PJ^oiii CE, CF, meeting 
AB in uandJr, proic that the tnonglcs COJfani CFP are similar 

61 A circle, a straight Ime, and a point being gii en in position, 
required a point in the hue, such tliat a line drawn from it to the 
gii cn pomt may bo equal to a hne drawn from it touching the circle 
What must be the relation among the data, that the problem maj 
become ponsmatic, i c admit of innumerable solutions ? 

vm 


62 Prove that there maj be two, but not more than tivo, similar 
ftnanglcs in the same segment of a circle 

63 If os in Euchd vi J, the vertical angle BA C of the triangle 
BA C be bisected by AJD, and BA be produced to meet CF drawn 
parallel to AD in F, shew that AD will be a tangent to the circle 
described about the triangle FA C ' 

64 If a triangle be mscribed in a circle, and from its vertex, lines 
be drawn parallel to the tangents at the extremities of its base, they 
will cut off similar triangles 
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66 If from any point in the cirouinference of a circle perpen 
I diculars he drawn to the sides, or sides produced, of an inscribed tri- 
angle, shew that the three points of intei section will be in the same 
I straight hne 

6b If tlirough the Puddle point of any chord of a circle, tw o chords 
he drawn, the hnes joining their extremities shall intersect the hist 
I chord at equal distances from its extiemities 

1 67 K a straight line he divided into any two parts, to find the 

locus of the point in which these parts subtend equal angles 
1 68 If the Ime bisecting the vertical angle of a triangle be divided 

mto parts which are to one another as the base to the sum of the sides, 
the ])omt of division is the center of the inscnbed circle 

69 The rectangle contamed by the sides of any triangle is to the 
rectangle by the radu of the inscnbed and circumscribed circles, as 
twice me perimeter is to the base 

70 Shew that the locus of the verticesof all the triangles construct- 
ed upon a given base, and hanng their sides in a given ratio, is a circle 

71 If from the extremities of the base of a triangle, perpen- 
diculars be let fall on the opposite sides, and likewise stiaignt Imes 
drawn to bisect the same, the intersection of the perpendiculars, that 
of the bisecting hnes, and the center of the circumscnbing circle, will 
be in the same straight Ime 

IX 

72 If a tangent to two circles be drawn cutting the straight libe 
w Inch joins their centers, the chords are parallel which jom the poihts 
of contact, and the points where the Ime through the centers cuts the 
circumferences 

73 If through the vertex, and the extremities of the base of a 
triangle, two circles be described, mtersectmg one another m the base 
or its contmuation, their diameters are proportional to the sides of the 
tnangle 

% If two citcles touch each other externally and also touch a 
straight Ime, the part of tlie line between the points of contact is a 
mean proportional between the diameters of the circles 

76 If from the centers of each of two circles exterior to one 
another, tangents be drawn to the other circles, so ns to cut one anothei, 
the rectangles of the segments are equal 

76 If a circle be msenbed in a right-angled tnangle and another 

be described touching the side opposite to the nght angle and the 
produced parts of the other sides, shew that ^e rectangle under the 
radii IS equal to the tnangle, and the sum of the radu equal to the sum 
of the sides which contain the right angle • 

77 If a perpendicular be drawn from the nght angle to the hy- 
potenuse of a nght-angled tnangle, and circles be msenbed within the 
two smaller tnangles mto which the given triangle is divided, their 
diameters will be to each other as the sides conlammg the nght angle 

X 

Describe a circle passing through tivo given points and tbuch- 
gi\cn circle 
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70 J^escribc a circle ‘nhicii shall pass through a given point and 
touch a gnen straight line end a given circle 

80 Through a given point draw a circle touching two given 
circles 

81 Dcsonbe a circle to touch two given right hues and such that 
a tangent drawn to it from a gnen point, nnj be equal to a given line 

62 Desenbe a circle nhich shall have Us center m a gnen hne, 
'and shall touch a circle and a straight hne given m position 

XI 

S3 Giicn the perimeter of a right-angled triangle, it is required 
to construct it, (1) u the sides are m arithmetical progression (2) If 
the sides are in geometrical progression 

84 Given the vertical angle, the perpendicular drawn from it to 
tno base, and the ratio of the segments of Uie base made hj it, to 
construct the triangle 

8u Applj (ti c) to construct a triangle, basing gnen the 
\ crtical angle, the radius of tlio inscnbed circle, ond the rectangle 
contained bs the straight hues drawn from the center of the circle to 
tnc angles at the base 

8G IIe*!cnbe a triangle svith a gnen vortical angle, so that the 
line which bisects the base shall he equal to a gnen line, and the 
angle which the bisecting line mahes with the base shall he equal to 
( a given angle 

87 Gnen the base, the rabo of the sides containing the vertical 
angle, and the distance of the vertev from a given pomt m the base , 
to construct tlic triangle 

88 Given the vertical angle and the base of a tnanglc, and also 
a line drawn from either of the angles, cuttmg the opposite side in a 
giv cn rabo, to consbuct the tnongle 

80 Upon the mven base AB construct a triangle liavmg its sides 
in a given rabo and its vertex situated in the given indefinite line CD 

90 Describe an equilateral triangle equal to a given bianglc 

91 Given the hj-potcnusc of a ngbt-anglcd triangle, and the side 
of an inscnbcd square Bcquircd the two sides of the bianglc 

92 To make a tnanglc, which shall be equal to a given bianglc, 
and have two of its sides equal to two given straight Imes , and shew 
that if the rectangle contamed by the two straight lines he less than 
tvnee the given binngle, the problem is impossible 

xn 

93 Given the sides of a quadrilateral figure inscribed in a circle, 
to find the rabo of its diagonols 

^ 94 The diagonals AC, BD, of a trapeaum inscribed in a circle, 
uiit each other at nght angles in the point D , 

the rectangle AB BO the rectangle AD DC BD ED 

xm 

95. In any tnangle, inscribe a tnanglc similar to a given fnangle 

96 Of the two squares which can be inscnbed in a nght-ano'led 

triangle, which is the greater? ** 

97 From the vertex of an isosceles tnongle two straignt hnes 
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draTm to the opposite angles of the square described on the base, out 
the diagonals of the square in E and E- prove that the line EF is 
parallel to the base 

98 Inscnbe a square in a segment of a circle. 

99 Inscnbe a square in a sector of a circle, so that the angular 

points shall be one on each radius, and the other two in the ciroum- 
ierence a 

100 Inscnbe a square in a given equilateral and equiangular 
pentagon 

101 Inscribe a parallelogram m a given tnangle similar to a 
given parallelogram 

102 If any rectangle be inscnbed in a given tnangle, required the 

locus of the pomt of intersection of its diagonals < 

103 Inscnbe the greatest parallelogram in a mven semicircle 

104: In a given rectangle inscnbe another, whose sides shall bear 

to each other a given ratio 

105 In a ^en segment of a ourcle to msenbe a similar segment 

106 The square inscnbed in a circle is to the square inscribed in 
the semicircle 5 2 

107 If a square be msenbed in a right-angled tnangle of which 

one side comcides with the hypotenuse of the tnangle, tiie extremities 
of that side divide the base into three segments that are continued 
proportionals ^ 

108 The square inscnbed in a semicuule is to the square inscribed 
in a quadrant of the same circle 8 5 

109 Shew that if a tnangle inscnbed m a circle be isosceles, 
havmg each of its sides double me base, the squares desenbed upon the 
radius of the circle and one of the sides of the triangle, shall be to each 
other in the ratio of 4 16 

110 APB IS a quadrant, 8PT a straight hne touching it at 
P, PM perpendicular to CA , prove that tnangle SCT mangle 
ACB triangle jICB tnangle VMP 

111 If through any point in the arc of a quadrant whose radius 
IS R, two circles be drawn touching the bounding radu of the quadrant, 
and r, r' be the radn of these circles shew that »t'= JB* 

112 If iZ be the radius of the circle inscribed m a nght^ingled 
tnangle AB C, nght-angled at A , and a perpendicular be let fall from 
A on the hypotenuse BC, and if r, r'bc the radii of the circles on- 
senbed m the triangles ABB, A CB prove that r* + r* = J? 

XIV 

113 If m a given equilateral and equiangular hexagon another 
be inscnbed, to determme its ratio to the given one 

114 A regular hexagon inscnbed in a circle is a mean propolflj 
tional between an msenbed and circumscnbed equilateral triangle, i 

116 The area of the msenbed pentagon, is to the area of theS 
circumscnbmg pentagon, as the square on the radius of the circle 1 
nsenbed witlim the greater pentagon, is to the square on Uie radius t 
^of the circle circumscnbmg it. j 

^ N 116 The diameter of a circle is a mean proportional between the. 
- of an equilateral tnangle and hexagon which are described about i 
circle ” 
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I. 

hA. soud is that ‘which hath length, breadth, and thicknessi 

n. 

That which bounds a sohd is a superficies 

in 

A straight hne is perpendicular, or at nght angles to a plane, when 
it makes nght angles 'with every straight Ime meeting it in that plane. 

IV 

A plane is perpendicular to a plane, when the straight Imes drawn 
in one of the planes perpendicumr to the common section of the two 
planes, are perpendicular to the other plane 

V 

The inclination of a straight line to a plane, is the acute angle con- 
tained by that straight line, and another drawn from the point in which 
tlfb hrst line meets the plane, to the point m which a perpendicular to 
the plane drawn from any point of the first Ime above the plane, meets 
the some plane. 

VI 

The incliration of a plane to a plane, is the acute angle contained 
b} two straight hues drawn from an} the same point of their common 
section at right angles to it, one upon one plane, and the other upon 
the other plane 

VU 

Two planes are said to have the some, or a like incbnation to one 
another, which two other planes have, when the said angles of moh- 
‘nation are equal to one another 

vm 

ParaUel planes are such asdo notmeetone anotherthough produced 

IX. 

A solid angle is that which is made by the meetmg, m one pointy 
of more than two plane angles, which are not in the same plane. 

* X 

Equal and similar solid figures are such as ore contomed by similar 
planes equal in number and magnitude 

XI 

Similar solid figures ore such as have all their sohd angles equal, 
each to each, and are contained b} the same number of similar planes. 
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A pyramid is a solid figure contained by planes that are constituted 
betwixt one plane and one point above it in which they meet 

' > I ’ 

xm. 

A pnsm is a solid figure contained by plane figures, of which two 
that are opposite are equal, similar, and parallel to, one another, ap'd 
the others parallelograms ' ^ 

XIV 

A sphere is a solid figure descnbedby the revolution of a semicircle 
about us diameter, which remains unmoved. ' ' 

XV ' L 

The axis of a sphere is the fixed straight line about which the semi- 
circle revolves 


XVI 

The center of a sphere is the same with that of the semicircle. 

. XVIL 

The diameter of a sphere is anj straight line which passes through 
the center, and is termmated l^oth waj s bj the superficies of the sphere 

xvm / ‘ 


A cone is a solid figure described by the revolution of^a right- 
angled triangle about one of the sides containing the right angle, 
which side reniams fixed. 

If the fixed side be equal tp the other side containing the right 
angle, the tone is cqlled a right-angled cone, if it' be less than the 
otlier side, an obtuse-angled, and if greater, an acute-angled cone 

XIX 

'The axis of a cone is the fixed stiaight hne about which the 
triangle revolves > 


XX 

The base of a cone is the circle desciibed bj that side contammg 
the right angle, which reVohes 

XXI 

A cylinder is a solid figure descnbed by the re\olution of a nght» 
angled parallelogram about one of its sides winch remains fixed 

xxn n 

The axis of n cylinder is the fixed straight hne about which the 
parallelogram revolves ' 

xxni 

The bases of a cjhnder are the circles descnoed by the two revol* 
ving opposite sides Of the psmllelograiq, 
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XXIV. 

Similar cones and cjlindcrs arc those -nhich have their a'^cs and 
the diameters of their bases proportionals 

XXV 

A cube IS a solid figure contained b> si'c equal squares 
'vj XXVI 

A tetrahedron is a solid figjure contained bj four equal and cqui* 
lateral triangles. 

xxvn 

An octrahedron is a solid figure contained hr eight equal and 
equilateral triangles 

xxvm 

A dodecahedron is a solid figure contained by tvclrc equal penta- 
gons srhich arc equilateral and equiangular 

XXIX 

An icosahedron is a solid figure contained by twenty equal and 
equilateral triangles 

Def A 

I* ' A parallelepiped is a solid figure contained bj six quadrilateral 
figures, whereof cterj opposite two arc parallel 


PEOPOSmoXl. THEOREM 

One part of a tiraight line cannot be in a plane, and another pm t above tt 

If It be possible, let AS, part of the straight line ABC, he in the 
plane, and the part j?Cabo^c it 



and since the straight line AB is in the plane, it can be produced 
in that plane 

let it be produced to D , 

^and let anj plane pass through tlie straight lino AD, and be tnmed 
^ ' about It, until it pass through the point C 

and because Uie points B, O are ip this plane, 
the straight line BC is in it (l, def 7 ) 
hcrefore there arc two straight lines ABQ, ABD in the same plane 
that have a commUn segment (i 11 Cor) 
which 18 impossible 
Therefore, one part, 6vCr Q B.p. 
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PEOPosmoN n theoeem 

7^ straight lines which cut one another are in one plane, and thru 
straight lines which meet one another are in one plane 

Let two straight lines AS, CD cut one another in S, 
then AS, CD shall be in one plane 
and three straight lines EC, CS, SB, uhich meet one anotyT, 
shall be m one plane 



Let anv plane pass throuirh the straight line ES, 
and let tlie plane be turned about ES, produced if necessary, until it ■ 
pass through the point C 

Then, because the points E, Care in this plane, 
the straight line DC IS in It fl def 7) 
for the same reason, the straight line DC is in the same* 
and by the hi'pothesis, ES is in it 
therefore the three straight lines DC, CD, DD are in one plane, 

but in the plane in which DC, DD arc, ^ < 

in the same are CD, AS (\1 1 ) 
therefore, AS, CD are in one plane 
Wherefore two straight lines, &.c Q E D 

PEOPOsmoN ni theoeem 

If two planes cut one another, their common section is a straight line 

Let two planes AS, SC cut one another, and let the line DD be ' 
their common section 

Then DD shall be a straight line 



Tf it be not, from the point D to D, draw, in the plane AS, tht 
straight line DBS, (post 1 ) t 

and in the plane DC, the straight line DFS f 

then two straight Imes DEB, DEB have the same e'^tremities, 
and therefore include a space betwixt them, 
which IS impossible (i ax 10 ) 

therefore DD, the common section of the planes AS, SC, cannot 
> but be a straight hne i 

Wherefore, if tw'o planes, &o Q e d 
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PROPOSITION IV THEOREM 

r/ a itraighi line sland at right angles to each of tico straight luiet in 
the goint of their intcrscetioii, tl shall also be at i ight angles to the plane 
tc/nch passes through than, that is, to thcplane in which they are 

Let the Rtraij'ht line LF stnnd ntnght angles to each of the straight 
lines AB, CD, in JS the point of their intersection 

1 hen JCF shall also be at right angles to the plane passing through 
I ABf CD 

F 



Toko the straight lines AD, LB, CD, DD all equal to one another, 
and through D draw, in the plane in which arc AB, CD, any 
straight line Cri^ZT, and join CB, 
then from ana point F, in Dl', draw FA, FG, FD, FC, FIT, FB 
And because the two straight lines AJS, DD arc equal to the two 
BD, DC, each to each, 

and that thej contain equal angles ADD, BDC, (I 16 ) 

Uie b ise AD is equal to the base BC, (l 4 ) 
and Uie angle DylJC to Uie angle UiiO 
and tlie angle ADG is equal to the angle BDJI (r 16 ) 
therefore the triangles ADG, JjDD hasc two angles of the one emial 
to two angles of the other, each to each, and tlie sides AD, DB, 
adjacent to the equal angles, equal to one another 
wherefore they haye their other sides equal (l 20 ) 
therefore GD is equal to DJ£, and AG to BM 
and because AD is equal to DB, and FD common and at right 
angles to them, 

the base AF is equal to the base FB , (l 4 ) 
for the same reason, CF is equal to LD 
and because AD is equal to BC, and AF to FB, 
he two sides FA, AD are equal to the two FB, BC, eicli to each, 
and the base DFwas proved equal to the base FC, 
therefore the angle FAD is equal to the angle FBC ( 18 ) 
ngain, It was prosed that GA is equal to BD, and also AF to F^, 
Jiereforc FA and A Q arc equal to FB and BlI, each to each , 
and the angle FAGhtx% been prosed equal to the angle FBII, 
therefore the base GFin equal to the base FD (i 4 ) 
gaijijbecauRCitwas prosed thntff£isenuoltoZ?Ji',nndZ?Fi8 common, 
therefore GL, DF are equal to DD, DF, each to each , 
and the base GF is equal to the base FD, 
therefore the angle GDF is equal to the angle DDF, (l 8 ) 
and consequently each of these angles is a right angle (I def 10) 
Therefore JjB makes nght angles with G'ZT, that is, with any straight 
me drawn through D in the plane passing through A 77, CD, 
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In like manner, it may bcpro\ed,tIiat FE makes right angles \tiUi 
every stniight line irluch meets it in that pltine 

But a straight hue is at right angles to a plane when it makes right 
angleswithever^stiaighthne whichmectsitinthatplane (\l defJ) 
therefore JEFjs at right angles to the plane in ithioh arc AS, CD 
Wherefore, if a straight line, &c Q E D 

PROPOSITION V THEOREM 

If three straight lines meet all in one point, ami a straight line stands 
at right angles to each of them tn that point , these three straight lines are 
m one and the same plane 

Let the straight line AS stand at right angles to each of the, 
straight lines SC, BD, BE, in S the point where they meet 
Then BC,BD, BE shall be in one and the same plane 


E 

It not, let, if it he possible, SD and BE bo m one plane, 
and J?C7ho above it, 
and let a plane pass through AS, SC, the bommon section of whirfi, 
with the plane in which BD and BE arc, is a straight lino, (i.i 3 ) 

let this be BF 

therefore the three straight lines AB, BC, JBJ’are all in one plane, 
VIZ that which passes through AS, BC 
And because AS stands at right angles to each of the sbaight lines 
BD, BE, 

It IS also at right angles to the plane passing through them (xr 4 1 ' 
and therefore makes right angles with ever} straight line meeting it | 
in that plane (\l uef 3 ) > 

but BF, which is in that plane, meets it, 
therefore the angle ABF is a nght angle 
^ but the angle ABC, by the hvpothesis, is also a nght angle , 
therefore tlie angle ABF is equal to the angle ABC, 
and they are both in the same plane, wluoh is impossible , (I ax 9 ) 
therefore the straight line BCn not above the plane in which are 
BD and BE 

wherefore the three straight lines BC, BD, BE are in one and the 
some plane 

Therefore, if three straight Imes, &c Q E D ^ 

PROPOSITION TI THEOREM 

If tioo straight lines be at right angles to the same plane, they shall ht 
parallel to one another 

the straight lines AB, CD oc at t ight angles to the same pltlnb. ' 
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Then A 'B shall be parallel to CD. 





Lot them meet the plane ih the points D, D, 
andthoTT the straight line DD, tonliich draw DD at right angles, in 
the same plane, (I 11 ) 

and make JDU equal to AS, (l 3 ) and join SB, AE, AD 
Then, because AS is perpcnuicular to the plane, 
it makes right angles with crei^ straight line which meets it, and 
IS in that plane (XI def 3 ) 

but ED, EE, which arc in that plane, do each of them meet AS , 
therefore each of the angles AED, ALEE is a rmht angle , 
for the same reason, each of the anglt-s CDS, CDE is a right angle-. 

and because AE is equal to DE, and ED common, 
the two sides AE, ED arc equal to the two ED, DE, each to each t 
and the} contain right angles 
therefore the base AD is equal to the base EE (l 4 ) 
again, because AE is equal to DE, and EE to AD, 

AS, EE are equal to ED, DA, each to each, 
and, in the triangles AEE, EDA, the base AE is common 
therefore the angle AEE is equal to the angle EDA (I 8 ) 
but AEE IS a right angle , 

therefore EDA is also a right angle, and ED perpendicular to DA 
but it IS also perpendicular to each of the two ED, DC, 
wherefore ED is at right angles to each of the three straight lines 
ED, DA, DC in the point in which they meet 
therefore these three straight lines are all in the same piano* (xi 5.) 

but AE IS in the piano In which are ED, DA, {XT 2 ) 
because any three straight lines which meet one another atein one plane 
therefore AE, ED, DC are in one plane 
and each of the angles AED, EDC is a nght angle; 
therefore AE is parallel to CD (l 28 ) 

■Wherefore, if two straight lines, &c Q E.D. 

PROPOSITION VII THEOREIL 

If hso strmglit hnvs be parallcJ, the straight line drawn from 'any point 
in the me to any point tn the other, ts in ike same plane with the parMeh 

Let AE, CD be parallel straight lines, and take any point E in the 
one, and the pomt F m the other ' 

Then the straight line which joins B and F shall be in the same 
plane with the paral’els ' 

If not, let it be, if possible, obovo the pltine, as EGF\ 
and in the plane AE CD ib which the parallels arc, 
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draw the straight line JSHF from Eta F 
A E B 

C F D, 

And since EQF also is a straight Ime, the two straight lines EHFi 
EOF include a space between them, which is impossible (l ax. 10 ) 

Therefore the straight Ime mming the points E,Fv& not above the 
plane in which the parallels AB, CD are, and is therefore m that plane. 

'Wherefore, if two straight lines, &c Q E B 

PROPOSITION Vni THEOREM 

If itm tiratffht lines he parallel, and one of them he at rtffht angles to a 
plane, the other also shall he at right angles to the same plane < 

Let AB, CD be two parallel straight Imes, and let one of them AB 
be at right angles to a plane 

Then the other CD shall be at right angles to the same plane. 
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Let AB, CD meet the plane m the pomts B, D, and jom BD • 
therefore AB, CD, BD are in one plane (xi 7 ) ' 

In the plane to which AB is at r^bt angles, 
draw DE at nght angles to BD, (ill) 
and make DE equal to AB, (i 3 ) and join BE, ALE, AD 

And because AB is perpendicular to the plane, . 

it IS perpendicular to every straignt hne which meets it, and is in 
that plane , (XI. def 3 ) 

therefore each of the angles ABD, ABE is a ngbt angle 
and because the straight Ime BD meets the parallel stramht lines 
AB, CD, 

the angles ABD, CDB are together equal to two nght angles (I 29 ) 
and ABD is a nght angle, 

therefore also CDB is a nght angle, and CD peraendicular to BD t 
and because AB is equal to DE, and BD common, 
the two AB, BD are equal to the two ED, DB, each to each, 
and the angle ABD is equal to the angle EDB, 
because each of them is a nght angle, 
therefore the base AD is equal to tiie base BE (I 4.) 
again, because AB is eqbal to DE, and BE to AD, 

' the two AB, BE are equal to the two ED, DA, each to eachf 
and the base AE is common to the tnangles ABE, EDA ; 
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vhercfore the angle AJBU is equal to the angle JSDA (I. 8 ) 
but ASJS IS a right angle 

and therefore JBDA is a right angle, and SD perpendicular to DA 
hut It IS also perpendicular to BD , (consti' ) 
therefore ED is perpendicular to the plane which passes through 
JBD, DA , (XI 4,) 

and therefore makes right angles with every straight hne meeting it 
‘ in that plane (xi def 3 ) 

but DC IS in the plane passing through BD, DA, 
because all three are in the plane m which are the parallels AB, CD, 
wherefore DD is at right angles to DC 
and therefoic CD is at right angles to DE 
hut CD IS also at right angles to DB, 
therefore CD is at right angles to the two straight lines DE, DB in 
the point of their intersection D, 
and therefore is at right angles to the plane passing through DE, 
DB, (XT 4 ) 

which IS the same plane to which is at right angles 
Therefore, if two straight Imes, &.c Q E D 

IX THEOKEM 

7tco ttraight lines which are each of them parallel to the same straight 
line, and not in the same plane with it, are parallel to one another 

Let AB, CD he each of them parallel to EF, and not in the same 
plane with it ' 

Then AB shall he parallel to CD 

AH B 
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In EF take any pomt G, from which draw, in the plane passing 
through EF, AB, the straight Ime CDT at right angles to EF, (l 11) 
and in the plane passmg through EF, CD, draw GK at right angles 
to the same EF 

And because EF is perpendicular both to GH and GK, 

DD 18 perpendicular to th^laneD’CJK'passing through them (xi 4) 
and EF is parallel to AB , 

therefore AB is at nght angles to the plane EGK (Xl 8 ) 
h or the same reason, CD is likewise at right angles to the plane EGK 
Therefore AB, CD are each of them at right angles to the plane EGK 
^ But if two straight hues are at nght angles to the same plane^ they 
arc parallel to one anotlier (xi 6 ) therefore AB is parallel to CD 
"Wherefore, two straight hnes, &p Q E D 

PEOPOSmON X THEOKEM 

Tf two straight lines meeting one another he parallel to tioo otheis that 
meet one another, and are not m the same plane with the first two, the first 
two and the other tieo shall contain equal angles 
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Let the two straight lines AJB, JBC, which meet one anotiicr, Iw 
parallel to the two straight lihes DS, JEF, that meet one another, and 
are not in the same plane with AS, SC 

The angle shall be equal to tlie angle SFF 


n 



D F 

Take SA, SC, SB, JJFall equ-il to one another, 
and join AB, CF, SE, A C, BF 
llien, because SA is equal and bariillcl to EB, 
thciefore ABw both equal and parallel to SE (l d 1 ) 

For the same reason, CFis equal and parallel to SE 
Therefore AB and CF arc each of them eqilal and jiarallel to SB 
But straight lines that arc parallel to Uic same straight line, and not 
m the same plane with it, arc pafallcl to one another cvi d ) 
therefore AB is parallel to CF, and it is equal to it, (I ax 1 ) 
and AC, UiTjoin them towards the same parts , 
and therefore is equal and parallel to BF (T 33 ) 

And because AS, SC arc equal to BE, EF, edcll to each, 
and the base AC to tlie base BF , 
the angle ASC is equal to the angle BEF (l 8 ) 
Therefore, if two straight lines, He. QBV 

PROPOSITION XI PROBLEM 

TV) tfraw a sliaiff/il line jieipendteuJar to a plane, from a ^iven point 
above It 

Let A be the given point above the plane Slf 
It IS required to draw from the point a straight line perpendicular 
to the plane SE 

In the plane draw any straight line SC, 
and from the point A draw AB pcrpehdicular to SC (I 12 ) 

If tnen AB be also perpendicular td the plane SE, the thing r^ 
quired is already done , 

but if it be not, from the pomt B draw, in tlie plane SH, the sthiigbt 
hna BE at right angles to SC, (ill) 

, and from the pomt A draw AF perpendicular to BE 
Thhn AF shall be perpendicular to the plane BE 


V A 
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'rhr«'U}»h jTilrav^ GJ/pamllel lo JiC (I 31 ) 

And bcr-vu'-c JiCn, jit npht angles to iTJ? and DA, 

C IS at right angles to Uic jdine passing tlirough ED, DA (tl 4 ) 
and 67/ is parallel to DC 

but, if ttro straight lines be parallel, one of which is at right angles 
to a plane, 

tlio other IS at nght angles to the «ame plane , f\I 8 ) 
hertfore OD n at right angles to the plane through ED, DA , 

111 IS jierpcndicular lo eim straight line meeting it in that plane 
(\I def 3 ) 

but AE, aihicli is in the plane through ED, DA, meets it, 
therefore 67/ is perpendicular to AE, 
and conseqiienth A2 is perpendicular to 62/, 
and ^ijTis perpeadicular to DE, 

thenfore -IPis perpendicular to each of tlie straight lines 62/, 7)27 
Hut if a straight hue stand at right angles to each of two straight 
lines in the point of their iiitcrsecUon, it is also at right angles to the 
plane passing through them (M 1 ) 

but the plane passing (hrounh ED, GJI is the plane DJI, 
thtrefore ATk perjicmhcular to the plane DJI 
Uicreforc, from the given point A, above the jilanc DJI, the straight 
l.ns AE IS drawn perjitndicular to that plane Q i: F 


PllOPOSmoX XU PROBLESr 


To erert a tlra\i}ht tme at rigid mgks to a given plane, from a point 
given in (he plane 


lei A he the point given in the plane 
1 1 ih required lo creel a straight lino from the point A at right angles 
to the plane 



From an j point 2? abov c the plaiic draw D C perpcndKular lo it, (M 1 1 1 
and from A draw AD parallel lo DC (I 31 ) 

SecausL, therefore, yl 2), CD are two parallel straight lines, 
and one of them DC is at light angles to the given plane, 
the other AD is also at right angles to it (\l 8 ) 
therefore a straight lii.c has been erected at right angles to a given 
plane, from a point given in it q e.f 


PKOPOblllON Xlir THEOIIEU 

From the same point tr a given plane, there cannot he two Hraxght lines 
at right angles to Uie plane, upon the same side of ?< and there eon bt bat 
cm« perpendicular to a plane from a point above the plane 

For, S it be possible, let the two straiglit lines AD, ^ 6 bo at right 
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angles to a given plane from the same point A m the plane, and upon 
the same side of it 

Let a plane pass through J5A, AO , 
the common section ot this with the given plane is a straight Ime 
passmg through ^ (xi 3) 

B 0 


BAB 

let DAE bo their common section 
therefore the straight lines AB, AG, DAE are m one plane 
and because OA is at right angles to the given plane, 
it makes right angles with every stmight'lme meeting it in that 
plane (xi ^f 3 ) Wt DAE, which is in that plane, meets CA , 
therefore GAE is a right angle 
Por the same reason, BAE is a right angle 
Wherefore the angle GAE is equal to the angle BAE, (ax 11 ) 
and they are in one plane, which is impossible 
Also, from apomt above a plane, there can be but one perpendicular 
to that plane 

for, if there could be two, they would be parallel to one another, i 
which 18 absurd (xl 6 ) r 

Therefore, from the same pomt, &c. qb n 

PROPOSITION XIV THEOREM 

Planes to tehich the same straight Ime is pei pcndtcular, are parallel 4o 
one another 

Let the straight Ime AB be perpendicular to each of the planes 
CD, EF. 

These planes shall be parallel to one another. 


o 



If not, they shall meet one another when produced 
let them meet their common section is a straight Ime GB, 
which take any point K, and jom AK, BK 
Then, because AB is perpendicular to the plme EF, 

It IS perpendicular to the sfraight Ime BK winch is m that plane 
;-Ixi-def3) 

' therefore ABK is a right angle 

Eor the same reason BAK is a nght angle i 
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wherefore the two angles ABK, BAK, of the triangle, ABK, are 
equal to two right angles, which is impossible (i 17 ) , 

therefore the planes CD, EF, though produced, do not meet one 
another , 

that IS, they are parallel (xi def 8 ) 

Therefore, planes, &c Q e D 

PROPOSITION XV THEOREM 

1/ iico straight lines meeting one anotJier be parallel to iico other straight 
lines which meet one another, but aie not m the same plane with the fuel 
two, the plane which passes through these parallel to the plane passing 
through the others 

Let AB, BO, two straight hncs meetmg one another, he parallel to 
BE, EF, two other straight hnes that meet one another, but are not 
in the same plane w ith AB, BQ 

The planes through AB, BG, and DE, EF shall not meet, though 
produced 


E 



From the pomt B draw BG perpendicular to the plane which 
passes through DE, EF, (ii 11 ) and let it meet that plane in G 
and through ff draw ffJBT parallel to ED, and GX" parallel to EF (i 31 ) 
And because BG is perpendicular to tlje plane through DE, EF, 
it med.es nght angles with every straight hne meetmg it m that 
plane (xi def 3.) 

but the straight imes OE, QK m that plane meet it, 
therefore each of the angles BGH, BGE is a right angle, 
and because BA is parallel to GH (for each of them is parallel to 
DE, and they arc not both in the same plane with it), (vr 9 ) 
the angles GBA, BGH are together equal to two right angles (l 29 ) 
and BGH is a light angle, 

therefore also GBA is aright angle, and GR perpendicular to BA 
For the same reason, GB is perpendicular to BO 
Smee therefore the straight line GB stands at nght angles to the 
two straight lines BA, RGthat cut one another in B, 

GB is perpendicular to the plane through BA, BC (xl 4 ) 
i'/and it 15 perpendicular to the plane through DE, EF, (coiistr) 

therefore BG is perpendicular to each of the planes through AB, 
BC, and DE, EF- 

but planes to which the same straight hue is perpendicular, are 
parallel to one another, (xi 14 ) 

therefore the ptoe through AB, BG is parallel to the plane througi 
DE, EF Wherefore, if two straight hnes, &a Q E d - 
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PROPOSITION XVI lirCOREM 

If two parallel planes be cut by another plane, their common sections with 
It ai e parallels 

Let the panllel planes AB, CD ho cut bv the plane EFSG, and 
let theu: common sections •with it be DF, G2I 

Then DF shall be parallel to GH 
K 


For if it IS not, EF, Gl£ shall meet, if produced, either on tlio side 
of FE, or EG 

First, let them be produced on tho side of FH, and meet in the point ii 
Therefore, smcc EFK is in the plane AS, 
ei cxy point in EFK is in that plane {\I 1.) 
and jST is a point in EFK, 
therefore K is in the plane AB 
for the same reason, K is also in the plane CD 
wherefore the planes AB, CD produced, meet one another 
butthei do not meet, since thei are parallel bj tho bjpothcsis, 
therefore the strautht lines EF, GJl do not meet when produced 
on the side of FlI 

In tha same manner it ma} be proTcd, that EF, GE do not meet 
when produced on the side of EG 

But straight lines which arc in the same plane, and do not meet, 
though produced either waj, are parallel , 

therefore EF w parallel to GE 
Wherefore, if two parallel planes, &c Q E.D 

PROPOSITION XVli THEOREM 

If two straight lines be cut by parallel planes, they shall he cut m the 
same ratio 

% 

Let the straight lines AB, CD be cut by the parallel planes GE, 
KL, ME, in the pomts A, E,B, C, F, D 

As AE 18 to EB, so shall CFbe to FD 



Join AC, BD, AD, and let AD iniet the plane KL in the point 
, and join EK, KF, ^ ^ 
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fk>cau<i thr iwo ])arnllci ploncs JTZ, JlO'arc cut bj the jilanc 2752) A, 
the c<'n>inon sections 27A'", 2)2) are parallel (\r 16) 
for the nine rcabon, bt cause the two parallel planes GII, KL arc 
cut b\ the plane AXTC, 

tlic common sections AC, A2^arc parallel 
anil bcc-use JIX is parallel to HD, a side of llic triangle jf52) , 
as .1 77 to LJi, so is AX to XD fri 2 ) 
again, bicaust* A'2'is parallel to ./C',.a ^itlc oftlie triangle ADC 
as AX to XD, BO is CTto FD 
ami it aras prosed that AX is to XD, as AD to DB, 
the“cforc, as AD to DB, so is C2'’to FD (v ll ) 
■Wbcreforc, if two straight lines, &c Q L D. 

rnoposiTiox x\'ni iheorem 

Jfn firatqtt t\ne be cl nlfl angles to a plane, every plana vlnch passes 
if 'r,i, }h i' shall be ct rujht aityles to tha' plane 

I^t the ptraighl lino AB be at nglit angles to tlic plane CX 
Earn plane arhtch passes through AB shall be at right angles to 
the plane CX 

P 0 A TI 



Let ana ])hine DD jia'^s through AB, 
and let C27bt the common Kcclion of the planes DD, CX, 

Ivkt nn\ point 5’ m CE from a\ Inch dnw2'G'in the plane DD 
at right angles to CF (ill) 

And because AB is poimendiculnr to tlio piano CX, 
therefore it is aUo perpendicular to cvcr\ straight line in that plane 
meeting it, (xi def 5 ) 

and const qucntlv it is perpendicular to CD 
arlinrcforc ABF is a right angle 
but GFB IS likewise a right angle, (conslr ) 
therefore AB is parallel to FG (i 28 ) 
and AB is at right angles to the plane CX, 
therefore FG is also at right angles to tlie same plane (at 8 ) 

Ilut one jilane is at right angles to another plane when the straight 
lines drawn in one of the planes, at nght angles to their common sec- 
tion, are also at right angles to the other plane , (xi def 4 ) 

/nd anj straight hne FG in the plane DD, which is at right angles to 
'• CD, the common section of tlie planes, has been proved to be per- 
pendicular to the other plane CX, 

therefore the plane DD is at right angles to the plane CX 
In like manner, it may bo proved that allplancs which pass through 
AB are at nght angles to the plane CX 

Therefore, if n straight line, Ac, Q E D, 
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PBOi'osmoN XIX theorem; 

If iteo planes which cut one another he each of them perpendietdar to a 
third plane, their common section thaU be perpendicular to the same plane 

Let Ae two planes AS, SC he each of them perpeneucular to a 
tlurd plane, and let SD he the common section of tne first two 
Then SD shall be perpendicular to the third plane 


B 



If it be not, from the point D draw, in the plane AS, the straight 
line DE at ngnt angles to AD the common section of the plane AS 
with the third plane , (I 11 ) 

and in the plane SC draw DF at right angles to CD the common 
section of the plane SC with the third plane 
And because the plane AS is perpendicular to the third plane, and 
DE IS drawn in the plane AS at right angles to AD, their common 
section, ^ 

DE IS perpendicular to the third plane fsi def 4 ) 

In the same manner, it may be proven, that DF is perpendicular, 
to the third plane 

■Wherefore, from the point D two straight lines stand at right angles 
tL the third plane, upon the some side ofit, which IS impossible (xi Id) 
therefore, from the pomt D there cannot be any straight hne at 
right angles to the third plane, except SD the common section of the 
planes AS, SC 

therefore SD is perpendicular to the third plane 
"Wherefore, if two planes, Ac aE D 

PROPOSITION XX THEOREM 

If a solid angle be contained by three plane angles, any two of them are 
greater than the third 

Let the solid angle at A be contamed by the three plane angles 
SAC, CAD, DAS 

Any two of them shall be greater than the third 
D ■ 



n EC 

If the angles SAC, CAD, DAS be all equal, 

It IS evident, that any two of them are greater than the third- 
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therefore tlie six angles CBA, AJBD, JBCA, ACD, CD A, ADS 
are greater than two right angles 
and because the three angles of each of the triangles AS C, A CD, 
ADS are equal to two right angles, 
therefore the nine angles ot these three triangles, viz the anglfes 
CSA, SAC, ACS, ACD, CD A, DAC, ADS, DSA,'SAD 6xe 
equal to six right angles, 

of these the six angles CSA, ACS, ACD, CDA, ADS, DSA 
are greater than two ri^ht angles , ' 

therefore the remaining three angles SAC, CAD, DAS, which 
contain the sohd angle at A, are less than four right angles 
Next, let the solid angle at^ be contained by any number ol plane 
angles SAC, CA.D, DAE, EAF, FAS 

These shall together be less than foui nght anglbs 


Let the planes in which the angles are, he cut by a plane, 
and let the common sections of it nath those planes lie SC, Clt^ 
DE, EE, FB 

And because the solid angle at S is contained by three plane angles 
CBA, ASF, FBC, ot which any two are greater than the third, (xi 20 ) 
the angles CSA, ABF, are greater than the angle FSC 
for the same reason, the two plane angles at each of the points C, D, 
E, F, VIZ those angles which are at the bases of the triangles, having 
the common vertex A are greater than the third angle at the same 
point, which IS one of the angles of the polygon BCDEF 

therefore all the angles at the bases of the triangles are together 
greater than all the angles of the polygon 
and because all the angles of the tnangles are together equal to , 
twice as many right angles as there are triingles , (i «52 ) 
that IS, ns there ate s des m the polygon BCDEF, 
and that all the angles of tho polygon* together with four right 
angles, are Idtewise equal to twice as many right angles ns theie are 
sides in the polygon (i 32 Cor 1 ) 

therefore all the angles of the triangles are equal to all the angles 
of the polygon together with four right angles (l ax 1 ) 
but all the angles at the bases of the triangles aie greater than all • 
the angles of the polygon, as has been proved , , ^ _ 

wherefore the remaining angles of the triangles, viz those of the ^ 
crtJv, which contain the solid angle at are less thanfour nght angles \ 

Therefore, every solid angle, &c Q E D 
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Till cohds considered in thoclecentli nnd twelfth booTvS are Gcomej 
tncnl solids, portions of spice hounded b) surfaces which ore suppose^ 
capiblc of penetrating and intcrstctmg one another 

In the iirst six books, all the diagnms cmploi cd in the dcmc uu 
lions, are supposed to be in the same plane winch mnr He in anj posltioi 
w hates cr, and be extended in eserv direction, and there is no difficult’ 
in representing themrougbh on an\ plane surface , this, however, is no 
the case w itb the diagnms cmplos eti m the demonstrations in the ties l 
and twrclfth books, svhicli i ninot be so intcHigibh rcprc‘>ctttcd on n plan 
surface on ncooiint of the jh I'licotivc A moro exact conception may hi 
attained, bs adjusting pieer'i of paper to represent the different planes 
And drawing lines upon them ns the constructions mat require, and b 
llxing pins to represent the lines which arc perpendicular to, or inchnu 
to an} planes i 

Ana plane may be conceived to movo round ony fixed point in tha 
plane, either in its otvn plane, or m onj direction whatever , and if the, ' 
be two fixed points in tlio plane, the plane cannot move in its own plnnei . 
hnt may mot c round the straight line which passes through the tw o fixe ^ 
pomts in Uic plane, and may assume every possible position of the plant 
which pass through that line, and every different position of the plan 
will rcprc'cnt a different plane , thus, nn imlcfinuc number of plane 
may be conceived to pass tnrougli a straight line which will bo the com' 
mon intersection of nil tho planes Hence, it is manifest, that thougli i,» • ' 
pomts fix the position of n straight line in a plane, neither do two poiiii 
nor Bstnalght line iix the position of a plane in space If, however, three > 
noints, not in the same straight Imc, h 6 concclv cu to he fixed in the plnncf ^ 
It will be manifest, that the plane cannot he mov cd round, citlicr m it 
own plane or in any other direction, and therefore is fixed ' 

Also, any conditions which involve the consideration of three fixci 
points not 111 Uic same straight line wall fix the position of a plane i ' 
apace , as also two straight lines which meet or intersect one another, «, 
two paralkl straight lines in the jiianc ^ I 

Hef v 'When a straight hnoincLts n plane, it is inclined ot diffcren » 
angles to the different lines in that plane which may melt it , and it ' 
manifest that Uic inclination of the line to the plane is not determined b 
its meeting any line in that plane Ihc iiichnation of the line to 
plane can only be dctcnnincd by its incHiintion to somo fixed hnc in th 
plane If o point be t iken in the line different from tliut point where th , 
line meets tho plane, and o pcrpendiculnr bo drawn to meet the plane 
another point , then these two points in the plane vidl iL\ tho position o< 
the line which p^ssc 3 through them in that plane, and the angle contamcu" 
by this line and the Liven line, will measure the mdmatioa of the Imo tw 
Uic plane, and it will be found to be tho least angle which con be form ^ 
wath the given line and any oUicr straight line in tho plane 

If two perpendiculars ho drawn tiponn plane from tne extremities of / 
straight lino vi hich is inclined to Uiat plane, the straight line in the plant, > 
intercepted between the perpendiculars is called (he piojcclion of the hnc > 
on that plane, and it is obvious that tho inclination of n straight lino ' 
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I plane is equal to the uicluiatiou of tlie straight line to its projection on 
ho plane If, how ever, the line be parallel to the plane, the projection 
)f the hne is of the same length as tne hne itself, m all other eases the 
he irojecbon of the line is less than the line, bemg the base of a nght-angled 
nangle, the hjrpotenuse of -which is the hne itself 
The mclination of two lines to each other, which do not mbet, is 
ncasured by the angle contained bj two hnes dra-wn through the same 
f;!] loint and parallel to the two given hnes 

jj, Def VI Planes are distinguished from one another by their inchna 
aons, and the inclmations of two planes to one another bb found to 
)e measured by the acute angle formed by two straight hnes drawn in 
he planes, and perpendicular to the straight hne which is the common 
, ntersection of the two planes 

It IS also obvious that the inclination of one plane to another -will be 
neasured by the angle contamed between two straight hnes dra-wn from 
Jie same pomt, and peipcndiculnr, one on each of the two planes 

The intersection of two planes suggests a new conception of the 
itraight hne 

De£ IX %Ttpta yuvta ecrriv 1 } viro r\ti6viav it Ho yuvtuv ivt'rlHwv 
irtpiixopiixi, P>l ouauv tv tu aurtli tTriiriita trp6t (vl auvierrapivuv 

The rendenng of this definition by Simson may be shghtly ontcnded 
The word trtpitxopivn is ratlicr comprehended or contained than made 
and aviwTVfievatir meoae joined andjliied (ogetheTf not meectntj "A solid 
angle is that which is contained by more than two plane angles jomed to* 

1 gsdier at one pomt, (but) whidi arc not m the same plane 

When a sohd angle is contained by three plane angles, each plane 
which contains one ^ane angle, is fixed by the position of the other two, 
and consequently, only one solid angle can bo formed by three plane 
angles Put when a sohd angle is formed by more than three plane 
angles, if one of the planes be considered fixed in position, there are no 
conditions whudi fix the position of the rest of the planes which contain 
the sohd angle, and hence, on indefinite number of sohd angles, unequal to 
one another, may be formed by the same plane angles, when the number 
of plane angles is more than three 

Uef A. Farallclopipeds are sohd figures in some respects analogous 
to paralldograms, and remarks might be made on porallelopipeds similar 
to those wluch were made on rectangular parallelograms m Uio notes to 
Book n , p 99 , and every nght-angled parollelopiped may be said to be 
contained by any three of the straight Imes which contain the three right 
angles by which any one of the sohd angles of the figure is formed , or 
more bnefiy, by the three adjacent edges of the parollelopiped. 

As all hnes are measured by hnes, and all simaces by surfaces, so all 
Bohds are measured by solids Ihe cube is the figure assumed as the ' 
measure of solids or volumes, and &e unit of volame is that cube, tb« 
edge of which is one umt in length 

if the edges of a rectangular paralldopiped con be divided mto umti 
of the same length, a numencal expression for the number of cubic umts 
in the parallelopipcd may be found, by a process similar to that bj 
which a numencal expression for the area of a rectangle was found 
Let AB, AC, AD be the adjacent edges of a rectangular paralldopipcd 
AGr. and let AB contain 5 umts, AG, 4 imits, and AD, 3 umts m length 
l^enif through the pomts of di-nsionof AB, AC, AD, planes be dra-wi. 
parallel to the faces BG, BD, AE respectively, the paralldopiped -will bt 
• mto cubic umts, all equal to one another , 
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And since the rectangle contains 6x4 square units, (Book ii, 
note, p 100) and tW for every linear unit in AD there is a laj er of 6 x 4 
ruble units corresponding to it , 

consequently, there ore 6 x 4 x 3 cubic units in the whole parallelo- 
pipcd AG 

That IS, the product of the three numbers which express the number 
of linear units in the three edges, will gne the number of cubic units in 
the pandlclopipcd, and therefore mil bo the anthmetical leprcsentatioii 
of Its volume ■ 

Andgencrally,if AB, AO, AD, instead of 6, 4 and 3, consisted ofo,6, 
and 0 linear units, it may be shewn, in a similar manner, that the volume 
of the parallclopiped would contain abe cubic umts, and the product abe 
would bo a proper representation of the volume of the parollwopipcd 

If the tucc Bides of the figure were equal to one another, or 6 and e 
each equal to a, the figure w ould become a cube, and its volume would be 
represented by a bo, or o* 

It may easilj be shewn algehraically that the volumes of similar rect- 
angular pnrallelopipeds are proportional to the cubes of their homolo- 
gous edges 

Let the adjacent edges of two similar paroUelopipeds contain a, b, e, 
and o', y, o', umts rcspcctitely. Also let V, F', denote their volumes 
Then V = abe, and V* «= a'Vtf 

But since the parallclopipcds are similar, therefore ^ “ p “ J ’ 

„ V ahe abe a a a h* <? 

In a similar manner, it may be shewn that the volumes of all similarl 
solid figures bounded by planes, arc proportional to tiiie cubes of ^eir 
homologous edges ' 

Prop VI Prom the diagram, the foUowmg important construction mav 
be made. If from B a perpendicular BFbe drawn to the opposite side DE of 
the triangle DBE, and AF be jomed, then AF shall be perpendicular 
to DE, and the angle AFB measures the mchnation of tiie planes ALD 
and BED 

Prop XIX It is also obvious, that if three planes mterscct one 
another , and if the first be perpendicular to the second, and the second 
be perpendicular to the third , the first shall be perpendicrdor to the third , 
also the intersections of c\er} two shall be perpendicular to one another 



QUESTIONS ON BOOK XT. 


I TV HAT IS meant bv a solid in geometry ? ' TVhat are the boundaries 
nf solids ? How many dimensions has a solid i 

} 2 'Ry pimn tho distmotiou between a plane surface and a curved 
, surface 

d 3 "What IS assumed in speakmg of a plane ? Tliree pomts are requi- 
site to fix the position of a plane Is there any exception to this 
Jiroposition ? 

I 4 Shew that every two pomts are in the same straight Ime, and every 
I bree are in the same plane 

a 6 How IS the mclination of a straight line to a plane measured ? ' 

J 6 Hou manv straight hues can bo drawn makmg a given angle, 
'1) with a straight Ime, (2) with a plane Shew that if tho given 
single be a right angle, there is only one such straight Imo 

7 TVhat IS meant by the projection of a straight Imo on a plane * 
n 8 State what is to be considered the inchnation to each other of 
Itwo straight lines in space, which do not meet when produced 
1 9 DSne tho mclmation of a plane to a plane, and shew that it is the 
mome at all pomts of their mtcrsccbon 

n 10 Two planes are parallel to each other when they are cqmdistant, 
gir u hen all the perpendiculars thaf can be drawn between them are equal 

II When IS a straight hne perpendicular to a plane ? Shew that it 
ws so when it is perpenditulai to two Imcs in that plane 

a 12 How must one plane meet another, so that the ^nchnation of tho 
aplanes may be equal to a given angle > 

a 13 Three straight hnes w hich meet in a point, and ore perpendicular 
cto a fourth straight hne, are in the same plane If they meet, but not m 
tone pomt, ore they m the same plane ? 

c 14 Ha plane bo defined os the surface generated by the revolution 
cof a straight line, which is always perpendicular to a given straight hne, 
and passes through a given point in it, shew that tho straight Ime 
tjoming any two points m a plone'vvill be wholly m that plane 
t 10 Can any reason be ossiracd, why the same order has not been fol- 
llowcd m Euc xi, 8, 9, as in Euc i, 11, 12 i 

e 16 Define a solid angle, and shew in how many ways a sohd angle 
(may be formed vnth equilateral tnangles and squares 
1 17 Can a sohd angle be formed with any three plane angles assumed 

at pleasure? 

( 18 How 18 a solid angle measured ^ ' 

1 19 TVhat 18 tlie'hmit of the sum of the plane angles which together 

(can form a sohd apgle ’ 

20 Can it^ bo justly said that the parallelopiped and the cube have 
(the same relation to each other os the rectangle and the square ^ 
i 21 "What IS the length of an edge of a cube whose volume shall be 
double that of another cube whose edge is known i 

22 If a straight line be divided into ttvo parts, tho cube on the whole 
hne 18 equal to the cubes on the two parts together with thrice the 
right parallelopiped coutamed bjr their rectangle and the wholp Ime 

23 When a cube is cut by a plane obliquely to any of its sides, 
the section will be a rectangular parallelogram, alwavs greater than a side 
jof-the^ube, if made by cuttmg the opposite sides 
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2t. Show how to dmw o plnuc cutUn» t\^o adjacent sides of a cube, 
so that the section shall be equal ond similar to a Mile of the cube 
25 Tlic content of a rcfiular pirallclopipidon Mhosc length is anv 
multiple of the breadth, and bnndth the enmo inultiplt of the depth, u 
the same ns that of a cube \,hosL edge is the hrcadtlu 

2G Ifr, i, c be the three di ninsions, nod r the toluinc of a parollclo* 

^pipcd, prove that the raperCcics i<s equal to J 


27. How IS It shown that the cube described with a gi\cn line as one 
nf the edges, is eight ames the cube described with half the line ns one 
Ilf Its edges - 

2S Shew liow to t'ansform a gi\cn cube into n jianllelopipcd, whose 
throe adjacent edges shall be in coutuiunl proportion 

21 Is cvers ponsiblc section of a parallelepiped wluch can be made, 
n parallelogram * 

SO Shew how to hucct a p inllclopipeJ, so that tlic area of the 
section may be the greatest possible 

"1 Tlicre arc two cthntitm of equal altitudes, but the base of one 
of them IS three times that of the otnc” compare the volumes of tnc 
cthnders 

32 Ifow is n ng' I cane gf nerated * \\ hat is meant by the avia and 
b\ the lta«e of a cone 

53. What is Ludid’s dofimtion of similar solid figures contained bv 
planes • Is this difinition liable to aii% objection ' 
t "4 *ihev how n pnsm, prnniid, evhtulcr and cone may be gene* 
rn.td In wl.ot respects dots n p'lsm differ from " ivr.amid • 

£.5 Shew how a tnangul ir pnsm inaa be divided into three equal 
triangular pivamids of the same base and altitude niid find into liow 
mnnv tnangul ir pavaniids n prism can be dinded, tlic bv^c of w Inch is a 
pidagon of n sides 

’0 ‘shew hoe to find the content n pvramiil, w hates cr be the figure 

hasp, the altitude and area of the base bring given 
37 Wiat folid liuure is that, wintb if cut in nnj direction whatever 
bv plants the st-ciions shall be similar 

SS If two triangular pn^ros ha\c the same b isc and equal ends, thca 
rannot have their iippir edges not comcidcnl 

S9 Wintwill be ibo to’m of Uie bai.o of a pjvamid whoso sides 
consist of iho greatest possible number of cquilatcrol mangles * 

to Hnaniig gntnsiv strambt lines of sihich each islc«s tlian the 
Riim of anj two, dpttrmme now man; tctraliidrons can be formed, 
of which these t-tmight lines ore the edges 

41 Mils cannot a sheet of paper be made to represent the \Pi-tcv of 
0 pmmid. Without folding r 

42 Define the generation of a Ephere Can any reason be assigned 
wh\ Ltichd hxs not defined a circle in a Pimilar manner, as (ho figure 
g( lernte’d in a piano ba tlic revolut on of a straight line about one of its 

v'Ct.TCmitics whieb remain fi\cd 

43 bhew that the ratio of the diameter of a pphcrc, and the Bide of 
the inscribed cube, is ns three to unitj 

14 Mention the homes and define t'-c five regular solids. 
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THEOREM I 

Prove that %f a straight line be perpendicular to a plane, tfa prtgectton 
on any other plane, produced xf necessi ly, will cut the common intersection 
of the two planes at right angles 

Let AS be any plane and CSF another plane intersectiag th« 
former at any angle in the line SF, and let the line OS bo perpen< 
dicular to the plane OFF. 


II r 



Draw OK, SL perpendicular on the plane AB, and join LK, 
then LK is the projection of the line OH on the plane AB 
produce BF, to meet KB in the point L , 
then EF, the intersection of the two planes, is perpendicular to LK, 
the projection of the line OH on the plane AB 
Because the lino OS is perpendicular to the plane CEF, 
every plane passing through OS, and therefore the projecUn<» 
plane OSKL is perpendicular to the plane CEF, ° 

but thejirojecfang plane OHLK is perpendicular to the plane AB{ 

hence tiie planes CEF, and AB are each perpendicular to the third 
plane OSLK, 

therefore EF, the intersecUon of the planes AB, CEF, is nerne^ 
dicular to that plane, * * 

and consequently, EF is perpendicular to even stfaight line which 
meets it in that plane , 

^ut EF meets LK m that plane 

merefore, EF\i perpendicular to KL, the projection of OS on 
the plane AB, 
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THEOREM II. 

Prarf that four Utnet the tquare detenhed upon the diattonal of a ree 
•anytdarparalMojttpfd, u equal to the jmioi of the tquare$ detenhed on the 
iaoomh of the parallelograms containing the parallelopiped 

I XiCt be any rcdan!rular paraliclopipcd, nnd^/>,i 7 ^itrodingo- 
k is >ntrr<!cctins; one nnotber, rUoz/G* A*/), Ibc diagonals of tiic tuo 
pposilc faces JJi', CE 


A E 



Then it mnj Iw <tlipnn tbnt llic diagonals JD, EG, arc equal, i 
Ko the dtagonals nhiclt join r/’.and //A' and limt tiio four utagon.il 
f (be pamlldopipcd arc equal to one anotber 
The dnagonals JG, 111 ) of tbe two opposilo faces UP, Cl] arc equai 
I one uiotbcr, also tbe diagonals of tlic remaining pairs of the o)ipo« 
ite faces arc rcspcctncU equal 

And since JJi is perpcndtcolar to (be piano CC, tl is pcrpcndtculai 

0 CTC17 slrnigbt line irhicb meets U in that plonc, 

tbertforo^U la perpendicular to ED, 
nnd consequentU JIW is n nglit^anglcd triangle 
SiRidarlr, OJ)E is u nght>{uiglca triangle 
,nd tbe square txaJD « equal to the squares aa.AIl,JlE, (i.' 47 ) 
also llic square on Bli is equal (0 tbe squares 011 UC, CD, 
berefore the square on ..^ 7 ^ IS equal to the squares on Jli, DC, CD, 
sitnihrlr tbe square on DG or on AD is cqmd to tbs squares on AD, 
DC, CD 

Wlicrcforc tbe squares on ADoxid BG, or twice the square on AD, 

1 equal to Ibc squares on AD, DC, CD, AD, DC, CD, 

but tbe squares on DC, CD arc equal to tbe square on DD, tbe 
diagonal of tbe face CD, 

smniarir, tlic squares on AD, DO arc equal to the square on tbe 
diagonal of tbe face JIB , 

0 lliosquarcs on A/l, CD, 0x0 equal to the square on tbe diagonal 
of the face DF, for CD is equal (0 DE 
-‘Tcnce, double the square on AD is equal to the sum of Ibo squares 
lUc diagonals of tbe three faces II F, II D, DC 
n a similar manner, it maj be sbcuii, that double Die square on the 
gonal IS equal to Ibc sunia of the squares on (be diagonals of (lie 
•e faces opposite to JIF, JID, DC 

f bcrcforc, four times tiic square on (he diagonal of tbe parallolopipcd, 
pial to Ibo sum of the squares on Ibc diagonals of the sia, foccs 

Q 
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L 

3 If two straight linos nro parallel, the common section of anv 
two planes passing through them is parallel to cither 

4 If two straight lines he parallel, and one of them bo inclined 

at anj angle to a plane , tlie other also shall be inclined at the same 
angle to the same plane ^ 

6 If two straight lines m apace be parallel, their projections on 
any plane imU be parallel 

G Shew that if two planes which arc not parallel be cut bj two 
other parallel planes, the lines of section of the first by the last two 
will contain equal angles 

7 If four straight hnos in two parallel planes be drawn, two from 
one point and two from another, and making equal angles with 
another plane perpendicular to these two, then if the first and third be 
parallel, the second and fourth will be likewise 

8 Draw a plane through a giicn straight line parallel to another 
gi\on straight line 

9 Through a given point it is required to draw a piano parallel 
to both of two atmgbt Uwos wlttoU do not vwtottocL 

10 From a point aboic a piano two straight lines ore drawn, the 
one at right angles to the plane, the other at right angles to a gi\cn 
line in that piano } show that tho straight lino joining the foot of tli»'* 
perpendiculars is at right angles to the gnon line 

11 AS, AC, AD nro tin ee given straight lines at right angles to 
one another, AD is drawn perpendicular to CD, and SD is joined 
Shew that BE is perpendicular to CD 

12 Two planes intersect each other, and from any point in one of 

them a line is drawn porpondicuhr to the other, and also another line 
perpendicular to the lino of intorsccuon of both , show that tho pl^ine 
which passes through these tw o lines is perpendicular to tho line of 
intersection of the ])innc3 • 

13 Find the distance of a given point from a given line in space 

14 Draw a lino pcrpondioulnr to two lines which arc not in the 

same plane \ 

16 Two planes being given perpendicular to each other, draw a 

third perpendicular to both ' 

J6 Two perpendiculars are let foil from any point on two given t 
planes, shew that the angle between tho perpendiculars will be equal , 
to the angle of inclination of tlie planes to one another i. 

17 Two planes intersect, straight lines are drawn m one of the ^ 
planes irom a point in their common intersection making equal angles , 
with it, shew that they are equally inclined to the other plane ^ 

n. 

15 Tlireo straight lines not ip the same plane, but parallel to and 

uidistftut from eaoh other, are mtrrgectqd by a plane, and tho points 
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of mtcrscclton joined, chew •when the triangle thus formed vrtll he 
cqiiilnttral and vhcn isosceles 

19 llirce straight lines, not in the same plane, intersect in a 
point, and through uieir point of intersection another straight line ia 
(invm within the solid angle formed hy them , prove that the angles 
ishich this straight lino makes with the first three are together less 

^ than the sum, but greater tlinn half the sum, of tho angles which the 
first three make with each other 

20 If two solid angles bounded bj anj number of plane angles, 
and having a common vertex, be such that one lies wliolh within the 
other, the sum of the plane angles lioiinding the latter will be greater 
than the sum of the plane angles bounding tho former 

21. Given the three plane angles which contain a solid angle 
Find hj a piano construction, tho angle between anj two of tlic 
containing planes 

22 Iwo of the three plane angles which form a solid angle, 
and also the mcbnation of their planes being given, to find the third 
plane angle 

23 Three lines not m the same plane meet in a point, if a plane 
cut these lines at equal distances from the point of intersection, shew 
that Hie perpendicular from that point on the plane will meet it m tlic 
center of the circle inscribed m the triangle, formed b\ the portion of 

fc the plane intercepted b\ tho planes passing tlirough tlic lines 

** * 21 If two straight linos be cut h\ four pamllel planes, the two 

segments intercepted hj the first and second planes, have tho same 
nilio to each other as the two segments intercepted bj the third and 
fourth planes 


III 

25 If planes he drawn through the diagonal and two adjacent 
edges of a cube, thej will ho inclined to each other at an angle equal 
to two-thirds of a right angle. 

26 A ctibo is cut hy a plane pcqicndicular to a diagonal plane, 
and making a given angle with one of the faces of the cube Find 
the angle which it makes with the other fnccs of the cube 

27 Shew tliata cube ma> he cutbj a plane, so that the section 
shall he a square greater in area than Uie face of the cube in tho pro- 
portion of 9 to 8 

28 Shew that If a cube bo raised on one of its angles so that the 
diagonal passing through that angle shall be jiCrpcndicular to the 
plane winch it touches, its projection on that plane will lie a regidar 

'S.‘->xagon 

29 If any point be taken within a given cube, the square described 
on Its distance from the summit of any of tlie solid angles of the cube, 
in equal to tho sum of tho squares described on its several pcrpendi- 
culor distances from the three sides containing that angle 

30 A rectangular parnllelopipcd is bisected by all the planes 
drfiwn through the axis of it, 
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31 In an oblique paralleloniped the sum of the squares on the 
four diagonals, equals the sum of tne squares on the twelve edges. 


IV. 

32 Having three points given in a plane, find a point above the 
plane equidistant from them 

33 Bisect a triangular p} ramid bv a plane passing through one of 
its angles, and cutting one of its sides in a given direction 

34 Given the lengths and positions of two straight lines which do 
not meet when produced and aie not parallel, form a parallelopiped 
of which these two lines shall be two of the edges 

35 If a ptTamid witli a polygon for its base be cut by a plane 
parallel to the base, the section will be a polygon similar to tne base 

3G If a straight line be at right angles to a plane, the intersection 
of the perpendiculars let fall from the several ]>oints of that hne on 
another plane, is a straight line wluch makes right angles with the 
common section of the tw o plones 

37 ABC, the base of a pyramid whose vertev is 0, is an equda 
teral triangle, and the angles BOO, COA,AOB ore right angles, 
shew that three times the square on the perpendicular from 0 on 
ABC, IS equal to the square on the perpendicular, from any of the 
other angular points of the pyramid, on the faces respectively opposite 
to them 

V 

38 Of all the angles, which a straight hne makes with any straight 
lines drawn in a gnen plane to meet it, the least is that wmehmea* 
sures the inchnntion of the hne to the plane 

39 If, round a line which is draSm from a point in the common 
section ot two planes at right angles to one of them, a third plane be 
made to revolve, shew that the plane angle made by the three planes 
18 then the greatest, when the revolving plane is perpendicular to each 
of the two fi\ed planes 

40 IVo points are taken on a wall and joined by a line which 
passes roiird a comer of the wall Tins hne is the shortest when its 
parts moke equal angles with the edge at which the parts of the wall 
meet. 

41 Find a point m a given straight line such that the sums of its 
distances from two given points (not in the same plane with the given 
straight line) may be the least possible 

42 If there be two straight lines which are not parallel, hpt 
which do not meet, though produced ever so far both wajs, shew tnal 
two parallel planes may be determined so as to pass, the one through 
the one line, the other through the other , and that the perpendiculor 
distance of these planes is the shortest distance of any point that can 

, bo taken in the one hnfe from any point taken in the other 
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If from, the greater of two tmcqiud magnttudcs, there he taken more 
than Its half, and from the remainder more ihsnrtls half, and so on 
there shall at length remain a magntlvde less than the least of the proposed 
magnitudes (Book x Prop i } 

TiClA B and (7be Ibwo unequal magnitudes, of \rhich AB is the greater 
If from AB there be taken more than its lialf, 
and from the remainder more than its half, and so on , 
there shall at length remain a magnitude less than C 

D 



For C may bo multiplied so as at length to become greater than A B> 
Let it be so multiplied, and let DE Us mulU])le be greater than AB, 
and let JOE bo divided into DFj EG, GE, each equal to C 
From AB take jSZT greater then its half, 
and from the remainder All take UK greater than its half, and 
so on, , 

until there be as many divisions in AB as there are in DE 
and lot the divisions in AB be AK, KIT, TIB , 
and the divisions in DE be Dl'\ FG, GE 
And because DE is greater than AB, 
and that EG taken from DE is not greater tlinn its half, 
but BBC taken from AB is greater than its half, 
therefore the remainder GD is greater than the remainder JIA. 
Again, because GD is greater than JTA, 
and that GF is not greater than the half of GD, 
but KK IS greater than the half of 3A , 
therefore the remainder FD is greater than the remainder AK 
and FD is equal to C, 

therefore C is greater than AK, that is, AK is less than C Q c.o. 
And if only the halves be taken aivay, the same thing may in ths 
same tray be demonstrated. 
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Euclid’s elements 

PROPOSlTIOlf I THEOREM 

Similar polygons inscribed in circles, are to one another as the squares 
cn their diameters 

Let ABCBE, FQSKL be two circles, and in them the similar 
polygons ABODE, FGSKL, 

and let BM, GN be the diameters of the circles 
as the polygon ABODE is to the poljgon FGBCKL, so shall the ^ 
square on BM be to the square on GN 

A F 

E 
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Join BE, AM, GL, FN ... 

And because the polygon AB ODE is sumlar to the poh gon FGHKL, 
the angle BAE i8 equal to the angle GFL, 
and as BA to AE, so is GF\a FL 
therefore the two triangles BAE, GFL having one angle in one equal 
to one angle in the other, and the sides about uie equal angles propoi 
tionals, are equiangular 

and therefore the angle AEB is equal to the angle FLG .» 
but AES IS equal to AMB, because they stand upon the same 
circumference (m 21 } , 

and the angle FLG is, for the same reason, equal to the angle FNQ 
therefore also the angle AMB is equal to FNG 
and the right angle BAM is e^ual to the right angle GFN, (ill 31 ) 
n hci efore the remaining angles m the triangles ABM, FQN are -equal, 
and they are equiangular to one another . i 

therefore as BM to GN, so is BA to GF, (FI 4 ) 
and therefoie the duplicate ratio of to GN, is the same with 
the duplicate ratio of BA to GF (V def 10 and V 22 ) 
but the ratio of the square on BM to the square on GN, is the 
duphoate ratio of that which BM has to GN, (vi 20 V 
and the ratio of the polj gon AB ODE to the polygon FGIIKL is 
the duplicate of that which BA has to GF (VI 20 ) 
therefore as the polygon ABODE is to the polygon FGEOSJj, so 
is the square on B3I to the square on GN 

Wherefore, similar polygons, &o Q E D 

PROPOSITION n. THEOREM 

Circles are to one anothei as the squares on their diameters 

Let AB OD, EFGHhe two circles, and BD, FN their diameters 
As the square on BD to the square on F3, so shall the circle .AJ7CJ 
^be> tb*. circle EFGR 

~ or, if it be not so, the square on BD must be to the square on Fh 
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aAU>ccurclc^2?C/}istosomc8pacccithcr less than the circle EFQH, 
or greater tlmn lU 



I'lrst, if posiihle, let it he to a since Slew than a cncle EFGIl, 
and in the circle EFGIl inscnue the square EFGJl (iv G ) 
This square is greater than half of the circle EFGH, 
heciusCjif through the points 2.’, F, G, J£, there be drawn tan- 
gents to the circle, 

the squire EFGH n half of the square described about the circle (r 47 ) 
and the circle is less tlinn the square described about it , 
therefore the squire EFGJl is greater than half the circle 
Dixidc the curcumfcrenccs EF, I'G, GJl, JUJ, each into two equal 
parts in tlie points JiT, 2, 3f, if, and join EK, KF, FL, LG, GM, 

m!,llK,EE, 

therefore each of the triangles EKF, FLG, GME, EXE, is greater 
than half of tlic segment of the circle m which it stands , 
because, if straight lines touching the circle be drawn through the 
points F, L, -V, X, and the parallelograms upon the straight ImcS 
£F, ro, GU, HE be completed, 

each of tlic triangles EKF, FLG, GHH, HXEa Uie half of the 
pirallclograin in which ills (t 41.) 
hut ever) segment is less thin the parallelogram in which it is, 
whtrcforccacli of die triangles EKF, FLO, GMH,HNE\z greater 
than half the Gcgntcnt of the circle which contains it 
Apm, if the remaining circumferences be diMdcdcach into two 
equal parts, and their extremities he joined bj straight lines, by con- 
tinuing to do this, there will at length remain segments of the circle, 
which together arc less than the excess of die circle EFGJl above the 
space S, 

because, hv the preceding Lemma, if from the greater of two unequal 
magnitudes there be taken more than its half, and from the remainder 
more than its half, and so on, there shall at length remain a magnitude 
less than die leist of the proposed magnitudes. 

Let then the segments EK, KF, FL, LG, GJl, MH, JIX, XE bo 
those that remain, and arc together less than the excess of die circle 
^^FffJTaboso S 

therefore the rest of the circle, viz the polygon EKFLQJIJIX » 
greater than die space 8 

Describe likewise in the circIe^HCD the pohgon AXBOCPDE 
similar to the polj gon EKFLGMIIX 

as therefore the square on ED is to the square on FJl, so is the poly- 
gon AXBOCPDE to the polsgon EKFLGMHX (\ll. 1.) 
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Euclid’s ellmtnts 


but the square on BD is also to the square on FJI, as the circle 
AXBOCPDR to the pol}gon EKFLGMEN (V 11) 

ABCD is to an\ space less than the circle EFGJI 

In the same manner, it may he demonstrated, that neither is the 

squSe on i’SoSsqukreonill.asthecir^^^ 

less than the ctrclc AB OB 

Nor is the square on BB to the square m BE, os the cudcABLJJ 

is to any space greater than the circle JffFffxT ■tjvmr 

For, if possible, let it be so toT, a space greater than the circle ErGJI, 
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therefore, inversely, ns the square on jKEr to the square onBB, so 
IS the space T to the circle AJiCB , -ovnirt^ 

but as the space JTis to thecu:cle>i5CA so is the 
some space, which must be less than the circle 
because the space T is greater, by hypothesis, than the circle BFGM, 
therefore ns the square on FE is to the square on BB, so is we cmle 
EFGE to a space less than the circle ABCB, which has been 
demonstrated to he impossible , ti. * i 

therefore the square on BB is not to the square on ctrcie 

ABCB IS to any space greater that the circle EFGE 
and it has oeen demonstrated, that neither is the squ:^ onBB to 
the square on FE, ns the circle AB CB to any space less than the circle 
EFGE . 

wherefore, as the square on i7i? IS to the square on so IB he 

circle ABCB to the cucle EFGE 

Cinles, therefore, are, &c. Q L.D 
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^ Tut' first compinson of rcctihncir irons w made in tnc first book of 
the Jjltmcnts by the principle of superposition, where two triangles are 
comcidcnl in alt respects , next, compinson is made between tnongles 
and other rcctibncar figures when then arc not coincident 

In the sixth book, similar tnnnglcs ire compared by shewing that 
thej" arc m the duplicate ratio of tlicir homologous sides, and then bv 
dividing similnr poUgonsinto the same number of similar tnnngles, and 
shewing that the iwlygons arc also m the duplicate ratio of any of tlicir 
homologous sides 

In the eleventh book, similar rectilinear solids arc compircd by 
shewing that their volumes are to one another in the triplicate ratio of 
their homologtrtis sides 

In the twelfth hook anew principle is introduced, called “ the method 
of exhaustions," which is founded on tlic principle of exhausting a mag- 
nitude or the difference of two magnitudes, by successively taking away 
a certain part of It. 

Tlic method of exhaustions nvas cmplovcd bv the Ancient Geometers 
and was atncllj rigorous in its principles , hut it wns too tedious and 
jpein'o in Its application to be of extensive utility as an instrument of 
investigation It is exemplified in Fuc xu 2, where it is proved that 
the areas of circles ye proportional to the squares on their diameters 
In demonstrating this trutli, it is first shewn bj inscribing successively 
in one of the circles, regular polygons of four, 'eight, sixteen, 8.c side^ 
and thus tending to exhaust the difference between the areas of the 
circle and polygon, that a polygon may be found which shall differ from 
the arcle by an area less than any magmtude that can be assigned and 
then since similar polvgons inscnbcd m circles are as the squares on 
Uicir diameters (Eue xii 1), the truth of the proposition is established 
by means of an indirect proof 

“Tlic method of exhaustions” may be applied to find the circum- 
forcncc and area of a circle A Tcctilincal hgure maj be msenbed in 
the circle and a similar one circumscribed about it, and then by con- 
tinually doubling the number of sides of the inscribed and circumscribed 
polygons, by this principle, it may be demonstrated, that the area of the 
arclc 15 less than the area of the circumscribed polygon, hut greater 
than the area of the msenbed polygon , and that os the number of sides 
of the polygon is increased, and consequently the magnitude of each 
dimtnishca, tlic differences between the circle and the msenbed and 
dreumsenbed polygons are continually exhavtted 

In a similar nvay the pnnciplc is apphed to the volumes and surfaces 
■f the sphere, cone, &c 

Hio Second Proposition of the twelfth book is perhaps rctamed 
merely as an example of the method employed by the Ancient Geo- 
meters This method has been replaced oy tlic method of pnmc and 
ultimate ratios, which is now employed in the proofs of such propositions 
ts were formerly effected by the method of exhausUons 
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If tcmtctrcJtt AEBt BEG be desertied on ihe tides AB, BC o/‘ a ncA/- 
omitd irinnffle, and on the hipotenuse another semieirete AFBGC de~ ' 
t'ribed, pasntn/ through the rrr/cJsB, the times AIBD and BGCB are 
together equal to the triangle ABC. 



It hfl*! hccn <1cmon<stratcd (\tt 1!) that the nrent of circles are to one 
nnotlicr ns the squares on their diameters, it folious also that semi* 
circles Mill be tb each other in the same proportion 

Therefore the semicircle wiDi? is to tlio semicircle ^JiC, ns the 
square on AJl is to the square on A C, 
ond the scmicirtlc CJOS is to the semicircle AJBQ os Oic square on 
jDCis to the square on ACt 

hence the scmicirolc^i ADS, CDS, arc to the semicircle ASC as 
the squares on AS, SC nro to the square on A C, 
but the squares on AS, SC arc equal to the square on AC, (l< 47 ) 
therefore the semicircles ADS, CDS arc equal to the scmicurclc 
ASC (T 14) 

From these equals take the segments SGC of the semicircle 
on AC, and the remainders arc equal, 

tliat IS. the lunes AFSD, SCCD ore equal to the tnonglc SA C. 

THEOREM n 

If on onv tiro segments of the diameter of a sminrek, ie»iicirc/« be 
described, all ioicards the tamo parts, the area meltided between the three 
] cireumfercnees {catted apfinhoe) xeiU be equal to the area of a arsis, the 
dtamtitr if which is a mean proportional between the segments 

Let ASC ho a semicircle ttIiosc diameter i\AS, 
and let AB be divided into any two parts m D, 
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md on AD, DC let t\ro semicircles be described on the same side, 
also let DB be draxm perpendicular to ^ C7 
Then the area contained between the three semicircles, is equal to 
the area of the circle whose diamete^is 3D 

Since AC\% divided into two parts in C, 
the square on is equal to the squares on AD, DC, and twice 
the rectangle AD, DC, (ll 4 ) 

and since BD is a mean proportional between AD, DC, 
the rectangle AD, DC is equal to the square on DB, (vi 17 ) . 

therefore the square on ^ (7 is equal to the squares on AD, DC, and 
twice the square on DB , 

But circles are to one another as the squares on their diameters or ! 
radii, (xn 2 ) 

therefore the circle whose diameter is^ Cis equal to the circles whose 
diameters ore AD, DC, and double the circle whose ^ameter is BD, 
wherefore the semicurcle whose diameter is ^ Cis equal to the circle 
whose diameter is BD, together with the two semicircles whose dia- 
meters are AD and DC 

if the two semicircles whose diameters are AD and DC be taken 
from these equals, 

therefore the figure comprised between the three semi-circum- 
furenccs is equal to the circle whose diameter is DB 

THEOBEM m. 

There can is only Jive regular toltds 

If the faces be equilateral triangles The angle of an equilateral tn- 
angle is one-third ot two right angles , and six angles, each equal to the 
angle df an equilateral triangle, are equal to four nght angles and 
therefore a number of such angles less than six, but not less than three 
are ncccssar> to form a solid angle Hence there cannot be more than 
three regular figures whose faces arc equal and equilateral triangles 
If the faces be squares Since four angles, each equal to a nght 
angle, can fill up space round a point in a p^anc A solid angle may 
be formed with three nght angles, but not with a number greater or 
less than three Hence, there cannot be more than one regular sohd 
figure whose faces are equal squares 

H the faces be equal and regular pentagons Since each angle of 
a regular pentagon is a nght angle and a fifth of a nght angle the 
magnitude of three such angles boing less than four right angles, may 
form a sohd angle, but four, or more than four, cannot form a sohd 
angle. Hence, there cannot be more than on6 regular figure whose 
fa'*es are equal and regular pentagons 

If the faces be equal and regular hexagons, heptagons, octagons, 
or any other regular figures , it may be shewn that no number of them 
can form a sohd angle 

Wherefore there cannot be more than five regular solid figures, of 
which, there are three, whose faces ore equal and equilateral triangles , 
one, whose faces are equal squares, and one, whose faces are equal 
and regular pentagons 
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PROBLEM IV 

To conslrucl thofive regular tohdi, 

' Tlic regular Tetrahedron 

Eaclx of the angles of an equilatei-al triangle is one-third of two 
right angles , a solid angle may therelore be formed by throe angles 
ol three equal and equilateral tnanglcs, and the figure formed by the 
three bases of the tnangles is mamiestly an equilateral triangle equal 
in magnitude to each of the three given equilateral tnangles The 
T angles of inclination of every two of 3ie four faces are also equal. 

^ The regular Octahedron 

llirough any point 0 draw three straight lines’perpendioular to 
each other, take OA, Oa, OB, Ob, 00, Oc equal to one another, and 
I join the extremities of these lines The faces ABC, AbC, &o are 
fonr equilateral tnangles equal to one another and eight in number , also 
iicu the inchnations of every two contiguous faces oxo equal. « 

The re^lar Icosahedron. 

A solid angle may be formed with five angles, each equal to the 
angle of an equilateral tnangle. At the point A of any equilateral 
triangle ABC, let a solid angle be formed with it and four other equal 
and equilateral triangles ABB, ABB, ABF, AFC, each equal to the 
tnangle ABC Next at the point B, let another solid angle be 
formed with the tnangle ABC and four others BOB, BHK, BKB, 
BBA, each equal to it. The sohd angle at B is equaLto Ae sohd 
angle at A, and the inclinations of every two contiguous faces are 
equal, also the two solid angles have two faces ABC, ABB common 
Next let a third solid angle be formed at C, bj placing the two tn- 
angles CJFGf, CGB contiguous to the three CAB, CFA, CHB The 
sohd angle at C is equal to that at A or B, and the inchnations, of 
the contiguous faces nlake equal angles Thus two equal and equi- 
lateiul triangles are placed contiguous one to another, forming three 
sohd angles at A, B, C, and having every two contiguous faces 
equallj inchned -also the sohd angles formed at B, B, F, Q,'B, K, 
have alternately three and two angles of the equilateral triangles In 
the same manner let another figure equal to this be formed with ten 
equal and equilateral tnanglcs, each equal to the tnangle ABC 

If these two figures be connected together, so thatthe porats at 
which there are two angles of one figure, may coincide with the pomts 
which contain three angles of the other, there wull he formed at the 
points B, B, F, G, B, K, six equal sohd angles, each contained by 
ih e angles of the equilateral tnangles, and every two contiguous faces 
will have the same inclination 

Hence a figure of twenty faces is formed eadi equol to the equila- 
teral triangle ABC, and having the inchnaUons of every two contiy' 
guous faces equal 

'Ihe remlar Hexahedron 

Since wiree right angles may form a solid angle, it is therefore 
obvious Uiat the sohd angle formed by three equal squares, has eveiyi 
•stWo of the faces equally inchned to one another , and with three other 
uores, each equal to the former, a figpire is formed, bounded by six 
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equal squares, and having every two contiguous faces at nght angli 
to one another 

The regular Dodecahedron 

Since three angles each equal to the angle of a regular pentago 
may form a solid angle, let ABODE he a regular pentagon, and i1 
two others each equal to this, let a sohd angle at A be formed ,'tl 
inclinations of every two conUgiious faces will he equal At the poin 
B, C, D, E successively, let solid angles be formed bv pentagor 
equal to ABODE The sohd angles at B, O, D, E, are each equi 
to the solid angle at^, and the inclination of c\cr) tiio contiguoi 
faces IS the same Thus is formed a figure with six equal and regult 
pentagons, having the inclination of every two contiguous faces equn 
and the angles at the linear boundary of the figure alternately consis 
ing of an angle of a pentagon and of two angles of two pentagon 
equally inclmed to each other 

Nest, let another figure equal to this be constructed with six per 
tagons, each equal to Uie pentagon ABODE 

If these two figures be so placed that the angnlar points of th 
plane angles in the linear boundary of one, may coincide with th 
points at whicTi there arc two angles in the other figure, at each c 
llicsc pomts will be formed ten solid angles, each equal to the angl 
at At and having the inclination of every two contiguous faces cquo 
to one another Hence a regular figure is formed having twelve equn 
faces, and tlie inclinations of every two contiguous faces equal to on 
another. 

L 

6 Construct a circle the area of which shall have a given ratio b 
that of a given circle. 

G Divide a circle mto any number of equal parts by means o 
concentric circles 

7 To divide a cirole into any number of equal parts, the pcrime 
tens of which shall be equal to the circumference of the circle 

8 Let AB and DO be two diameters of a given circle, at righ 
angles to each other , AEB a circular arc described with radius DB o 
DA, prove that the area of the \a.TisAEBO= area of triangle ADD 

0 Two circles touch each other internally, and the area of tin 
lune cut out of the larger is equal to twice the area of the smallci 
circle Dcquired the ratio of the diameters of these cncles 

10 The diameter of a circle is divided into two parts, upon cod 
of which os diameters circles ore desenbed , when the remaining arcc 
of the great curcle is equal to that of one of these two cucles, find tht 
vatio which the parts of the diameter bear to one another 

11 The diameter of a semicircle ADB is divided mto two parti 
in O (so that the length oi AO is twice that of BO), and upon tlieir 
are desenbed the semicircles AEO, OFB Compare the areas of the 
circles which ore desenbed on each side of the common tangeift OD sc 
06 to touch it and the two semicircles 

12 The centers of three cirdes A, B, and O are in the same right 
line, j? and C touche internally, and each other externally, P, Q 



\x ov/ MbtktCAL ES.EttCtSl2S 


m 

oeing the pomls where A is touched hy B, C respectively, to find a 
point J2 on ^ snch that the portion of the lune PJ2 intercepted be- 
tween B and A may be equal to the portion of QR between C and A 
I f chord of a quadrant a semicircle is described , re- 

quired the area of the crescent thus formed 

14 Semicircles are described upon tlie radu CA, CB of a quad- 
rant, and intersect each other m a point JD, show that the area 
common to both semicircles is equal to the area without them, and 
that the remaining areas of the two semicircles ore equal, each one- 
•"ourth of the square on AO 

/jj 15 If on one of the radii of a quadrant a semicircle be described j 
on m?nd on the other, another semicircle so described as to touch the former 
o/ tAflnd the quadrantal arc , compa-e the area of the quadrant with the 
j^area of the circle described in the figure bounded by ^e three curves 
r 16 Any right-angled triangle BAC is inscribed in a somicirclc, 
jicu}-^ Ijcing tlie right angle, and AD a perpendicular on the base BC 
If curclcs be described on the sides BA, AO as diameters, prove that 
the areas of these circles will alwaj's be to each other in the same ratio 
as the segments into which the base is divided by the line AD 

17 If on the two sides of a right-angled triangle, seAicircles be 
desenbed, and a circle be described touching tiiem both, it will include 
the circle whose diameter is the hypotenuse, and the space between 
the two circles will bo to the outer circle ns twice the rectangle of the 
sides of the tnanglc to the square on the sum of the sides 

n 

18 In different circles the radii which bound equal sectors con- 
tain angles reciprocally proportional to their circles 

19 Prove that the sectors of two different circles are equal, when 
their angles are mversel) as the squares on the radii. 

20 If the arc of a semicircle be trisected, end from the points of 
-section hues be drawn to either extremity of the diameter, the diffe- 
rence of the two segments thus made will be equal to the sector which 

^stands on either of the arcs 

2^- If be a circular arc, center 0, and AD be drawn perpen- 
t ^ taken equal to AD, then the sector 

^BOO equals the segment ACB 

— 22 If two points B, D, he taken at equal distances from tho ends 

of the arc of a quadrant, and perpendiculars BG, DSha drawm to tno 
u space PffJETD shall be equ^ to the sector BOD 

(\ ^ j ^ circles be inscribed in the tnanglos formed by drawing the 

V ^titude of a triangle right-angled at the vertex, the circles and the 
mangles are proportional 

« ^ ^ semicircle be described on the hypotenuse AB of a right- * 

^ angled mangle AB O, and from the center JB, the radius ED be drawn 
at right angles to AB, shew that the difference of the segments on tibe 
^ two sides equals twice the sector CED i 

26 If smmcircles be described upon the sides of a nght-angled 
rj mangle on the interior, the difference between the sum of we circular 
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Segments thus standing upon the cxtenor of the sides and segments y 
the base, equals the space intercepted by the circumferences described' 
on the Bides 

26 AB, BB are two radii of a circle at nght angles to eacl 
other Produce BD to C, and make BC equal to the arc AD Join 
A C cutting Uie circumference in JS Ihen the area JSDC is equal to 
the area of the segment AB 

27 wfj?(7is an isosceles nght>ang]ed triangle On ^(7 is described 
a semicircle BDBC, and BFO is a circle whose radius is AB and 
center A The segment BCFis equal to the segments BAD, ACE 

28 The circle inscribed in a square is equal to four equal circles 
touching one another and the sides of that square internally 

29 If the diagonals of a quadrilateral inscribed in a circle cut 
each other at right angles, and circles be described on the sides, prove 
that the sum oi two opposite circles will be equal to the sum of the 
other two 

30 If two chords of a circle intersect each other either within or 
without the circle at nght angles, and if on these segments os dia- 
meters, circles be desenbed, the areas of these four circles are together 
<»qual to that of the onginal circle 

31 Shew that the semicircles desenbed on the diagonals of ii 
nght-anglcd parallelogram together equal the sum of the Eemir.^cle3 
desenbed on the sides 

32 A quadrilateral inscribed m a circle has a diameter passing 
through the center, or has its two diameters at nght angles to one 
another; on the sides of the quadnlatcral semicircles are desenbed, 
the four crescents outside are together equal to the quadnlatcraL 


33 Equal straight lines whose extremities arc in the surface of a 
sphere, are equally distant from the center of the sphere 

34 The angle between the planes of two great circles of a sphere, 
IS measured by the arc of a great circle which joins their poles 

35 Every section of a sphere made bv a plane is a circle and if 
tivo parallel ]^nes cut a sphere so that the sections arc equal, they 
are eqmdistant from the center 

36 A straight line or a plane can only touch a sphere at one 
point; and at that point the radius of tlie sphere will he pei|}endicular 
to the hue or plane 

37 Shew that all lines drawn from an external point to touch a 
sphere are equal to one another, and thence prove that if a tetrahe- 
dron can have a ^here inscnfaed in it touching its six edges, the sum 
of every two opposite edges is the same. 

» SB B' two equal circles cut one another in the diameter, and a 
plane cut them perpendicularly to the same diameter, the pomts of 
section of this plane with the circumferences, ore m a circle 

89 If three straight lines intersect each other within a sphere 
at nght angles, each at nght angles to the plane of the other two, 
the sum of the squares on the six segments m equal to the square on 
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he diametci of the sphere, together with twice the rectangle of the 
tegmcnts of the diameter made at the point of intersection 
' 40 Having given an irregular fra^ent, which contains a ]^ortnii 
' G if spherical surface , shew how the radius of the sphere, to which the 
'ragmcnt belongs, may be practically determined. 


IV. 

41 All the sections of a tetrahedron made by planes parallel ta 
the base are similar to the base 

42 Find the inclination of two contiguous faces of a tetrahedron 
“"to each other 

"V * 4.5 If on the base of a regular tetrahedron lines be drawn from 

Leany two angles to bisect the opposite sides , tlie line joining their 
formEpoint of section with the vertex of the sohd is at right angles with 
diculithe base 

44 ABCD IS a regular tetrahedron, from the vertex A, a per- 
pendicular 18 drawn to the plane BCD meeting it in 0 Shew Uiat 
three times the square on AO is equal to twice the square on AB 

45 If the shortest distances between opposite edges of a tetra- 
hedron be mutually at right angles, they wiU bisect the edges 

40 Prove that the Siortest distance between two opposite edges 
of a regular tetrahedron is equal to half tiie diagonal of the square 
described on an edge 

47 If in a tetrahedron the shortest distances between the opposite 
edges are mutually at nght angles, prove that these distances meet in 
a point, that they bisect each other, and tliat the opposite edges of 
the tetrahedron are equal 

48 If the hne joining the bisections of two edges of a tetrahedron 
which do not meet be bisected, the point so found is distant from^the 
base one-fourth of the perpendicular altitude of the tetrahe^on 

49 If the angles of a regular tetrahedron bo jomed to the centers 
of the circles inscribed in its faces, the joming lines will form the 
edges of a new tetrahedron parallel to those of the old 

60 The perpendicular draivn from any angle of a regular tetra- 
hedron upon the opposite face, will meet that face in the centre of 
the circle which circumscribes that face 


V. 

61 The angles of inclination ot the faces of a regular tetrahedron 
and of a regular octahedron are supplementary to each other 

62 Given the side of a regular octaheuon, find the radius of 
the inscribed and circumscribed spheres 

63 Draw three diameters of a sphere each at nght angles to tlie^ 
other then tlie six pomts where the extremities of the diomcteis 
meet the surface of the sphere, will bo the angles of a regular octa- 
hedron, and the Imes joming the adjacent pomts will be the edges, 
also the three diameters of the sphere its diagonals 
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8 This IS a paxticnlar case of Eac i. 22 The tmnglo howorcr may 1 
be dcscnbcdbymcans ofEac i 1 Let AB be the given base produce | 
AB both ‘vmTS to meet the circles in D, E (fig Euc t 1 )# with center .V, 
and radios AE| describe a cirdc, and witb center B and radius BD, d;> ^ 
scribe another circle cutting the former m & Jom GA, GB. 

9 .^plj Euc. I. 6, S 

10 1*^ IS proved by Euc r 32, 13, 5 

11 Let fall also a perpendicular from the vertex on the base. 

12. Apply Euc X 4 

13 Let CAB be the triangle (ft» Euc i 10) CD the line bisecting 
the angle ACD and the bvc AB Brodnee CD, and make DE equal to 
CD, and lom AE Then CB mar be proved equal to AE, also AE to AC. ' 

1 1 L^t AB be the given hne, and C, D the given pomts From C ' 
draw CE perpendicular to AlB, nndproducc rt making EF equal to CE, 
join FD, and produce it to meet the given line m G, which will bo the 
point rcqnirca. 

15 Make the constmebon as the cnunciahon directs, then by Euc 
[ <, i. Bn IS proved equal to CK and by Euc. i 13, 0, OB is shewn 

to be cqnal to OC 

16 This proposition requires for its proof the case of cqnal triangles 
omitted in Euchd •— namolv, when two sides and one angle are given, 
bnt not the angle mduded by the mven sides 

17 The ancle BCD may be eheim to be equal to the sum of the 
angles ABC, ADC 

IS The angles ADE, AED may be each proved to be equal to the 
complements of the angles at the base of the tnangic 

19 The angles Ciu3, CB.A, being equal, the angles CAD, CBE are 
equal, Euc i 13 Then, by Euc i 4, CD is proved to be equal to C£ 
And by Euc x. 5, 32, the angle at the vertex is shewn to be four times 

* either of the angles at the base 

20 Let AB, CD be tivo straight lines intersecting cadi other in 
E, and let P bo the given point, withm the angle AED Draw EF 
bisecting the angle AED, and through P draw PGII pimlld to EF, 
and cuttmg ED, EB in G, H Then EG is equal to EH And by 
bisecting the angle DEB and drawing through P a line parallel to this 
line, another solution is obtamed. It will be found that the two lines 
arc at right angles to each other 

21 Let the two mven straight hncs meet in A, n.nd let P he tl.c 

given pomt. IiCt PQR bo the line required, mccJing the lines AQ, Alt 
ai Q and R, so tlint PQ is equal to QU ITirough P draw PS parallel 
io AR and join RS APSR is a parallelogram and AS, PR the 

* liagonals Ilcaco the construction 

22 Let the two straight lines AB, AC meet in Al. In AB take 
-*Jiy pomt D, and from AC cut off AE cqnal to AD, and join DE On 

)L, or DE produced, take DF equal to the giacn line, and through 
^ draw FG parallel to AB meeting AC in 6, and through G draw GH 
nralld to DE meeting AB m H. Then GJI is the line rcqmrcd 
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23 The two given points may be both on the same side, or one point 
may be on each side of the line If tho^oint required in the hue be supposec 
to be found, and lines be drawn jouung this point and the given points 
an isosceles triangle is formed, and if a perpendicular be drawn on th« 
base from the point in the hnc the construction is obvious 

24 The problem is simply this — to find a point m one side of t 
triangle from wluch tlie perpendiculars drawn to the other two side* 
shall bo equal If aU the positions of these lines be considered, it wil 
readily be seen in what cose the problem is impossible 

25 If the tsoseeles trtangle be obtuse-angled, by Euc i 6, 32, the 
truth will bo made evident If the triangle be acute-angled, the enun 
ciation of frio proposition requires some modification 

26 Construct the figure and apply £uc i 6, 32, lo 

If the isoscdes tnan^e have its vertical angle less thtm two-thirds o 
a right angle, the Ime JBD produced, meets AB produced touards the 
base, and then 3 AET = 4 right angles -J- AF£ If the vertical angle bi 
greater than tu o-tlurds of a right angle, ED produced meets AB producce 
towards the vertes:, then 3 AEF = 2 right angles + AFE 

27 Let ABC be an isosceles triangle, and frrom nn^ point D m thi 
base BC, and the cvtrcmi^ B, let three lines D£, DF, be drawn tc 
the sides and making equal angles with the base Produce ED and make 
DH equal to DF and jom BH 

2S la the isosac^cs tnangle AJ3G, let the haa DFB wiitPi mcefc 
the side AC m D and AB produced in E, be bisected by iko bast 
m the pomt E Then DC may be shewn to bo equal to BE 

29 If two equal straight Imcs be drawn temunatod by two lines 
whicn meet m a point, they will cut off tnanglcs of equal area Hcnct 
the two tnanglcs have a common vertical angle and their areas and bases 
equal By Euc i 32 it is shown that the an^c contained by the bisectin( 
lines IB equal to the extenor angle at the base 

30 (1) When the two lines arc drawn perpendicular to tbo sides; 
applv Euc. I 26, 4 { 2 ) The equal lines wluch bisect the sides of the 
triangle may be sheivn to make equal angles with the sides (3) When the 
tuo hnes moke equal angles with the sides, apply Euc I 26,4 

31 At C make the angle BCD equal to th^ angle ACb| and produce 
AB to meet CD in D 

32 By bisectmg the hypotenuse, and drawing n lino from the vertex 
to the pomt of bisection, it may bo shewn that fins line forms twth the 
shorter side and half the hypotenuse an isosceles triangle 

33 Let ABC be atriangle, having thenght angle at A, and the angle 
at C greater than the angle atB, also let AD bepetpcndiculnrtothebase, 
and AE be the hne drawn to E the bisection of the base Then AE may 
be proved equal to BE or EC mdependcntly of Euc. in 3l 

84 Produce EG, FG to meet the perpendicidars CE, BF, produced 
if necessary The demonstration is obvious 

36. If the given triangle have both of the angles at the base, acute 
angles , the difference of the angles at the base is at once obvious from 
Euc I 32 If one of the angles at the base be obtuse, does the property 
hold good? 

36 Let ABC be a tnangle havmg the angle ACB double of the angle 
ABC, and let the perpendicular AD be drawn to the base BC Tike DI 
-^equal to DC and 30m AE Then AE may be proved to be equal to EB 

vlf ACB be an obtuse angle, then AG is equal to the sum of the seg 
'f. of Bie base, made by the perpendicular from the vertex A 

t Let the sides AB, AC of any tnangle ABC bo produced, the ox 
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lorior angles bucctod bj two lines w Inch meet m D, and lot AD jbo joined, 
ihcn AD bisects the angle BAC Tor draw DE perpendicular on BC, | 
also Dr, DG perpcndicuhrs on AB, AC produced, it necessary Then DF 
maj be proved equal to DG, and tho stjunres on DF, DA are equal to the 
squares onDG, GA, of wluch thesquoreonFD is equal to the square onDG, 
hcnccAFis equal to AG, and Buc i 6, the angle BAC is bisected hj AD 

S3 The line required will be found to bo equal to half the sum 
of the tuo sides of tlic triangle 

39, Applj Due 1 1, 9 

<0 Tho angle to be trisected is one>fourth of a right angle If an 
cquilntcral triangle be described on one of the sides of a triangle which 
contains tho given angle, and a line be drawn to bisect that angle of the 
(.qmliteral triangle which is at tho g»cn angle, the angle contained 
Ktween tins line and tlio other side of the triangle will bo one>twolfth 
ut n right angle, or equal to one tliird of tlio given angle 

It mn j be rcniirkcd, gcnoralh , that anj angle which is the half, fourth, 
eighth, Ic. part of a riglit angle, maj be trisected by Plano Geometry 

41 Apply Euc 1 20 

42 1 ct ABC, DBCbetwo cqiial triangles on the same base, of which 
\BC IS isosceles, flg Luc i 37 By producing AB and mnking^AG equal 
to AB or AC, and joining 6D, the perimeter of the triangle ABC may be 
ahewm to be lass than the perimeter of the triangle DBC 

43 ApplvEuc I 20 

44 For the fin>t cose, see Thco 32, p 70. for the other two coses, 
iipph Euc r 19 

45 Tins IP obnous from Euc r 26 

46 Bj Euc, I 29, C, FC may be slicim equal to each of the Imes 

EF, FG 

47 Join GA and AF, and prove GA and AF to be m the same 
Plraightlmc. 

4S, Lot the straight line drawn through D parallel to BC meet 
*hc side AB in E, and AC m F Then in the tnangle EBD, EB is 
equal to LD, bvEuc i 29, 6 Also, in tho tnaiiglo L\D, tlic angle 
LAD may be shewn equal to tlu. angle EDA, whence EA is equal 
to ED, and tliorcforc All is bisected in E In a similar waj it may 
be shewn, b) bisecting the angle C, that AC is bisected in F Or 
the bisection of AC in F may be proicd when AB is shewn to bo 
bisected in E 

49 Tlic tnangle formed w ill he found to hove its sides respectively 
parallel to the sides of the original tnangle 

50 If a line equal to the given line bo drawn from the point where 
the two lines meet, and parallel to the other given line , a parallelogram 
may be formed, and the construction effected 

61 Let ABC be tho tnangle , AD peipendiculnr to BC, AE drawn 
to the bisection of BC, and AF biscctihg the angle BAC. Produce AD' 
and mahe DA' equal to AD join FA', EA' 

i 52 If the pomt in the base be supposed to be determined, and lines 
f awTi from it parallel to the sides, it will be found to be in the Ime which 
bisects tlio vertical angle of tho tnangle 

58 Let ABC be the triangle, at C draw CD perpendicular to CB and 
equal to the sum of tlie required lines, through D draw DE parallel to CB 
mcetuig AC in E, and draw EF parallel to DC, meeting BC in F Then 
EF is equal to DC Ncxtproducc CB, making CG equal to CE, and join 
EG cutting AB in H From H draw UK perpendicular to £AC, and 
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}IL peri)ondicul ir to BC Then HK and IIL together ire equal to DO, 
'The proof depends on' Theorem 27, p 76 

54 Let O’ he the intersection of the cirdes on the other side of the 
to Ibnse, and 30m AC , BC' Then the mgles CBA, CTBA hemg equal, the 
‘an angles CBP, CBP are also equal, Euc 1 13 nexthy Euc i 4 , CP, PC' 

hosarc proved equal , lastly pro^ e CC' to he equal to CP or PC' 

55 Li the % Euc i 1, produce AB both trays to meet the circles 
t^'in D and E, 3010 CD, C£, then CDE is on isosceles triangle, having each 
dll of the angles at the base one-fourth of the angle at the vertex AtE 
i«dran EG perpendicular to DB and meeting DC produced m G Then 

fa CEG is an equilateral tnangle 

tn 5G Jom CC, and shew that the angles CCT, CCG are equal to two. 
0 <^nngiit angles , also that the hne EGG is equal to the diameter 

57 Construct the figure and by Euc t 32 If the angle BAC be 
a nght angle, then the angle BDC is half a right angle 
j, n 68 Let the lines which bisect the three extenor angles of the tn- 
j. fa® angle ABC form a new tnangle A'B'G Then each of the angles at 
g* A', B', C maybe sheivn to be equal to half of the angles nt A and B, 
toB and C, C and A respectively And it will be found that half the 
P sums of ev(^ two of three unequal Jaumbers whose sum is constant, 
tt bi haie less differences than the three numbers themselves 

u 69 The first case may be shown by Euc i 4 and the second by 
he I Euc I 32 , 6, 16 '' 


GO At D any point m a hne EP, draw DC peipcndicnlar to EP and 
ol “ equal to the given perpendicular on the hypotenuse "W^th centre C and 
d( “ nidius equal to the gii en base describe a circle cuttmg EP in B At 0 
draw CA perpendicular to CB and meetmg EP in A Then ABC is the 
J tnangle required 

a , required tnangle having the angle ACB a nght 

ll 1 produced, tdte CE eqim to AC, and with center B anil 

1 radius BA desenbe a circular arc cuttmg CE in D, and jom AD Then 
DE 18 thp difference betiveen the sum of the two sides AC, CB and th» 
n^otetiMe AB , also ono side AC the perpendicular is gireiu Hence 
the constmction* On any line EB take EC equal to the given side^ EI> 
equal to ^0 given d^etence At C, dra'sr CA perpendiciSar to CB, and 
cqutu to jom AD, at A in AD make ttie angle DAB cqnol to ADB, 

Then ABC is the tnangle required 
7 J * be the tnangle required, having ACB the right 
angle Produce ^ to D making AD equal to AC or CB then BD la 
tno mm of the sides Jom DC then the angle ADC is onc-fonrth of a 
right uugle, and DBC is one-half of a nght angle Hence to constract 
angle DBM equal to half a right angle, andatD 
the angle raO eqi^ to one-fourth of a right angle, and let DC meet BM 

Sto •“ “••■■"SBD ■« A •»iAOq 

C the nght angle from AB cut off 
difference of the hypotenuse and one. 
At. cach IS half** 

23 o? ® "eht angle Hence the oon- 

line termmated at A. Make AB equol to 
to the hypotenuse ^At B 

and radius A& dPsiSl half a ng^ angle, and with center A 

ma radius AO describe a circle catting BD ui D lom AD. and draw 

DE perpendicular to AC Then ADE^is the rcquircrtm^ie 
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line, also CD equal to tlie difTcrencc of the two sides AB, AC If BD 
be joined, then ABD is an isosceles triangle Hencb the synthesisj 
Does this constnietion hold good in all cases ^ 

76 Let ABC be the required triangle, ffig Euc i 18), Of which the 
side BC IB giTcn and the angle BAG, hlso CD the difference between the 
sides AB, AC Join BD , then AB is equal to AD, because CD is their 
difference, and the triangle ABD is isosceles, whence the angle ABD is 
equal to tlie angle ADB , and since BAD and twice the angle ABD 
are equal to two right angles, it follows that ABD is half the supplement 
of the given angle BAC Hence the construction of the tnanglo 

77 Let AB be the given base at A draw the hno AD to which 
the hne bisecting the vertical angle is to be parallel At B draw BE 
paralld to AD , from A draw AE equal to the mven sum of the two 
sides to meet BD in E At B make the angle ElfC equal to the ongle 
BE A, and draw CF parallel to AD Then ACB is the triangle required 

78 Take anv point in the given line, and apply Euc i 23, 31 

79 On one of the parallel lines take EF equal to the given Ime, and 

wiUi center E and radius ET describe a circle cutting the other in G- 
Join EG, and through A draw ABC parallel to EG , 

80 This will appear from Euc i 29,15,26 > 

81 Let AB, AC, AD, be the three Imes lake any pomt E in AC, 
and on EC make EF equal to EA, through F draw FG parallel to AB, 
jom GE and produce it to meet AB in H Then GE is equal to GH 

82 Applv Euc I 32, 29 

83 From E draw EG perpendicular on the base of the triangle, 
then ED and EF may each be proved equal to EG, and the figure shown 
to be equilateral Three of the angles ot the figure are right angles 

84 The greatest parallelogram which can be constructed with given 
sides can be proi cd to be rectangular 

85 Let AB be one of the diagonals at A m AB moke the angle 
BAC less than the required angle, and at A m AC make tlio angle CAD 
equal to the required angle Bisect AB in E and with center E and 
radius equal to half the other dnwonal describe a circle catting AC, AD 
m F, G Jom FB, BG then AFBG is the parnllelogrim required. 

86 This problem is the same as the following , having given the 
base of a triangle, the vertical angle and the sum of tiae sides, to constniot 
the triangle Tins triangle is ono half ot the required paralldogram' 

87 Draw a line AB equal to the given diagonal, and at the point A 
moke an aimle B kC equal to the given angle Bisect AB m D, and 
through D draw a Imc parallel to the given line and meeting AC in C 
This w ill be the position of the other diagonal Through B draw BE 
parallel to CA, meeUng CD produced m E , join AE, and BC Then 
ACBE is the parallelogram reqmred 

88 Construct the figures and by Euc i 24 

89 Bv Euc I 4, the opposite sides may be proved to be equal ‘ 

90 Let ABCD be the given parallelogram, construct the oihci 
parallelogram ABCD by &iwing the Imes required, also the din-w 
gonals AC, A C', and shew that the tnangles ABC, AB G are cqui 
angular 

91 AB and B C may be proved to be parallel 

92 Apply Euc i 29, 32 / 

93 The pomts D, D , are the mterscchons of the diagonals of two 
rectangles if the rectangles be completed, and the hncs OD, OD be 
produced, they wiU be the other two diagonals 

Ii?t th? Ime ^wn from A fall without the piwaUelo^am, 



ON BOOK 1 


85 ! 


let CC , BB', DD', be the perpendiculars from C, B, D, on the line drawn 
from A , from B draw BE parallel to AC , and the truth is manifestl 
Next, let the Imo from A ho drawn so as to fall witlun the parallelogram] 

95 Lot the diagonals intersect in £ In the tnangles BOB, CBAJ 
two angles m each are respeotiiely equal and one side DE wherefore 
the diagonols BB, AC are equal also since BE, EC are equal, it foUowc 
that EA, EB arc equal Hence BEC( AEB arc two isosceles tnangles 
having ^cir vertical angles equal, wherefore the angles at their bases 
ore equal respectively, and therefore the angle CBB is equal to BBA 

96 (1) By supposmg the pomtP found mtlic side AB of the paral- 
lelogram ABCB, such tliat the angle contamed by AP, PC may bo bisected 
by the Imo PB , CP maj be proied equal to CB , hence the solution 

(2) B) supposing the pomt F found m the side AB produced, so that 
PB may bisect the angle contamed by ABP and PC , it may be shewn 
that the side AB must bo produced, so that BP is equal to BB 

97. This may be shewn by Euc i 35 
' 98 Let B, E, P be the bisections of the sides AB, BC, CA of the 
tnanglo ABC draw BE, EF, PB , the triangle BEF is one-fourth of the 
tnanglc ABC The tnoimlcB BBE, PBE arc equal, each bemg one-fourth 
of the tnanglc ABC BP is therefore parallel to BE, and BBEP is a 
parallelogram of which BB is a diagonal 

99 This may bo proved by npplymg Euc i 38 

100 Apply Euc X 37, 38 

101 On oni side BC of the given triangle ABC, take BB equal to tne 
given bate , jom AB, through C draw CE parallel to AB, meeting BA pro-1 
duced if necessary m E, join EB , then BBE is tne tnanglc required ' 
By a process somewhat similar the tnanglc may be formed when the al-' 
iilude 18 given. 

102 Apply the prcccdmg problem (101} to make a tnanglc equal to 
one of the gn en tnangles and of the some altitude as the other given tn- 
anglc Then tlic sum or difference can be rcadilj found 

103. First construct a triangle on the gi\cn base equal to the given 
tnanglc , next form an isosceles tnanglc on the snmo base equal to this 
triangle 

104 Tlirough A draw AB parallel to BC the base of the tnanglo, 
from B draw BD at right angles to BO to meet AD and join BC 

105 Make a tnanglc equal to the given pondldogram upon the 
given Imc, and then a tnanglc equal to tlus tnanglc, havmg an angle 
equal to the given angle 

106 If the figure ABCB bo one of four sides , join the opposite 
ongics A, C of the figure, through B draw BE parallel to AC meetmg 
BC produced in E, jom AE —the triangle ABE is cquol to the four- 
sided figure ABCB 

If the figure ABCBE be one of five sides, produce the base both ways, 
and the figure may be transformed mto a triangle, by two construchons 
similar to that employed for a figure of four sides. If the figure consists 
of six, seven, or any number of sides, the same process must be repeated. 

' 107 Braw two Imcs from the bisection of the base parallel to the 

two sides of the tnanglc 

108 This may bo shcivn ex absurdo 

109 Onthc same base AB, and on the same side of it, let two tnangles 
ABC, ABB be constructed, havmg the side BB equal to BC, the angle 
ABC a right angle, but the angle ABB not a right angle , then the tnangle 
ABC is greater than ABB, whether the angle ABB bo acute or obtuse 

110. Let .^C be a tnangle whose vertical angle is A, and whose 
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baso BO is blBcoted in D lot any bno EDO bo dravm through D, moot- 
ing AO the grontor aido m O and AB produced m E, and forming a tnaugle 
ABO having tho same v ortical angle A. Draw BH parallel to AO, and 
the tnangloa BDII, GDO are eqnol Eno. I 26 

IIL Lot two triangles bo constmcted on 'the samo base with equal 
ponmotcrs, of which ono is isosceles Through tho vertex of that winch 
IS not isosceles draw a hno parallol to tho base, and intorscotmg tho 
porpondionlar drawn from the vortex of tho isoscolos triangle upon tho 
common base Join this point of intersection and tho oxtroniitios of tho baso 

112 (1) DF bisects tho tnanglo ABO (fig Prop 6, p 73 ) On each 
side of tho point P in tho lino BO, tako FG, FH, each equal to ono-third 
of BF, the lines DG, DE shall trisect tho tnanglo Or, 

Lot ABO bo any tnanglo, D tho given point in BO Tnseot BO in E, 
F Jom AD, and draw EG, J'H parallel to AD Join DG, DE ; theso 
lines trisect tho tnangle Draw AE, AF and tho proof is manifest 

(2) Lot ABO bo any tnanglo , tnscct tho base BO in D, E, and join 
AD, AE From D, E, draw DP, EP parallol to AB, AO and meeting 
in P Join AP, BP, OP , these three hnos tnseot Iho tnanglo 

(3) Lot P bo tho given pomt witlun tho tnanglo ABC Tnseot tho 
base BO in D, E EVom tho vertex A draw AD, AE, AP Join PD, 
draw AG parallol to PD and join PG Thon BGPA is ono third of tho 
tnanglo Tho problem may bo solved by tnsootmg either of the othor 
two sides and making a similar coimtmobon 

113 Tho baso may bo divided into nino equal parts, and linos may 
bo drawn from tho vortox to tlio points of division- Or, tho sides of the 
tnanglo may bo tnsocted, and tho pomts of tnsoction joined 

114 It 18 proved, Eno i SI, tlmt each of tho dmgonals of npamllclo- 
grnm bisools tho figure, and it may bo shown tliat they also bisoct each 
othor It IS licnca manifest that onj straight lino, whatever may bo its 
position, which bisects n parallelogram, mvat pass through tho mtorsoo 
bon of the diagonals 

115 Bco tho remark on the preceding problem 114 

116 Tnseot tho sido AB in E, F, and draw EG, FE parallel to AD 
or BO, meeting DO in G and E If tho given point P bo in EF, tho two 
Imes drawn from P through tho bisections of EG and FE mil tnscct tho 
pamllologram E P ho in FB, a hno from P through tho bisection of 
FE will cat off one third of tho porallologram, and the remaining trapo 
Siam IB to ho bisected by a hno from P, ono of its angles E P comcido 
mth E or F, the solution is obnons 

117 Constract a nght-anglod pamllologram by Eno i 44, oqnnl to 
tho given quadnlatoml figure, and from ono of tho angles, draw a Inn 
to moot the opposite sido and equal to tho baso of the rectangle, and a 
hue from tho adjacent angle parallol to tins hno mil complete tho rhombns 

118 Bisect BO in D, and through tho vortox A, draw AE parallol to 
BO, with center D and radios equal to hoE theenm of AB, AO, dcscribo 
a circle onttmg AE in E 

119 Produce ono sido of tho sqanro till it becomes oqnal to tho di ¥ 
agonal, the hno draivn from tho oxtromily of this produced sido and pa 
mllol to the adjacent side of the square, and mcotmg the diagonal prodned, 
dotorminoB the pomt required. 

120 Let fall upon tho diagonal porpondionlars from tho opposite angles 
of tho parallelogram Theso porpondionlars aro equal, and caoh pair of 
triangles is situated on difierent sides of tho sumo base and has equal al. 
titudcs. If tho point bo not on tho diagonal, draw tlirough tho given 
jioint, a lino parallel to a side of the parallelogram 
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ISl One COSO IS included m Thco 120. The other case, i^hen tlieP 
point is m the diagonal produced, u ohvious from the same principle 

122 The triangles DCF, AFF maj be proicd to be equal to half 
of the parallclogrnm by Euc i 41 

123. Applj Euc 1 . 41, 38 

124 If a Imc be drarm parallel to AD tlirough the point of intcrsec 
tion of the diagonol, and the lino drawn through O partmel to AB , theu 
by Euo 1 43, 41, the truth of the theorem is mamfest 

125 It may be remarked that parallelograms arc divided into pairs 
of c^ol tnnnglcs by the dia^nals, and therefore bv taking the triangle 
ABD equal to the triangle ABC, the property maj be easily shevm 

12G The triangle ABD is one half of tlic parallelogram ABCD, 
Fuc I 34 And the triangle DRC is one half of the parallologram 
CDIlG, Euc I 41, also for the some reason tho triangle AICB is one 
half of the parallelogram AlIQB therefore the tuo triangles DKC, 
AKB ore together one linlf of tlic iiholc parallelogram ABCD Hence 
the two triangles DEC, AKB ore equal to the triangle ABD take from 


equal to the triangle KBC and the doubles of these ore equal, or the 
difference of the parallelograms CFKO, AHKE is equal to twice the 
triangle EBD 

127 First prove that the perimeter of a square is less than the peri- 
meter of an equal rectangle next, tliat the pcninctcr of the rectangle is 
jjess tlinn the perimeter of any other equal parallelogram 
^ 128 This may be proved by shewang tliat the area of tho isosceles 
mangle is greater tlion the area of am other tnangic wluch has tlic same 
Tcrticol angle, and tho sum of the siucs contauung that angle is equal to 
the sum of the equal sides of tlio isosceles triangle 

129 Let ABC be an isosceles triangle (fig. Euc i 42), AE perpen- 
dicular to the base BC, and AECGl the cquiv^cnt rectangle Then AC 
IS greater than AE, &c 

130 Let the diagonal AC bisect the quadrilateral figure ABCD 
Bisect AC mE, join BE, ED, and prove BE, ED in the same straight 
line and equal to one another 

131. Applj Euc I 16 

132 ^>pl} ^nc 1 20 

133 This may be shew n by Euct i 20 

134 Let AB be the longest and CD tlic shortest side of tlic rectangular 
figure Produce AD, BC to meet in E Then by Euc t 32 

136. Let ABCD be the quadrilateral figure, and E, F, two points in 
the opposite Bides AB, CD, jem EF and bisect it in G , and through 
G! draw a straight line HGK terminated bj the sides AD, BC , and 


G! draw a straight line HGE terminated bj the sides AD, BC , and 
bisected m the point G Then EF, HlC are the diagonds of the required 
parallelogram 

13G After constructmg tite figure, the proof offers no dilllculty 
jsW! If any hno bo assumed os a diagonal, if the four given Imes 
fatCAtnoand two be always grci^ter than this diagonal, a four-sided 
figure may bo constructed havmg tho assumed hnc as one of its diagonals 
and It may bo shown that when tho quadrilateral is possible, the sum 
of every tWe given sides is greater than the fourth 

138 Draw tlie two diagonals, then four tnonglcs arc formed, two on 
one side of each diagonal Then two of flic hnes drawn through the pomts 
of bisection of two sides may be proved parallel to one diagonal, and two 

It 
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parallel to the other diagonal, m the same as Theo 67, supra The 
other property is manifest tiom the relation of the areas of the triangles 
made oj the Imes dmim through the bisections of the sides 

139 It IS sufficient to suggest, that tnangles on equal bases, and of 
equal altitudes, are equal 

1^0 Let the side AB be parallel to CD, and let AS be bisected in £ 
and CD in F, and let £F be drayn. Jom AF, BF, then Euc i 38 

141 LetBCED be n trapezium of uhich DC, BE are the diagonals ^ 
intcrsectmg each other m G If ihetiian»lcD£Gbecqualtothctiian^e r 
EGC, the side DE may be prored parallm to the side BC, by Euc 1 39 

142 Let ABCD be the quadrilateral figure haymg the sides AB, 
CD, paralld to one another, and AD. BC equal Through B draw BE 
parallel to AD, then ABED is a parailclogram 

143 Let ABCD be the quadrilateral havmg the side AB pandlcl 
to CD Let E, F be the pomts of bisection of the diagonals BD, AC, 
ondjomEF and p rodu ce it to meet the sides AD, BG m G and 
Through H draw LSK parallel to DA meetmg DC in L anu AS pro- 
duced mK Then BK IS halfthe difference of DC and AB 

144 (1) Beducc the trapezium ABCD to a triangle BAE by Prob 
106, supra, and bisect the tnang^ BAE 1^ n line AF from the yertex. 
If F fall without BC, through F draw F(x parallel to AC or DjE, ahd 
jom AG 

Or thus Draw the diagonals AC, BD bisect BD m E, and join AF, 
EC Draw FEG parallel to AC the other diagonal, meetmg AD m F, 
and DO in G AG being jomed, bisects the trapezium 

(2} Let E bo the given pomt in the side AD JomEB Bisect the^ 
quadrilateral 3EBCD by Eh Hake the triangle EFG equal to the tia- 
angle EAB, on the same side of EF os the triangle EAB Bisect the tri- 
angle EFG by EH EH bisects the figure 

145 If a straight Ime be drawn firom the given, pomt thrtnigh the m- 
tcrsecuon of the diagonals and meetmg the opposite side of the square; 
the problcnf is then reduced to the bisection of a trapezium by a Ime drawn 
from one of its angles 

146 If the four sides of the figure be of different lengths, the truth of 
the theorem may be shewn If, however, two adjacent sides of the figure 
be equid to one another, as aL>o the other two, the hues drawn &om the 
angles to the bisection of the longer diagonal, wiU be found to divide tlio 
trapezinm mto four triangles which are equal m area to one another 
Euc I 38 

147 Apply Euc 1 47, observmg that the shortest side is one half 
of the long^t. 

148 Fmd by Euc i 47, a Ime the square on wHch shidl be seven 
times the square on the given Ime Then the triangle which has Acse 
two Imes contammg the right angle shall be the trmngle required 

149 Apply Euc 1 47 

1 60 Let the base BC be bisected m D, and DE be drawnpetpendicn- 

Iw to the hypotenuse AC Jom AD then Euc r. 47 ^ - 

161 Construct the figure, and the truth is obvious from Euc i 47? 

162 See Theo 32, p 76, and apply Euc t 47 

163 Draw the Imes required and apply Euc i 47, 

154 Apply Euc I 47 

165 Apply Euc. i 47 

166 Apply Euc i 47, observing thet the squpte tm wy line fe fow 
_tqnes the square on half the hue. 
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167 Apply Euc i 47, to express the squares ou the three sides in 
terms of the squares on the perpendiculars ahd on the se^cnts of AB 
158 By Euo i 47 benrmg m mind that the square described on any 
lino IS four tunes the square described upon half the bnc 

169 The former port is at once mani*»Bt bi Euc i 47 Let the dia | 
gonols of the square be drawn, and the g"! en point be supposed to coincide 
udth the mtcrsection of the diagonals, themmimum is obiuous Emd its 
value m terms of the side , I 

ICO (a) This IS obvious from Euc i 13 i 

(4) Apply Euo I 32, 29 

(c) Apply Euc 1 5, 29 

(d) Let All meet the base BC in P, and let the perpendiculars from 
F, K meet BC produced m M and N rcspcctivclv , then the triangles 
APB, FMB maybe proved to be cqualin all respects, as also APC, CKN I 

(0 Let fall DQ perpendicular on FB produced Then the triangle 
EClB may be proved equal to each of the triangles ABC, DBF , whence 
the triangle DBF is equal to the triangle ABC 

Perhaps however the better method is to prove at once that the tri- 
angles ABC, FBD arc equal, by &hew*ing that they have two sides equal 
in each triangle, and the included angles, one the supplement of the other 
(/) If DQ be draivn perpendicular on FB produced, FQ may be 
proved to be bisected in the point B, and DQ equal to AC Then the 
square on FD is found by the nght-anglcd triangle FQD Similarh , the 
square on EE IS found, and the sum of the squares onFD, EK, GHwillbo 
found to be six tunes the square on the hypotenuse 

(jr) Through A draw FAQ pari^cl to BC and mcctmg DB, EC 
produced in F, Q Then by the nght angled triangles 

IGl Let any parallelograms be described on any two sides AB, AC 
of a tnanglo ABC, and the sides parallel to AB, AC be produced to meet 
in a point F Join FA. Then ou cither side of the base BC, let a paral- 
lelogram bo desenbed having two sides equal and parallel to AF Pro- 
duce AP and it wnll divide the paroUcloCTom on BC into two parts re- 
spectively equal to the parallelograms on the sides Euc i 35, 36 
1C2 Let the equilateral tnangics ABD, BCE, CAF be described on 
AB, BC, CA, the sides of the triangle ABC having the nght angle at A 
Jom DC, AE then the triangles DBC, ABE are equal Next draw 
DG perpendicular to AB and joui CG then the triangles BDG, DAG 
DGC are equal to one another Also draw AH, EK pcrpcndicular'to 
BC , the tnangles EKH, EKA ore equal Wicncc may be slieivn that 
the tnanglc ABD is cqu^ to the triangle BHE, and in a similar wa^ mav 
bo shewn that CAF is equal to CHE 

ilie restnction is unnecessary it only brings AD, AE mto the same 
Imc 
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6 Sec the figure Euc n 5 

7 This Problem is equivalent to the followng construct an isosceles 
nght-anglcd triangle, havmg given one of the sides which contains the 
nght angle 

p. Construct the square on AB, and the property is obviowj 

E 3 
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9 The sum of tho scitiarca on tho two puts of any lino is least 
when tho two jiarts are equal 

10 A lino may ho found the square on which is douhlo tho square 
in the giiou line The problem is then reduced to — Shaving given tho 
iiypotemiBo and tho snni of tho sides of a nght>nnglQd triangle, con> 
itruct the triangle 

11 This folTous from Luo ii 5, Cor 

12i This problem is, lu other words, Given tlic sum of two lines and 
the sum of their squares, to find tho hues Let Ali bo rlio given straight 
line, at B draw BC at right angles to AB, bisect tho angle ABO bj BD 
On AB take AE equal to tho side of the given square, and with center A 
md ndiiis AL desenbo a circle cuttin" BD in D, from D draw DF jier 
pcndicular to AB, the lino AB is dtiidca in F os was required. 

13 Let AB be tho guen line Pro luce AB to C making BO equal 
to three times tho squaio on AB From BA cut oft BD equal to BC, 
then D IS the point of section such that tho squares on AB and BD are 
double of the square on AD 

14 111 the lig Euc II 7 Join BF, and draw PL perpendicular on 
GD Half tho roctaiiglo DB, BG, may bo piovod equal to the rectangle 
AB, BC 

Or, join KA, CD, KD, CK Tlien CK is perpendicular to BD And 
tho tiinngles GBD, KBD nio each equal to tho triangle ABIL Hence, 
twicd the tnnnglo ABK is equal to tho lignro CBED'; but twice tho 
tnanglc ABK is equal to tho rectangle AB, BO , and the figure CBED 
is equal to half tho rectangle DB, CK, tho diagonals of the squares on 
AB, BO •\Vlicrcforc, Ac 

15 Tho difforcuco between tho two unequal parts may bo shewn to 
bo equal to twice tho lino between the points of section 

IG This proposition is only another form of statmg Euc il 7 

17 In tho figure, Thoo 7, p 74, draw PQ, PE, Po perpendiculars on 
AB, AD, AC respectively then since tho tiianglo PAC is equal to tho 
two triangles PAB, PAD, it follows that tho rcctande contained bj 
PS, AC, is equal to the smi of tho rectangles PQ, AB, and PR, AD 
When IS tho rectangle PS, AC equal to tho difference of tho other two 
rectangles ? 

IS Thronnh E draw EG paroUol to AB, and through F draw FHK 
parallel to BO and cutting EG in H Then tho area of tho rectangle is 
made up of tho areas of four tnandcs} whonco it may bo readily ^lown 
that twiffs the ana of tho tnangle iUTE, and tho figure AGHK is equal to 
the raca ABCD 

19 Apply Euc II 11 

20 Tlio vertical angles at L may bo proved to bo equal, and each of 
them a right angle 

21 Apply Euc II 4, 11 i 47 

22, Produce FG, DB to moot in "L, and draw tho other diagonal 
IjHC, which passes through H, because tho complements AG, BK are 
oquaL Then LH may be wcwu to bo equal to Ff, and to Dd. ^ 

23 Tho common mtcrscCtion of tlio three lines divides each into Two 
parts, one of which is double of tho other, and this point is tho vertex of 
tliree triangles which have Imcs dmwn from it to the bisection of tho 
hasBs Apply Euc n 12, 18 

24 ^ply Theorem 3, p 114, and Euc i 47 

25 This wndl be found to bo tliat particular case of Euc ii 12, in 
>liich the distance of tho obtuse angle from the foot of the pcipendicular. 



ON BOOK 11 


1<» lialt of the side subtended by the ngbt angle made by the pcrpendicui^ 
and the base produced ||j 

26 (1) Let the triangle be acute-angled, (Euc it 13, fig 1) W 

Let AC be bisected in E, and BE be jomed , also EE be draum peig 

pcndicular to BC £F is equal to EC Then the square on BE may bo 
proved to be equal to the square on BC and the rectangle BD, BC M 

(2) If the triangle be obtuse-angled, the perpendicular EF falls toiTAtH 
or without the base accordmg as the biseotmg Ime is draivn from the ' 
or the acute angle at the base 

27 This may be shcim from theorem 3 p 114 

28 Let the perpendicular AD be draun firom A on the base BC 

may bo sheim that the base BC must be produced to a pomt E, 8u> , 
that CE IS equal to the difiercncc of the segments of the base made b^ 
the perpendicular L 

29 Smcc the base and area are given, the altitude of the tnanglc 
knoivn Hence the problem is reduced to , — Given the base and oltitut 
of a triangle, and the hue dravrn from the vertex to the bisection of > > 
base, construct the tnanglc 

30. This follows immediately from Euc i 47 

31 Apply Euc IT 13 

32 The truth of this property depends on the fact that the rcotang. ( 

contained by AC, CB is eqool to that contained by AB, CD | 

33 Let P the reqmrcd pomt in the base AB be supposed to be known ' 
Jom CP It may then bo shewn that the property stated m the Prob- 
lem is con tamed m Theorem 3 p 114 

34.1 This may bo shewn lirom Euc i 47 , ii. 6 Cor 

35 From C let fall CF perpendicular on AB Then ACE is an ob- 
tusc-anried, and BEC an acute-angled tnanglc Appl} Euc n 12, 13, 
and by Euc. i 47, the squares on AC and CB are equal to ^c square 
on AB 


36 Apply Euc i 47, ii 4 , and the note p 102, on Euc n 4 

37 Draw a perpendicular from the vertex to the base, and apply 
Euc 1 47 , It 5, Cor Enunciate and prove tie proposition when the 
stnught line drawn from tho vertex meets the base produced 

38 lliis follows directly from Euc ii 13, Case 1 

30. The truth ofthis proposition may be shewn from Euc i 47, ii 4 

40 Let the square on the base of tho isosceles tnanglc be desenbed 
Draw the diagonals of the square, and the proof is obvious 

41. Let ABC be the tnangle required, such that the square on AB 
is three times the square on AC or BC Produce BC and draw AD per- 
pendicular to BC Then by EuC ii 12, CD may be shewn to be equal 
to one half of BC Hence the construction 

42 Apply Euc ii 12, and Tlicorcm 38, p 118 

43 Draw EF parallel to AB and meeting ttj base in F , draw also 
EG perpendicular to the base Tlien by Euc i 47 , ii 6, Cor 

44 Bisect the angle B by BD mcetmg the opposite side m D, and 
draw BE pcrpcndiculir to AC TlicnbyEuc i 47, ii 6, Cor 

f 46 Tins follows directly from Theorem 3, p 114 

46 Draw the diagonals mtcrscctmg each other m P, and jom OP 
ByThco 3,p 114 

47 Draw from any two opposite angles, straight Imcs to mcctm the 
bisection of the diagonal jommg the other angles IhcnbyEuc. n 12, 13 

48 Draw two Imes from uie pomt of bisection of cither of the bi- 
sected sides to the extremities of the opposite side , and three tnanglcs 
will be foimcd, two on one of tho bisected sides ond ono on the other, m 


X. 
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ich of -which IS a line drawn &om the vertex to the bisection of the bdse. 
Then by Ihoo 3, p ’14 

49 If the cxtitnnties of the two bnes which biseOt the opposite sides 
if the trapezium be joined, the figure formed is a parallclo^m -which 
aos Its sides rcs^ctively parallel to, and ei^ual to, naif the diegonals of 
the trapezium ^ic sum of the squares on the two diagonals of the tra- 
pezium may be easily shewn to be equal to the emu of the squares on 
the four sides of the paroUclogram 

60 Draw perpendiculars from the eKtremities of one of^the parallel 
Bides, mectmg the other side produced, if necessary Then from the fbur 
right angled triangles thus formed, may be shewn the truth of the pro- 
position 

51 Let AD be parallel to BC in the figure ABCD Draw the diagonal 
AC, then the sum of the triangles ABC, ADC may bo showh to be equal to 
the rectangle contained by the idtitade and half the sum of AD and BC 

62 Let ABCD be the trapezium, havmg the sides AB, CD, parallel, 

and AD, BC equal Join AC and draw AE perpendicularto DC Then 
byEuc n 13 ' 

63 Let ABC be any triangle , AHKB, AGFC, BDEC, the equates 
upon their sides , EF, GH, KL the lines joining the angles of the squares 
Produce GA, £B, EC. and draw HN, DQ, FB. perpendiculars upon them 
respectively also draw AP, Bil, CS perpendiculars on the sides of the 
tnangle Then AN* itipy bo proved to be equal to A6I , OB to CB $ and 
BQtoBS, and by Euc u 12, 18 > 

64 Convert the tnanglh into a rectangle, then Euc n l4 

65 Find a rectangle equal to the two figures, and apply Euc Ti 14 

66 Fmd the side of a square whi6h shall be equal to the given 
rectangle See Prob i p 113 

67 On auj line PQ take AB equal to the given difference of the 

sides of tlie rectangle, at A dtaw AC at right angles to AB, and Cquol to 
the side of the given square , bisect AB in O and join OC , -nith center 
O and radiuC OC describe a semicircle meetmg PQ in D and E Then 
the Imos AD, AE have AB for their difference, and the rectangle con- 
tamed by them is equal to the square on AC. • 

68 Apply Euc It 14 
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GEOMETRICAL EXERCISES ON BOOK III. 

HINTS, Ac. 

* I 

7 Euc ui 3, suggests the construction 

8 Ihe gii en point may be either ivitlun or -Without the circle Find 
the center ot the circle, andjomthegiienpomt and the center, and upon 
tins line describe a semicircle, h Imo equal to the giVcn distance m^ be 
drawn from the gia en pomt to meet the arc of the semicircle Wmn 
the pomt IS without the circle, the given distance may meet the diame^ 
produced 

9 Ihis may be easily shewn to be a straight Ime possmg through 
the center of the circle 

. 10 The two chords form by their mtersections the sides of two isos- 

oeles tnangles, of which the parallel chords in the circle are the bases 
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11 The angles in equal segments arc equal, and b> Euc i 29 ik 
the chords arc equally distant from the center, the lines intersect th^ 
diameter in the center of the circle I 

P Construct the figure and the arc BC may be proved equid to tha 
arcBC % 

13 The point determined b) the lines drawn from the bisections oU 

he chords and alright angles to them respectively, will he the center o^ 
he required einfic L 

14 Construct the figures the proof offers no difficult) | 

15 From the centre 0 ot the circle, draw CA, CB at right angles tiJ 

rich other meeting the cwcnmfcrcnco, jom AB, and draw CD pcrpendicnlwu 
(0 AB. I 

1C Join the extremities of the chords, then Euc i 27, m 28 P 

17. Take the center 0, and join AP, AO, S;c and apply Euc t 20 

IS Bran an) straight Imc intersecting two parallel chords andmcct>| 
mg the circumference 

10 Produce the radu to meet the circumference 

20 Jom AJD, and the first equality follows directly from Euc iii 
20 , 1 32. Also b) joining AO, the second cqunhtv may be proved in a 
similar way If hou ever the Imc AD do not fall on the same side of the 
center 0 os E, it will ho found that the dijfertnee, not the sum of the two 
angles, is equal to 2 AED 8ec note to Euc lu 20, p 165 

J1 LetDKE, DBO (fig Euc ni S) be two lines equally mclined 
to DA, then EE may be proved to he equal to BO, and the segments cut 
off by equal straight lines in the same curclo, as well as m equal circles, 
ere equal to one another 

22 Appl) Euc I 16, and in 21 

23 This Is the same 05 Luc m SI, anth the condition, that the Imo 
must pass through a given point 

24. Let the segments AUB, AKC be cvtcmiU) destnbed on tlic i 
gia cn Imcs AB, AC. to contain angles equal to B.VC Hicn b) the con> j 
verse to Euc in 32, AB touches the circle .AKC, and AC the circle AHB 

25 Let ABC be a triangle of which the hose or longest side is BC, 
and let a segment of a circle bo desenbed on BC Produta BA, CA to 
meet the arc of the segment in D, E, and join BO, CE If circlcsbe de- 
scribed about the triangles ABD, ACE, the sides AB, AC shall cut off 
segments similar to tiic segment desenbed upon the base BC 

26 This 18 obvious from the note to Euc in 26, p 166 

27 The segment must be desenbed on the opposite side of the pro- 
duced chord lly converse of Euc in 32 

28, If a circle be desenbed upon the side AC os a diameter, the ctr- 
cumfercnco will pass through the points D, E Tlicn Euc ni 21 

29. Let AB, AC bo tho bounding radii, and D am point m the arc 
BC, and DE, DP, pcrpendiculaiB from D on AB, aO The circle de- 
senbed on AJD will alwa)? be of the same magnitude, and the angle E AP 
in It, IS constant — arhcncc the arc EDP is constant, and therefore its 
chord EF. 

'* 30 Construct the figure, and let the urclc with center 0, described 

on All as a diameter, intersect tho given circle in P, Q, join OP, PE, and 
prove EP at right angles to OP » 

31 If the tangent be required to bo perpendicular to a given Ime 
draw the diameter parallel to this lino, and tho tangent draivn at the ex- 
tremity of this diameter will he perpendicular to the given hne 

32 The straight line which joins the center and passes through the 
iiiu.ru!etioii of two tangents to a circle, bisects the angle contamed by 
the tangents 
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33 Draw two radu containing an angle equal to the supplement of 
he gi\ en angle , the tangents dbtiwn at the extremities of these xadu will 
ontam the given angle 

34 Smce the circle is to toudi two parallel hnes drawn from two 
pven pomts in a third hne, the radius of the circle is detennmed hj the 
bstance between the two given pomts 

35 It is sufficient to suggest that the angle between a chord and a 
angent is equal to the angle in the alternate segment of the circle Euc 
II 32 

36 Let AB be the given chord of the circle whose center is O Draw 
OE touchmg the circle at any pomt E and equal to the given hne , jom 
DO, and wiUi center O and radius DO describe a circle produce the 
hord AB to meet the circumference of this circle ui F then E is the 
somt required 

37 Let D be the pomt required m the diameter BA produced, such 
that the tangent DP is half of DB Jom CP,'C bemg the center Then 
CPD IS a n^t-anglcd triangle, havmgthc sum of the base PC and hypo* 
tenuse CD double of the perpen^cular PD 

38 If BE mtersect DP m E (fig Euc in. 37) _Jom FB, FE, then 
by means of the tninglcs, BE is shewn tolie bisected m E at right angles 

39 Let AB, CD be any tiro diameters of a circle, O the center, and 
let the tangents at their extremities form the quadrilateral figure EFGK 
Tom EO, OF, thenEO and OF maybe proved to be m the same straight 
hne, and similorli HO, OE 

Nora — ^This Proposition is equally true if AB, CD be any two chords 
whatever It then becomes equivalent to the folloivmg prouosition — 
The diagonals of the circumscribed and insenbed quadnlaterals, mtersect 
in the same pomt, the pomts of contact of the former being the angles of 
die latter figure 

40 liet C be the pomt wnthout the circle from which the tangmts 
CA, CB are drawn, and let DE be any diameter, also let AE, BD be 
lomcd, mtersectmg m F, then if CP be joined and produced to meet DE 
m Q CG IS peipendicidar to DE Jom DA, EB, and produce them to 
meet in F 

Then the angles DAE, EBD bemg angles m a semicircle, are right 
angles , or DB, EA ore^awn pcipendicular to the sides of the tnonglo 
DEF whence the hne mawn from F through P is peipendicular to the 
third Bide DE x 

41 Let the chord AB, of which P is its middle pomt, be produced 
both ways to C, D, so that AC is equal to BD From C, D, draw the 
tangents to the circde formmg the tongentiid quadnlatoral CEDE, the 
pomts of contact of the sides, bemg E, H, F, G Let O be the center of 
the circle Jom EH, GF, CO, GO, FO, DO Then EH and GF may 
be proved eadi parallel to (^, they are Acrefore parallel to one another 
'Whence is proved that both EF and DG bisect AB 

42 This is obiious from Euc i 29, and the note to in 22 p 166 

43 From any pomt A m the circiunference, let any chord AB and ^ 

tangent AC be drawn Bisect the arc AB m D, and from D draw DE, 

DC perpendiculars on the chord AB and tangent AG Jom AD, the 
triangles ADE, ADC may be shewn to be equal 

44 Let A, B, be the given pomts Join AB, and upon it desenbe a 
segment of a circle which sholL contain an angle equal to the given angle 
If the cirdc cut the given ^e, there wiU be two points , if it onl^ touch 

’ le, there will be one , and if it neither cut nor touch the Ime, the 
18 impossible. 
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45 It may be Bhe^m that tho point required is determined by a pcr- 
liendicnlar drawn from the center of the circle on the gi'ven Ime 

46 Let two Imes AP, BP be drawn from the given points A, B, 
making equal angles with the tangent to the circle at the point of contact 
P, take any other pomt Q in the convex circumference, and jom 

QB thenbyProb 4, p 71, andEuc i 21 

47 Let C be the center of the circle, and E the pomt of contact of 
DP with the circle Jom DC, CE, (JF 

48 Let the tangents atE, F meet m a point R Produce RE, RF 
to meet the diameter AB moduced m S, T Then RST is a tnan^e, 
and the quadrilateral RFOE maybe circumscribed by a circle, and RFC 
may be proved to be one of the diagonals 

49. Let U be the middle pomt of the chord of contact produce AC, 
BC to meet the circumference m B', A , and jom AA', BB' 

60 Let A be tho guen pomt, and B tho given pomt m the given hne 
CD At B draw BE at nght angles to CD, join AB and bisect it m F, 
and from F draw FE perpendicmar to AB and meetmg BE m E E is 
the center of the required circle 

61 Let 0 be the center of the given circle Draw OA perpendicular 
to the given straight hne , at 0 in OA make the angle AOP equal to the 
given angle, produce PO to meet the circumference again in Q llicn P, 
Q ore two jpomts from which tangents may be drawn iulfillmg tho re- 
quired conmtion, 

52 liet C be the center of the given cirde, B the mven pomt m the 
circumference, and A the other given pomt through wludi me required 
circle IS to be made to pass Join CB, the center of the circle is a point 
m CB produced The center itself maj be found m tlireo ways 

63 Euc ui 11 suggests the construction 

64 Let AB, AC be the two given Imcs which meet at A, and let D 
be the mven pomt Bisect tho angle BAC by AE, the center of the circle 
13 in AE Ihrough D draw DF perpendicular to AE, and produce DF 
to G, mokmg FG equal to FD Then DQ is a chord of the circle, and 
the circle w’hich passes through D and touches AB, will also pass through 
G and touch AC 

66 As the center is given, the line joming this pomt and center oi 
the gnen circle, is perpendicular to that diameter, through the extremi- 
ties of which the required circle is to pass 

6G. Let AB be tho given Ime and D the given point m it, through 
which the circle is required to pass, and AC tlie hne which the circle !■' 
to toucL From D draw DE peipendicular to AB and meetmg AC m C 
Suppose 0 a pomt m AD to be the centre of the required cirde Draw 
0£ perpendicular to AC, and jom OC, then it may be shown that CO 
bisects the angle ACD , 

67 Let the given circle be discnbed Draw a Ime through the 
center and mterseotion of the two Imes Next draw a chord perpendi- 
cular to this hne, cuttmg off a segment containmg tho given ang^e. The 
circlo described passmg through one extremity of the chord and touch- 

^ ir^ one of the straight Imes, email also pass tmough the other extrcmitj 
'' Oithe chord and touch the other Ime 

68 Th" Ime drawn through the pomt of mteisection of tho two 
cirdes parallel to the hue which joins their centers, may be ediewn to be 
double of the hue which joins their centers, and greater than any other 
straight Ime drawn through the same point and termmated bythocir 
r iimfe rgncca The greatest Imc therefore dqicnds on tho distance he 
tween the centers ol tho two circles 
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59 Apply Euc iii 27 i 6 , 

60 Let 0 unequal circles cut one onotlier, and let- the line ABC 

drawn tlirouRh B, one of the points of intersection, be the line required, 
such tint AB is equal to BC Join O, O the cehters of the circles, and 
drau OP, O P perpendiculars on ABC, then PB is equal to BP' , through 
0 draw O D pirullel to PP , tlien ODO is a nght-angled triangle, and 
a semicircle desenbed on 00 os a diameter will pass through the pomt 
D Hence the synthesis If the line ABC be supposed to more round 
the point B and its extremities A, C to be in the extremities of the two ^ 
circles, it IS manifest that ABC admits of a maximum ] 

01 Suppose the thing done, then it will appear that the line joimng 
the points ol intersection of the two circles is bisected atri^ht angles by 
the line joming the centers of the circles Since the radii arc known, 
the centers of uie tw o circles may be determmed 

62 Let the circles intersect in A, B , and let CAD, EBP bo any 
parallels passing through A, B and intercepted by the circles Jom 
CB, AB, DP Then the figure CEPD may bo proted to bo a parallelo- 
gram 'iVliciicc CAD IS equal to EBP 

63 Complete the circle whoso segment is ADB , AHB being the 
other part Then smeo the angle ACB is constant, bemg in’a gi\en 
segment, the sum of the ores DD and AHB is constant But AI^ is 
gii cn, hence LD is also given and therefore constant 

04 1 rom A suppose ACD drawn, bo that when BD, BC are jomed, 

AD and DB shall together be double of AC and CB together Then 
the angles ACD, ADB are supplementary, and hence the angles BCD, 
BDC are equal, and the triangle BCD is isosceles Also %e angles 
BCD, BDC arc gnen, hence the triangle BDC is given in species 4 

Again AD +DB = 2 AC + 2 BC, or CD = AC + BC 

'Whence, make the triangle IJc havmg its angles at d, e equal to that 
in the segment BDA , and make ca cd — cb, and join ab At A inake 
the angle BAD equal to bad, and AD is the Imo required ’ 

66 The hue drawn fi:om the point of mtcrscction of the two Imes 
to the center of the giien circle may be shewn to be constant, and' the 
center of the ppaen circle is a fixed point 

66 This IS at once obvious from Euc in 36 ' 

67 This follows directly from Euc ni 36 

68 Each of the hncs C£, DP may be proved parallel to the common 
chord AB 

60 By constructmg the figure and jommg AC and AD, by Euc 
III 27, It may be proi cd that the hue BC foils on BD 

70 By constructing the figure and applying Euc i 8, 4, the truth 
IS momfest 

71 The biscctmg hne is a common chord to the two circles , jom the 
other extremities of the chord and the diameter m each circle, and the 
angles in the tw o segments may be proved to be equal 

72 Apply Euc in 27 , i 32, 6 

73 Draw a common tangent at C the pomt of contact of the circles, 

and prove AC and CB to bo m the some straight hne > ^ 

74 Let A, B, bo the centers, and C ttie pomt of contact of the tr.o 

circles , D, E the pomts of contact of the circles with the dommon tangent 
U£, and CP a tangent common to the two circles at C, mcctmg DP in E 
Jom DC, CE Ihen DP, PC, PE may be shewn to he equal, and PC 
•■n be -at right angles to AlB , it 

75, The line must be drawn to the extrimuties of the diahietehi wMehi 
on oppesitc sides of the hne joimna the benters ' • > 
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/t) ITie eum o*'the distances ot the center of die third circle fron' 
the center* of the two given circles, uj equal to tlie sum of the radu 
the given clreles, which is constant 


77 Let the circles touch at C cither cxtemallj' Or intemallv, 
their diameters AC, BC through the point of contact wiU either comoidc 
or bcin the same straight line CDE any hne through C will cut ofl! 
fimiKn: segments from the two circles For joining Alj, BE, the angles i 
in the sclents DAC, EBC arc proved to be equal. 

The remaining segments arc also similar, since they contain angles 
which arc supplcmentarj* to tlie angle* DAC, EBO. , 

78 Let the Imc which joins the center* of the two cirdcs be pro- 

duced to meet the circumferences, and let the cxtrcuiitics of this Ime 
and any other hno from the point of contact be joined From the center 
of the larger circle draw perpendiculars on the sides of the nght-angledl 
triangle inscribed within it I 

79 In general, the locus of a point in the circumference of a circle' 
which rolls within the circumference of another, is a curve called the 


llvpocyetoiij , but to this there is one exception, in which the radios of 
one of tlic circles is double that of the other in tlus case, the locus is 
n straight hue, as may be easily shcw*n from the deurc 

80 Let A, B be the centers of the circles Draw AB cuttmg the 
circmnforenccs in C, D On AB take CE, DF each cgnal to the radius 
of the required circle the two circles described with centers ^ B, and 
radii AE, BF, reapecuvely, >vill cut one another, and the point of mter- 
Ecebon will be the center of the required cirdc 

81 Apply Euc lit 31 

82 Apply Euc iii 21 

83 (l) iMien the tangent is on the same side of the two circles 
Join C, C their centers, and on CC describe n acmicircle Witli center 
C and radius equal to the difference of the radii of the tw o circles, describe 
another circle cuttmg the semicircle in D jom DC' and produce it to 
meettho circumference of the given circle m B Through C draw CA 
parallel to DB and join BA, tms Imc touches the two circles 

(2) ■\\Tica the tangent is on the nltcmato sides Ravmg joined C, 
O' } on CC describe a semicircle , with center 0, and radius equal to the 
turn of the radu of the two circles desenbe another circle cuttmg the 
semicircle in D, join CD cuttmg tho circumference in A, through C 
draw C]l^arallcl to CA and join AB 

84 The possibili^ is obvious Tbo point of bieecbon of the segment 
intercepted between the convex ciroumferonccs mil bo tbo center of ono 
of the circles and the center of a second circle will he found to be the 


pomt of intersection of two circles described from the center* of tho 
given circles with their radu increased by tbo radius of the second circle 
The line passing through the centers of these tw o circles will be tho locus 
6f the centers of nil the circles which touch the two given circles 

86 At any pomts P, R in tho circumferences of the cudes, whose 
centers are A, B, draw PQ, IIS, tangents equal to the given Imcs, and 
Sfmti AQ, BS These being made the sides of a tnonglc of whidi AB 
IS riic base, the vertex of the triando is the pomt required 

8C, In each circle draw a choru of tho given length, describe circles 
conccntnc with tho guen ouclcs touchmg these chords, and Aen draw 
a straight Imo touching these circles 

87, Within ono of the cirdes draw a chord cuttmg off a segment 
equal to the given segment, and describe a conccntnc wcle tondimg 
the diord then draw a straight Imo touchmg this latter cirde and the 
oAer given circle. 
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88 Tho tniigeiit ma^ iiitcrsccl tlio line joiuuig tho centers, or tire line 
reduced Prove that tlio angle in tho sclent of one circle is equal to. 
he angle in tho corresponding segment of we other circle 

89 Join the centcra A, B , at C the point of contact draw a ton^nt, 

' nd at A draw AP cutting tlio tangent In P, and making with CP an 

ngle eijual to one fourth of the given angle Prom P tuaw tangents 
o tho circles \ 

90 Let C be the center of tho given circle, and D tho given Mint in 
he given line AB At D draw any lino DE at n^t umIcs to then 
lie center of tho ciinle reqiured is in tho line £& trough 0 ^w a 
liamctcr PG pamlld to DE, tlio circle described passing tniough the 
loints E, F, G mil be the circle required. 

01 Apply Euc in 18 ^ 

92 Let A, B, be tho two given points, and C the center of tho given 
circle Join AC, and at C draw the diameter DCE perpendicular to AC, 
and through the points A, D, E desenbo a circle, and produce AC to 
meet tiie circumference in P Bisect AP in G, and AB in H, and draw 
GK, HK, peipendicnlars to AP, AB reapectivdy and intersecting in K 
Then E is the center of the mrde whidi passes through the pomts A, B, 
and bisects the circumference of tho circle whose center is 0 

93 Let D he tho given pomt and EF the tnven straight line (hg 
Euc III 32 ) Draw DB to molvo the angle DBP eqnal to that contained 
ui the alternate segment Draw BA at right angles to EF, and DA at 
nght angles to DB and meetmg BA in A. Then AB is the dismeter of 
the oirde 

94 Let A, B he tho given points, and CD the given hne Prom E 

the middle of the line AB, draw E5I peipendiculor to AB, meetmg CD 
in H, and draw MA. In EM take any pomt P‘, draw PH to make the 
given angle with CD, and draw PG equal to PH, and meetmg MA 
produced in G Tlirough A draw AP parallel to PG, and CPK parallel 
to FH Then P is tlie center, and C the third dofinmg pomt of the 
circle required and AP may be proved equal to CP hy means of tho 
tnangles GMF, AMP , and HMF, CMP, Eno vi 2. Also CPK the 
diameter makes with CD tho angle KCD equal to PHD, tliat is, to the 
given angle. * 

96 lit A, B ho the two given points, jmn A3 and bisect AB m 0, 
and draw CSD peroendicular to AB, wen the center of tho riwnired Circle 
will he in CD From 0 tho center of the gvon circle draw CFG paiollel 
to CD, and meeting the circle in F and AB produced m G AtF draw 
a chord FF' equal to the given chord Then tho circle which posset 
through the pomts at B and F, passes also through F' 

96 Lot the straight line jouung tho eenters of the two circles be 
produced both ways to meet the circumference of the extenor caiole 

97 Let A ho tho common center of two circles, and BODE tho chord 
sneh that BE is double of CD From A, B draw AF, BG perocndiculnr 
to BE Jom AC, and prodneo it to meet BG in G Then AC may ho 
shewn to be equal to CG, and the an^o CBG bemg a nght angle, is iSif 
angle in tho semicircle described on CG os its diameter 

98 Tho hues jommg tho common center and the extremities of the 
chords of the circles, may ho shown to contain unequal angles, and the 
on^cs at the centers of we circles are double th|) angles at the circum- 
-fiances, it follows that the segments containing these unequal onglea 

notsunflar 

' Let AB, AC be the strai^iht Imes drawn from A, a point ia 
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tlio outer circle to touch the inner circle in the points D, E, and meet' 
the outer circle again at B, C Join BC, DE Prove BC double of D£' 

Let O be the center, and draw the common diameter AOG inter- 
sectmg BC m P, and jom EF Tnen the iigure DBFE may be proved 
to be a parallelogram 

100 This appears from Euc iit 14 

101 The given point may be either within or without the circle 
Draw a chord in the circle equal to the given chord, and desenbe a 
concentric circle touchmg the chord, and tmrough the given pomt draw 
a hne touching tliis latter circle 

102 The diameter of the mner circle hiust not be less than one third 
of the diameter of the extenor circle 

103 Suppose AD, DB to be the tangents to the circle AEB contoin- 
mg the given angle Draw DC to the center C and jom CA, CB 
Then the triangles ACD, BCD are always equal DC bisects tlic given 
angle at D and the angle ACB The anries CAB, CBD, beuig right 
angles, arc constant, and the angles ADC, BDC arc constant, as idso the 
angles ACD, BCD , also AC, CB the radii of the given cirde HTence 
the locus of D IS a circle whose center is C and radius CD 

104 Let C be the center of the inner circle, draw any radius CD, 
at D draw a tangent CE equal to CD, mm CE, ond with center C and 
radius CE deserme a circle and produce ED to meet the circle agam m F 

105 Take C the center of the given circle, and draw any radius CD, 
at D draw DE perpendicular to DC and equal to the length of the re- 
quired tangent , with center C and radius CE desenbe a circle 

106 iTiis IS manifest from Euc ui 36 


107 Let AB, AC bo the sides of a tnongle ABC From A draw 
the perpendicular AD on the opposite side, or opposite side produced, 
"he semicircles described on AB, BC both pass tmoimhD Euc iii 31 

108 Let A be the nght angle of the tnangle ABC, the first proper^ 
follows from the precedmg Theorem 107 Let DE, DF be drawn to E, 
F the centers of the circles on AB, AC and mm EF Then ED maj 
be proved to be peipendicular to the radius DF of the circle on AC at 
the point D 

109 Let ABC be a tnangle, and let the arcs be described on the 
sides cxtenially contammg angles, vyhose sum is equal to two nght angles 
It is obvious that the sum of the angles m the remammg segments is 
equal to four nght angles These arcs may be shewn to mtersect each 
o^er m one pomtD Lot n, h, c be the centers of the circles on BC, 
AC, AB Jom ab, be, ca , Ab, bC, Ca, aB, Be, cA , &D, cD, aD Then 


the angle eba may be proved equal to one-half of the angle A5C 
Similarly, tlie other two angles of abc 

110 It may be remarked, that generally, the mode of proof by which, 
in pure geometry, three hues must, under specified conditions, pass 
though tne same pomt, is that by rcductio ad absurdum^ This will for 
the most part require the converse theorem to be first proved or taken 
for granted 

The converse theorem m this instance is, “If two perpendiculars 
drawn from two angles of a tnangle upon the opposite sides, mtersect 
m a pomt, the Ime drawn from the third angle through this pomt ' 
will be perpendicular to the third side ” i 

The proof will be formally thus Xet EHD be the tnangle, AC, 
BD two perpendiculars intersectmg m F If the third perpendicular 
EG do not pass through F, let it t^e some other position as EH , and 
through r draw EFG to meet AD m G, Then it has boon jirovcd that 
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EG IS perpendicular to \D alienee tlie two angles ]^G| EGH of the 
inonglc PGII arc equal tntuo right angles — tvmch is absurd 

111 llic'ctrclc described onAE ns n diameter Mill pass through 
E and D llicii Euc iii SC 

112 Since all the triangles arc on the same base and hare equal 
^ crtical angles, these angles ore in the same segment of a given circle. 

The Imes bisecting the vertical angles may be shewn to pass through 
the cvtremitj tf that diameter Mhich bisects the base 

113 Let AG be the common base of the triangles, ABC the isosceles 
triangle, and ADC anr other triangle on the same base AC and bc- 
tneen the same parallels AC, BD Desenbo ti circle about ABC, and 
let it cut AD in E and jom EC Then, Euc i 17, ni 21 

114 I et ABC bo the given isosceles triangle havmg the vertical 
angle at C, and let EG be any given line Eequircd to ^d a point P 
in rG such that the distance PA shall bo double of PC Dmdo AC 
in D so that AD is double df DC, produce AC to E and make AE double 
of AC On DE describe a circle cuttmg EG in P, then PA iS double 
of PC This IS found by shevnng that AP* = 4 PC* 

115 On an} two sides of the triangle, describe scgmcnte'of circles 
each containmg nn angle equal to two-thirds of a right angle, the point 
of intersection of the arcs witlun the triangle will bo the pomt required, 
such that three lines drawn from it to the angles of the triangle shall 
contain equal angles Euc ni 22 

lie Let A be the base of the tower, AB its altitude, BC the height 
of the flagstaff, AD a horisontnl line draim from A If a circle be Bes- 
enbod passing tlirough the pomts B, C, and touching the line AD m 
the pomt E E wall be the pomt required Gii e the analysis > 

117 If the ladder bo supposed to bo raiScd in a vertidal plane, the 
locus of tlio middle pomt may bo shewn to be n quadrantal arc of which 
the radius is half the length of the ladder 

118 Tliolmc drawn perpendicular to the diameter fr6m the other 

exUcmiti of the tangent is parallel to the tangent drawn at the extremity 
of the diameter ' 

119 Apply Euc HI 21. ' 

120 Let A, B, C, be the centers of the three equal circles, and let 
them mterseCt one another in the pomt D and let the oirdes whose 
centers are A, B intctsCct each oUier agam m E , the circles whose cen- 
ters are B, C m E , and the cirdcs whose centers are C, A in G Then 
EG 18 perpendicular to DE , DG to ,EC , and DE to GB SiAco •Ae 
circles ore equal, and all pass through tlic some pomt D, the centers' A, 
B, C are in a circle about D whose radius is the some as the radius of 
the given curcles Jom AB, BC, CA , then these wall be perpendicular 
to the chords DE, DE, DG Agam, the figures DAGC, DBEC,'are 
equilateral, and hence EG is par^d to AB , that is, perpendicular to 
DE Similar^ for tlie other two cases 

121 Let E bo the center of the circle which touches the two equal 
circles whoac centers arc A, B Jom AE, BE which pass throng the 
pomts of contact E, G Whence AE is equal to EB Also CD tl^ 
common chord bisects AB at right angles, and therefore the perpen- 
dicular from E on AB coincides with CD 

122 Let three cirdcs touch cadi other at the pomt A, and from A 
let a Ime ABCD bo drawu cutting the circumferences m B, C, D ' Let 

^O, O , O ' be the centers of the cirdes, joih BO, CO', DO these lines 
tj parallel to one another Euc t 5 28 '' 

'^123. Proceed ns in Theorem 110, supra 
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lJ.i The tiircc tan^cnif \mII be found to be pcrpondiculoi to tlf 
sides of the tnnngle foinied bj joining the centers of the three circle 

125 AVith center A nnd any rndiiis less then the radius of either 
the equal circle*, describe the tliird circle intersecting them ui C and | 
Join BC, CD, nnd proa c BC nnd CD to bo in the same straight Ime 

126 I,tt ABC be the triangle required , BC the gnen base, BD thj 
giicn difllrencc of the side*, nnd BAG the given vertical angle Joij 
CD nnd draw AM perpendicular to CD Then MAD is half the vertici 
angle nnd AMD n right angle the angle BDO is therefore given, on I 
lienee D is a point in the arc of a given segment on BC Also smee B'' 
IS gia cn, the point D is given, nnd therefore the sides BA, AC tire giver I 
Hence the sinthcsis 

127 Let ABC be the required tnanglc, AD the hne bisecting th 
vertical angle and dividing the base BO into the segments BD, DC 
About tlic tnanglc ABC dtscTibc a circle and produce AD to meet th 
circumference in E, then the arcs BE, EC arc equal 

12S Analisis Let ABC be the tnanglc, and let tlie circle ABC b 
desenbed about it drau AF to bisect the a crticnl angle BAC and mce 
the circle mT, maho AV equal to AC, and drau CV to meet the circli 
in T , join 1 B and TT, cutting AB in D , draw tlio diameter FS ■ < ^ 
BC in B, Dll cutting AF m L , join AS, nnd draw AK, ABE peipen 
dicular to FS and BC Then shew that AD is half the sum, and D£ 
half the dilTcrcnco of the sides AB, AC X^ext, that the pomt F in w hu* 
AF meets the circumscribing circle is gnen, also the point E uhcrc DI 
meets AF IS gnen The points A, K, 11, E ore in a circle, Luc m 22 
lienee, Id rilssiVF IE, a gitcn rectangle, and the sclent 
nliich 13 equal to the pcipcndiciunr AH, bemg given, HP itswis »i 
MTicnce the construction 

129 On AB the giionbnsc describe a circle sudi that the segment 
AEB shall contam an nngk equal to the given a crtical angle of the tri- 
angle Dmu the diameter E^ID cutting AB in hi at right angles At 
D in ED, mohe the angle EDO equal to half tlie given diAcrcncc of Hie 
angles lit the base, and let DC meet the circumference of the circle m C 
Join CA, CD , ABC is tlio triable required Tor, moke CF equal tc 
CB, nndjom FB cutting CD m Q 

130 Let ABC be t)ic triangle, AD the perpendicular on BC ‘With 
center A, nnd AC the less side ns radius, d68cnbc a circle cutti^ the 
base BC in E, nnd Hie longer side AB in G, ond BA prodneed in 17 <uid 
join AE, EG, FC Then the nnglo GFC being half Hie given angle, 
BAC is given, and the angle BEG equal to GFC is also given Lmc- 
mse BE the difference of the segments of Hio base, and BG the difference 
of the sides, ore given by Hie problem Wherefore the triangle BEG la 
giien (sviHi tuxi solutions) Again, Hio onglo EGB bemg given, the 
angle AGE, and hence its equal AEG is giscn , and hence Hie vertex A 
IS giicn, and likewise the lino AE equal to AC the diortcst side is given 
Hence the construction 

131 Let ABC he the triangle, D, E tho bisection^ of the sides AC, 
r AB Jom CE, BD intcrscctmg inF BiseotBDinGandjomEG Then 
■*EF, one-tbird of EC is given, and BG one-half of BD is also given 

Vow EG IS parallel to AC , and the angle BAC being givcn^ its cqnol 
opposite angle BEG is also given Whence tho segment of tho circle 
containing the imglc BEG is also given i Hence F is a given pomt, and 
PE a gii^n hue, whence E is in the ourcnmfcrence of the given mrole 
about F whose radius is FE Wherefore E bemg in two given circles, it 
js itself their given intersection. - 
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132 or all tnanglos on llto samo bsao and having equal Torlical 
ingles, that tnanglo n ill bo tho greatest irhoso porxJondicular from the 
rortox on tho base is a moximnm, and tho greatest perpendicular is that 
(vhich bisects tlio base AVlionco tho tnanglo is isosceles 

133 Lot AB bo tho given baso and ABC the snm of tho other two 
Bides , at B draw BD at right angles to AB and equal to tho given nlti 
tude, prodneo BD to £ making D£ equal to BD With center A and 
with radios AO desenbo tho clrclo CFG, draw FO nt nglit angles to BE 
and find in it tho center O of tho circlo ■which passes through B and E 
and touohcB tho former circlo in tho point F Tho centers A, 0 being 
joined and tho lino prodneed, ■will pass through F Join OB Then 
AOB IS tho triangle required 

134' Sinco tho area and bases of tho tnanglo aro givon, tho allitudo 
IS given Hence tho problem is — ^gnen tho bas(^ tho vertical angle and 
tho nlbtndo, desenbo tho tnanglo 

135 Apply Enc. nr 27 

13G Tho fixed point may bo proved to ho tho center of tho circle. 

137 Let tho lino which bisects any angle BAD of tho qnadnlntcral, 
moot tho circnmfcrcnco in E, jom EC, and prove that tho anglo made by 
prodncing DC is bisected by EC 

138 Draw tho diagonals of tho quadnlatcml, and Enc lU 21, T 29 

139 From tho center draw lines to tho angles then Enc. in 27 

140 Tho centers of tho four circles nro dotermmod by tho intersoc- 
tion of tho lines which bisect tho four angles of tho given qnndnlatnml 
Jom theso four points, and tbo opposite angles of the quadrilateral so 
formed aro respectively equal to two nght angles 

141 Lot ABCD bo tho required trapezium inscnbcd in tho given circlo 
(fig Enc. in 22 ) of which ^ is givon, also tho sum of tho remaining 
tliroo sides and tho anglo ADC Smeo the anglo ADC is given, tho 
opposite nnglo ABC is I'liown, and thcroforo tho point 0 and tho sido 
BO Trodneo AD and make DE equal to DO and join EC Smeo tho 
sum of AD, DO, CB is given, and DO is known, thereforo tho snm of 
AD, DC IS given, and hkcniso AC, and tho anglo ADC Also tho nnglo 
DEO being half of the anglo ADC is given. Whence tbo segment of tho 
circlo which contains ALC is given, also A£ is given, and henco tbo 
point E, and consequently tho point D 'Whence tho construction 

143 Let ADBC bo tho inscnbcd quadnlatcml i let AC, BD pro 
ducod meet in 0, and AB, CD produced moot in P, also lot tho tangents 
from 0, F meet tho circles in K, H rcspcctivoly Join OP, and about 
tho tnanglo FAC desenbo n circle cutting PO in 6 and jom AG Then 
A, B, G, O may bo shown to bo pomts in tho clrcnmrorenco of n circlo 
IVhcnco tho sum of tho squares on OH and FK may bo found by Enc. 
Ill 3G, and shown to bo equal to tho square on OP 

143 This will bo manifest from tho equably of tho two tangents 
drawn to a circlo from tho somo pomt. 

144 Apply Enc iii 22 i 

145 A Lirelc can bo desenbed about tho fignro AEOBF 

14G Apply Euo. ill 22, 32. 

147 Apply Enc m 21, 22, 32 

148 Apply Euo III 20, and tho anglo BAD ■will bo found to be 
doable of tes angles OBD and CDB together 

149 Let ABCD be tho given qundrOateral fignro, and lot tho bugles 

A, B, 0, D bo biBooted hy four Imos, so that tho lines which biscob the 

dcs A and B, B and C, C and D, D and A, meet in tho points a,b,c,dy 

voly Provo that tlio angles at a and ^ or at h and d, ore to- 
eanol to two nerht anclpn 
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160 Apply Euc III 22 

161 Join file center of the cirdemthfhe other extremity of the line 
perpendicular to the diameter 

162 Iiet AB be a chord parallel to the diameter EG of the eircle, 
fig Theo 1, p 160, and H any point in the diameter Let HA and HB 
be mined Bisect FGm O, draw OL perpendicular to EG cuttmg AB 
m K, and join BX, HL, OA 7hen the square on TTA and BE may be 
proved equal to the squares on EB[, HG by Iheo 3, p 114, Euc i 47, 
Euc II 9 

163 Let A be the given point (fig Euc iii 36, Cor) and suppose 
AEG meetmg the circle in E, C, to be bisected in E, and let AD be a 
tangent draum from A Then 2 AE* = AE AC = AD*, but AD is 
given, hence also AE is given To construct. Draw the tangent AD 
On AD describe a semicircle AGD, bisect it in G , with center A and 
radius AG, desenbe a circle cuttmg the given circle in E Jom AE and 
produce it to meet the circumference ogi^ m C 

164 Let the chords AB, CD intersect each other m E at nght 
angles Eind E the center, and draw the diameters HEEG, AEK and 
jom AC, CK, BD Then by Euc ii 4 6 , in 36 

165 Let E, E be the pomts m the diameter AB equidistant from the 
center O , CED any'fihord, draw OG perpendicular to CED, and jom 
EG, OC The sum of the squMes on DE and EC may be shewn to be 
equal to tuuce the square on EE and the rectangle contamed by AE, EB 
by Euc I 47 , n 6 , iii 36 

I 166 Let the chords AB, AG be draum from the pomt A, and let a 
chord EG parallel to the tangent at A be draum mtcrsectmg the chords 

AB, AC in D and E, and jom BC Then the opposite angles of the 
quadrilateral BDEC are ^uol to tuo right angles, and a circle would 
circumscribe the figure H!cnce by Euc i 36 

167 Let the Imes be drawn as directed m the enunciation Draw 
the diameter AE and jom CB, DE, BE , then AC*+AD* and 2 AB* 
may be each shewn to be equal to the square on the diameter 

168 Let QOF cut the diameter AB m O Erom C the center draw 
CH perpendicular to QP Then CH is equal to OH, and by Euc ii 9, 
the squares on FO, OQ ore readily shewn to be equal to twice the square 
on CP 

159 Erom P draw PQ perpendicular on AB meetmg it m Q Jom 

AC, CD, DB Then cuclos would cucumsenbe the quadrilaterals ACPQ 
and BDPQ, and then by Euc in 36 

160. Describe the figure accordmg to the enunciation , draw AE the 
diameter of the cuclc, and let P bo the intersection of the diagonals of the 
parallelogram Draw EB, EP, EC, EE, EG, EH Since AE is a 
diameter of the cuclc, the angles at E, G, H, are right angles, and EE, 
EG, EH are perpendiculars from the vertex upon the bases of the tri- 
angles EAB, BAC, EAP Whence bv Euc ii 13, and th'gpem 3, page 
1 14, the truth of the property may be shewm 

- •!' 161 If FA be the given Ime ffig Euc ii 1 1), and if EA bo produced 
to C , AG IS the part produced wluch satisfies the roqmrcd conditions 

162 Let AD meet the circle in G, H, and jom BG, GC ThcnBGC 
is a right-angled tnangle and GD is perpendicular to the hypotenuse, 
and the rectangles may be each shemi to bo equal to the square on BG 
Euc ni 36 , ii 6 , i 47 Or, if EC bo jomed, the quadnlateral 
figure ADGE may be cucumsenbedby a cucle Euc nr 31, 22, 36, Cor, 

163 On PC describe a semiouoie cutting the given one m E, and 
draw EF perpendicular to AD , then E is the pomt required. 
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164 Let AB be the gl^ cn straight line Bisect AB in C and on A& 
IS a diameter desenbo a circle , and at anj pomt D in tboiireumfercnce, 
dnivr a tangent DE equal to a side of tlio gltcn square , join DC, EC, 
and uith centtr C and radius CE dcsotibc a circle cutting AB prbduccd 
in F From F drau FG to touch th6 circle uhoso center is 0 in 
the point G 

l05 Let AD, DB be two lines at right angles to each other, O the 
centre of the circle BEQ, A any point ih AD from which tangents AB, 
A.C arc drawn, then the chord BC shall aluajs cut ID in the same 
point P, ^\he^c^ cr the point A is token in AD Join AP , then BAG is 
an isosceles triangle, 

and FD DE + AD* = AB* « BP , PC + AP* a BP PC + AD’ + DB*, 
uhereforo BP PC » ID DE — DP* 

The pomt P, tlieroforo, is independent of the jiOsiuon of the point A ; and 
IS conscqucntlj the same for all poMtions of A m the line AD, 

1G6 The point E uiU be found to be that point in BC, from which 
two tangents to the circles described on AB and CD nS diamcter«i, arc 
equal £uc in 36 

16/ If AQ, A'P bo produced to meet, these lines with AA' form a 
right-angled trionglc, then Due i 47 


GEOMETUIGAL EXEECISES ON BOOK IV. 
mxTS, Ac 

1 Li.t \.B be the given line Draw tlirongh C the eentef of the 
giicn circle the diameter DCE Bisect AB In Pond join PC Through 
A. B dr iw AG, BII nnrallel to PC and meeting the iliar cter in 0, H 
at G, H dmw Glv IIL perpcndiculor toDL andf meeting the caremnfer- 
ciice in the points, 1C, I, , join KL, then ICL is cqua’ and parallel to AB. 

^ 2 Insect the circumference and jom the center with the points of 
tnsection ✓ 

3 SooEhc IV 1,5 

t Lot a line he drawn from the third angle to the point of intersec- 
tion of the ttt o lines , and the ilirco distances this pomt from the angles 
mpv ho shemi to bo equal 

a Let the line AD dnwn from the sertex A of the equilateral tri- 
angle cut the base BC, mid mott the circumference of the circle In D 
I ctDB, DChc joined AD is equal to DB nndDC If on DA, DEhe 
taken equal to DU, mid BE be joined, BDE niaj be proved to be an 
equilateral triangle, also the tnanglc ABE mat bo proved equal to the 
triangle CBD ' * , 

The other case is when the line docs not cut the hose 
G Let a circle he desenbed upon the base of tlie cqmlntcral tnanglc, 
and let an cqmlntcral triangle do inscnbcdin the circle DraVr o diameter 
trom One of the acrliccs of the inscribcil tnanglc, and join the othbr cx- 
trcmitj of the diameter mtli one of the otlicr extremities of the sides of 
the inscTibcd tnanglc Dio side of the inscribed triangle may then be 
proved to be equal to the perpendicular in the other tnanglc 

7 Die line joining the points of bisection, is parallel to the base of 
^tnangle and therefore cuts off on cqmlatcnd triangle from the gitCn 
- Bj Euo ni 21 , I 6, the truth of the theorem may be shewn. 
Let a diameter be drawn from any angle of an cquOatcral trl- 
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Angle inscnbcd in a circle to meet the circumference It may be proved 
Ihtt the mdiii'i is bifscitcd h\ the opposite side of the tnnngic ® 

B Let ABC be an cfiiulntcral triangle inscribed m a circlet and let*^ 
AB'C be an isosceles triangle inscribed in the same circlet having the ® 
rime vertev A Drniv the diameter AD mtcrsccting BC in E| and B'C' 
in 33, and let B C fill below BC ITicn AB. BE, and AB , B'E', are 
respectivch the semi porimtters of the triangles Draw BT perpcndi- ' 
edar to B6, and tut nif 111 equal to AB, and jom BH If BF can be 
^ prbvcd to be greater than B II, tbc perimeter of ABC is greater than the ’ 
ptrilnctcr of -bB C JTcxt lot B C’ tall above BC 

10 The angles contained in the two segments of the circle, mAy be ' 

shewnt to be equal, then lit joining tlic extremities of the arcs, the two ' 
renaming sides maa be show n to bo parallel ' 

11 It may be shewn that four equal and equilateral triangles irill 
form an equilateral triangle of the same perimeter as the hexagon, which 
IS formed b) six equal and equilateral triangles 

Id Let the figure he constructed By urawmg tho diagonals of the 
hexagon, the proof is obvious 

13 Bj Eac I 47, the perpendicular distance from tho center of the 
circle upon tlic side of the inscribed hexagon mav be found 

1 1 TIic alternate sides of the hexagon wall fall upon the sides of tho 
triangle, and oach side wall be found to be equal to onc-third of tho side 
of the equilateral triangle 

15 A regular duodccacon may be inscnbcd m a circle b} moons of 
the equilateral triangle and square, or by means of tho hexagon Tho 
, area of tho duodccagon is three times the squorc on tho radius of tho circle, 
wlucli is the square on the side of an equilateral triangle inscribed m tho 
seme circle Theorem i, p 106 

IC In general, three straight lines when produced will meet and 
form a tnnngic, cxcqit when nU three ore parallel or two parallel are 
intersected by the tlurd Tins Problem includes Euc iv 6, and all tho 
eases which arise from produemg the sides of tho tnangic ITio circles 
desenbed touching a side of a triangle and the other two sides produced, 
arc called tho escribed circles 

17 This IS manifest from Euc nt 21, 

18 Tlic point required is tnc center of tlic circle which circumscribes 

the innnglo See the notes on h ic in 20, p 1 55 * 

I'J If the perpendiculars meet the tlircc sides of the triangle, the 
point IS wuhm the tnnngic, Euc iv 4 If the perpendiculars meet the 
uosc and the two sides produced, the point is the center of the escribed 
circle 

20 /This IS manifest from Euc in 11, 18. 

21. Tho base BC is intersected by the perpLndicular AD, and tho 
side AC IS intersected bj the perpenaicular BE From Thcorcni i p 
IfiO , the arc AF is proved cqu u to AE, or tho ore FE }a bisected in A 
In the same manner the arcs FD, D£, may be shewn to he bisected in BC 

22 liCt ABC be a tnangic, and let D, E bo the pomts where the in* 

„ ,VJnbcd circle touches the sides AB, AC Draw BE, CD mtcrspctmg 
" ehch other in O Join AO, and produce it to meet BC in F Then F is 
the pomt whore tho inscnbcd circle touches the third side BC If F be 
not the point of contact, let some other pomt G be tlio pomt of contact 
Through D draw DH parallel to AC, and DK parallel to BC By the 
simihir triangles, CG may bo proved equal to OF, or G the pomt of con- 
tact Coincides with F, the pomt svherc the Imo drawn from A through 0 
meets BC. 
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23 In the figtire, Euc it 5 Let AP bisect the an^e at A, and be 
produced to meet the curoumference in O Join GB, GO and find the 
center H of the circle inscribed in the triangle ABC The lines GH, GBt 
GO arc equal to one another 

24 Let ABC be any triangle inscribed in a circle, and let the per> 
pendiculors AD, BE, OF mtersect m G Produce AD to meet the ar- 
cumference in H, and join BH, CH Then the tnnngle BHC maj be 
shenui to be equal in all respects to the triangle BGC, and the circle ^ 
vrhich circumscribes one of the triangles mil also circumscribe the other f 
SimBarly may be sheivn by produemg BE and OF, &c 

26 First Prove that the perpendiculars Aa, B5, Ce pass through 
the same pomt O, os Theo 112, p 171 Secondly That the triangles 
Aei, Bca, Cab are equiangular to ABC Euc ni 21 Thirdly That the 
angles of the tnongle aho arc bisected by the perpendiculars , and lastly, 
by means of Prob 4, p 71, that ah &c + ca is a minimum 

26 The equilatem triangle can be proved to be the least tnangid ^ 
ivhich can be cuenmsenbed about a circle 

27 Through C draw CH paralld to AB and jom AH Then HAO 
the difference of the angles at the base is equal to the angle HFC Euc. 
Ill 21, and HFC is bisected by FQ 

28 LetF, G, (figure, Euc iv 6,) be the cehters of the circumscribed 
and msenbed circles , jom GF, GA, then the an^le GAP nrhiifii is equal to 
the difference of the angles GAD, FAD, may bo shetm to be equal to 
half the difference of the angles ABC and ACB 

29 This Theorem may be stated more generoUy, as follows i 

Let AB be the base of a tnoMle, AEB the locus of the vertex , D they* 

bisection of the r emmnmg arc AuB of the circumscnbmg circle , ^en the 
locus of the center of the msenbed circle is another circle whose centerds 
D and radius DB For jom CD then P the center of the msenbed 
circle 18 m CD Jom AP, PB , then these Imes bisect the angles CAB, 
CBA, and DB, DP, DA mav be proved to be equal to one ono&er 

30 Let ABC bo a triangle, havmg C a nght angle, and upon AC, BC, 
let semicircles be desenbed bisect the hypotenuse m D, and let fall DE, 
DF perpendiculars on AC, BC respectively, and produce them to meet 
the circumferences of the senucirdes m P, Q , then DP may be proved 
to be equal to DQ 

31 Let Bic angle BAC be a nght angle, fig Euc rv 4 Join AD 
Then Euc in 17, note p 166 

32 Suppose the tnanglo constructed, then it may be shewn that the 
difference betw cen the hypotenuse and the sum of the two sides is equal 
to the diameter of the inscribed circle 

33 Let P, Q be the middle pomts of the ores AB, AC, and let PQ 
be jomed, cuttmg AB, AC m DE , tlicn AD is equal to AE Fmd the 
center O and jom OP, QO 

34 With tlic given radius of the circumscnbed circle, desenbe a 
circle Draw BC cuttmg off the segment BAC containing an angle 
equal to the given verhcnl angle Bisect BC m D, and draw the diamh; 
ter EDF join FB, and mth center F and radius FB desenbe a circle 
this Mill be the locus of the centers of the msenbed circle (see Theorem 
33, supra ") On DE take DG equal to the mven radius of the msenbed 
circle, and through G draw GH parallel to BC, and mcetmg the locus of 

centers in H H is the center of the msenbed circle i 

35 This may readily bo effected m almost a similar wav to the pre« 

■na Problem 

86 With the mven radius dpscribn a rtreln then hv 1^110 in 34, 
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S7i Let ADC be a triangle on tbe given base DC ana naving its ver 1^ 
iical angle A equal to tlio given angle Then since the i&iplc at A isK 
constant, A is a point in the arc of a segment of a cirde described on BG IP 
LctD bo the center of the circle inscribed in the triangle ABC JoinK 
DA, DB, DC then the angles at B, C, A, ore bisected Due iv 4 |J 
Also since the angles of each of the triangles ABC, DBG arc equal to tu o W 
right angles, it fimows that the angle BDC is equal to the angle A and 
hwthc sum of the angles B and C But the sum of the angles B and G 
can be found, because A is given Hence the angle BDC is known, and . 
therefore D is the locus of uic verte'v of a tnanglc described on the base ‘ 
BC andhavmg its vertical angle atD double of the angle at A 

SS Suppose the parallelogram to be rectangular and inscribed in tlio , 
given triangle and to be equal m area to half the triangle it mai bo t 
shewn that the parallelogram is cquol to half the altitude of the triangle, > 
and that there is a restriction to tho magnitude of the angle which two 
adjacent sides of the parallelogram make w ith one onotlicr I 

89 Let ABC be the gn cn tnanglc, and AB'C' the other tnangle, to 
the sides of which the inscnbcd tnanglc is required to bo pamlkl 
Tlirqugh any point a in AB draw parallel to AB' one side of the gh cn 
tnanglc and through o, b draw ac, be rcspcctnclv parallel to AC, BC I 
Join Ac and produce it to meet BC in D , throu^i D draw D£, DF, 
parallel to ea, cb, rcspcotivcly, and join EF Then DBF is tho tnangle i 
required j 

40 This point will be found to bo tho mtcrscction of tlic diagonals 
of the given pmdlelogmm 

41 The dilfercncc of the two squares is ob% lously the sum of the four . 

triangles at the comers of the extenor square ' 

42 (1) Lot ABCD bo the given square join AC, at A in AC, 
make tho angles CAE, CAF, each equal to onc>third of nnght angle, and 
jom EF. 

(2) Bisect AB any side in P, and draw PQ parallel to AD or BC, 
then at P make tho angles as m tho former case 

43. Each of the interior angles of a regular octagon may bo shewn to 
be cquol to three-fourths of two nght angles, and tho exterior angles 
made by producing tho sides, arc each cquu to one fourth of two nght 
angles, or one-half of a right angle 

44 Let tho diagontds of the rhombus be drawn , the center of tho 
inscribed circle may be shewn to be the point of their intersection 

4S, Let ABCD be tlic required square Jom O, O' tho centers of the 
circles and draw the dingonid ABC cutting 00' in E Then E is tlio 
middle point of 00' and the angle AEO is half a nght angle 

4G liOt tho squares be inscnbcd in, and circumscribed about a circle, 
and let the diameters bo drawn, tho relation of the two squares is manifest 
47. liCt one of the diagonals of the square be drawn, then the isos- 
celes nght angled tnanglc which is half tho square, may be pros cd to be 
greater than any other right-angled triangle upon tho same hypotenuse 
48 Take huf of tho side of the square inscribed in the gi\cn circle, 
this will bo equal to a side of the required octagon At the extremities 
on tho same side of this Imo make two angles each equal to three-fourths 
of two nght angles, bisect these angles by two straight hues, the point 
at which they meet will bo tho center of tho circle which circumscnbcs 
tlie octagon, and either of tho bisecting lines is the radius of tlic circle 
49, 1 irst shew tlie possibility of a circle circumscribing such a figure, 
and then determme tho center ol the circle 

60 By constructing the figures and draw ing lines from tlie center of 
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the cifole to the angles of the octagon, the areas of the eight tnangles 
may be easily sheivn to be equal to eight times the rectangle contamed 
by the ra^us of the cudlo, and half the side of the inscnbed square 

51 Let AB, AC, AD, be ^e sides of a square, a regular hexagon and 

an octagon respeotivdy inscnbed m the circle ■whose center is O pro- 
duce AO to E makmg AE equal to AE , from E draw EF touching the 
circle m F, and prove EF to be equal to AD ' 

52 Let the circle required touch the given circle m F, and the given 
Ime m Q Let C be the center of Qio given circle and CT that of the re- 
quired circle Jom CC, C Q, QP , and let QP produced meet the given 
circle m B, jom EC and moduce it to meet the given Ime m Y Then 
EtiV IS perpendicular to vQ Hence the construction 

58 Let A, B be the centers of the given circles and CD the pven 
straight hue. On the side of CD opposite to that on ■which the circles 
are situated, draw a Ime EF -paraUel to CD at a distance c^ual to the 
radius of the smaller oirole From A the center of the larger circle de- 
sonbe a conccntnc circle GH ■with radius equal to the difference of the 
radii of the two circles Then the center of the circle touchmg the 
circle GH, the Ime EF, and passing through the center of the smaller 
circle B, may be shewn to be the center of the cirdo whieh.touches the 
circles whose centers are A, B, and the line CD ^ 

54 Let AB, CD be the two hues given m position and E the center 
of the given circle Draw two hues FG, HI parallel to AB, CD respec- 
tively and external to them Describe a circle passmg through E and 
touchmg FG, HI Jom the centers E, 0, and ■with center O and radius 
equal to the difference of the radu of ^ese circles describe a circle , this 
■wu be the circle required 

55 Let the circle ACF ha^vmg the center G, be the required circle 
touchmg the given circle whose center is B, in the pomt A, and cuttmg 
the other given circle m the pomt C Jom BG, and through A draw a 
hne perpendicular to BG , then this Ime is n coipmon tangent to the 
circles whose centers are B, G Jom AC, GC Hence the construction 

66 Let 0 be the given pomt m the given straight hne AB, and D 
the center of the pven circle Through C draw a Ime CE perpendicular 
to AB , on the other side of AB, take CE equal to the radius of the given 
curcle Draw ED, and at D make the angle DDF equal to the angle 
DEC, and produce EC to meet DF This gives the construction for one 
case, when the given Ime does not cut or touch the other circle 

67 This IS a particular case of the general problem , To dosenbe a 
circle passmg through a given pomt and touchmg two straight Imes 
given m position 

Let A be the given pomt between, the two given Imes wluch when 
produced meet m the pomt B Bisect the angle at B by BD and tl^ough 
A draw AD perpendicular to BD and produce it to meet the two gpven 
Imes m G, E Take DP equal to DA, and on CB take CG such that the 
rectangle contamed by CF, CA is equ^ to the square on CG The circle 
desCnbed through the pomts F, A, G, will be the circle tequired, Dei 
ducc the particmar case whence given Imes are at right angles to one 
another, and the mven pomt m the Ime which bisects the angle at B If 
the Imes are paraUel, vmen is the solution ppssible ? 

68 liet A, B, be the centers of the given circles, which touch 
externally m E , and let C be the given pomt in fliat whose center is B 
Make CD e^al to AE and draw AD , make the angle DAG equal to 
the angle ADG , then G the cent^ of circle lequtred, and GO 

radius, ^ 
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S9 If tho tiu'co points bo such os -nhOn joined b> straight lines a 
triangle i6 formed, the points at which' tlio inscribed circle touches th!e 
sides of the triangle, arc tho pomts at which the three circles touch one 
another Euc i\ 4 Different cases arise from the relative position 
of the three pqints 

GO Bisect the angle contained by the two lines at the pomt where 
the bisecting Imc meets tlic circumference, draw a tangent to tho circle 
< nd produce tho two strught Imcs to meet it In tins tnongle inscribe 
a circle ’ 

61 Prom the given angle draw a hue through the center of the circle, 
and at tho pomt where the hno mtcrsccts the circumference, draw a 
tangent to the circle, mectmg two sides of Uio triangle The cucle 
insenbed withm this tnongle wall be the circle required 

G2. Let the diagonal cut the arc m P, and let 0 be the centbr of 
tho inscribed circle Draw OQ perpendicular to AB Draw PE a 
tangent at P meeting AB produced in E then BE is equal to PD Joih 
PQ, PB. Then AB may be nroved equal to QE Hence AQ is equal 
to BE or DP 

63 Suppose the center of the required circlo to be found, let fall 
two pctpondiculars from this point upon the radii of the quadrant 
and join tho center of tho circle ivith the center of the quadrant and 
produce the Imo to meet tlic arc of the quadrant If three tangents be 
drawai at tho three points thus determmed in the two semicircles and 
the arc of tlio quadrant, tlioj form a right-angled tnanglc which 
circumscribes tho required circle 

64 Let AB bo tho base of the gnen segment, C its middle point 
Lot DCE bo the required triangle having the sum of the base D£ and 
perpendicular CP equal to the giicn line Produce CF to H making 
FH equal to DC, Join HD and produce it, if necossarj, to moot AB 
produced in K Then CK is double ofDF< Draw DL perpendicular 
to CK 

65 From tlic i ertex of the isosceles tnanglc let fall a perpendicular 
on the hose Tlicn, in each of the tnanglcs so formed, msenbe a circle, 
Euc rv 4 , next inscribe a circle so ns to touch the two circles and the 
two equal sides of tiio tnanglc This gives one solution tho problem 
is mdeterminate 

06 If BD be shewn to subtend on arc of the larger circle equal to 
one-tenth of the whole circumference — ^then BD is a side of the decagon 
in tho larger circle And if the triangle ABD can be shewn to be 
inscriptiblc m the smaller cirdc, BD wm be the side of the insenbed 
pentagon, 

67 It mav be shewn that the angles ABF, BFD stand on two arcs, 
one of which is three times os large as the otlier 

GS It may be proved that uio diagonals bisect the angles of the 
pentagon , and the nvc-sidod iiguro formed by their mtcrscction, may bo 
shewn to be both cquinn^lor and equilateral 

> G9 Tho figure ABODE IS an irregular pentagon msenbedm a circle, 

may bo shcwni tliat tho five angles at the circumference stand upon 
arcs whoso sum is equal to the whole circumicrcnco of the circle , Euc 
XII 20 

70 If a Bide UD (figure, Euc iv 11) of a regular pentagon be 
produced to K, tlio exterior angle ADK ox the insenbed quadidatcral 
figure ABCD 15 equal to the angle ABC, one of the mtenor angles of tho 

S ' gon. From this q ?op8trw>twn n>ny hp ina(!P for thP method of 
g the rlbhoR, 
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71 In the figure, Euc it 10, let DC bo produced to meet the ouciun* 
ference in E, and join FB Then FB is the side of a regular pentagon 
inscribed in the larger circle, D is the middle of the arc subtended by 
the adjacent side of the pentagon Then the dificrcnce of FD and BD 
18 equal to the radius AB IN'ext, i|; may be sherm, that FD is divided 
in the same manner in C as AB, and by Euc ii 4, 11, the squares on 
FD and DB are three times the square on' AB, and the rectangle of FD 
and DB is equal to the square on AB 

72 If one of the diagonals be drawn, this Imo with three sides of the 
pentagon forms a quadrilateral figure of w hich three consecutive sides 
are equal The problem is reduced to the inscription of a quadnlateral 
in a square 

73 This may be deduced from Euc rv 11 

74 The angle at A the center of the circle (fig Euc iv 10 ) is one- 
tenth of four Tight angles, the arc BD is therefore one tenth of the 
circumference, and the chord BD is the side of a regular decagon 
inscribed m the larger circle Produce DC to meet the circumference 
in F and jom BF, then BF is the side of the mscribed pentagon, and AB 
is the side of the mscribed hevagon Join FA Then FCA may be 
proved to be an isosceles triangle and FB is a hne drawn from the 
vertev mectmg the base produced If a p^cndicular be drawn from 
F on'BC, the difTercnco of the squares on FB, FC ma> be shewn to be 
equal to the rectangle AB, BC, fEuc i 47 , ii 5 Cor ) , or the square 
on AC 

76 Dmdo the circle into three equal sectors, and draw tangents to 
the middle pomts of the arcs, the problem is then reduced to the 
inscription of a circle in a triangle 

76 Let the inscribed cirdcs whoso centers are A, B touch each 
other in G, and the circle whoso center is C, in the points D, E , jom 
A, D , A, £, at D, draw DP perpendicular to DA, and EF to EB, 
mectmg m F Let F, G be jomed, and PG be pro>cd to touch the two 
circles m G whose centers arc A and B 

77 Tlie problem is the same os to find how many equal circles may 
be placed roimd a circle of the same radius, toudung this cirde and 
each other The number is six 

78 Tins IB obvious from Euc tv 7, the side of a square circum- 
scnbmg a circle bemg equal to -the diameter of the circle 

79 Each of the -vertical angles of the triangles so formed, may be 
proved to be equal to tlie dificrence between the extenor and mtenor 
angle of the heptagon 

80 Every regular polygon can be ^vidcd mto equal uosceles tn- 
anglcs by drawmg hnes from tlie center of tlie msenbed or circumscnbcd 
cudo to the angular points of the figure, and the number o^tnanglcs 
-will bo equal to the number of sides of the polygon If n peipendic^ar 
FG be let fall from F (figure, Euc rv 14) ^e center on the base CD of 
FCD, one of these tnanglcs, and if GF be produced to H tiU FH be 
equal to FG, and HC, BCD be jomed, on isosceles triangle is formed, 
such that the angle at H is half the andc at F Bisect HC, HD m 

L, and join EL, then the triangle HEL may be placed round tide 
vertex H, tnice os many tunes os the tnangle CFD round the vertex F 

81 The sum of the arcs on which stand the 1st, 3rd, 6th, &c angles, 
is equal to the sum of the arcs on which stand the 2nd, 4th, Cth, &c, 
angles 

82 The proof of this property depends on the fact, that on isosceles 

4i.innf>ia iiac a Bculene tTianglc of the same penmeto. 
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6 In the figure Euc n 23, let the pirnllelograniB be supposed to be 
rectangulnr 

Tlien the rectangle AC the rectangle DO BC CG, Euc Ml 
} and the rectangle DG the rectangle CF CD PC, 

whence the rectangle AC the rectangle CP BC CD CG EC 

In a similar \\a^ it mat be shewn that the ratio of ani tuo panillclo- 
grams is as the ratio compounded of the ratios of their bases and altitudes 

7 Let tw o sides intersect m O, through O draw POQ parallel to 
the base AB 1 hen by similar triangles, PO mar be proved equal to 

and POPA, QOEB, are parallelograms whence AE is equal 

8 Apply Euc VI 4, y 7 * 

9 Let ABC be asenkno triangle, having the vertical angle A, and 
suppose AUL an eqimnlcnt isosceles triangle, of which the side AD is 
equal to AE l*lien Kiie vi 16, 16, AC AB = AD AE, or AD*. 
Hence AD is a mem proportional bciMccn AC, AB Euc vi S 

10 The lines drawn making equal angles with homologous sides, 

divide the tnmglcs into tw o corresponding pairs of equiangular triangles , 
by Euc VI 4, the proportions are ciidcnt ' 

11 By constructing the figure, the angles of the two mangles may 
r* casil} be shewn to be rcspcctivtlv equal 

12 A circle maj be described about the four sided figure ABDC 
By Euc I n, Euc lit 21, 22 The triangles ABC, ACE maj be 
shewn to be equiangular 

13 Apply Euc I 48, n 6 Cor,vi 16 

14 This properti follows as a corollary to Euc vi 23 for the tivs 
tnanglcs arc rcspecti'cly the holscs of the piralklograms, and are 
therefore in the ratio compounded of the ratios of the sides which contain 
the same or equal angles and this ratio is the same os the ratio of the 
rectangles b> the sides 

16 Lot ABC 1 0 the given triangle, and let the lino LGF cut the 
birc BC in G Join AG Tlun h} hue vr 1, and tlio preceding 
theorem fH) it maj bo proicd that At w to AB hs GL is to GF 

16 Tiic twomennH and tho two extremes form an arithmetic senes 
of four lin-s wlio8o,8ncct ssn o dificrenccs arc equal, (he diOircnio tlioroforo 
betwern the firht nnd tho fourth, or tho cxtrcincs, is trcblo thu difiorouoo 
between th< first and the second 

17 'Iliis nmj 1)0 effected in different wavs ono of which is tho 
following At one cxtreiuity A of tho pis on lino AB draw AC making 
niij acute anelu with A B and join BC, utiinj pnintDin BCdiitw DEF 
pnallet to AC cutting AB in L iind such thnt J I is equal to LD, draw 
1'^ cuttin,. A B in G Thi n AB is hnrmonii nllj dii idcil m E, G 

^ In tho ligurr Euc vi l3 If L bo tho niiddh point ot AC, then 

E or bC IS the hjithmctieminn, andDLis tho geopietiiemian, between 
AB and BC If DE be joined and BF bo diaw-n porpcndituliir on DE, 
then DF may ho pioie-d t-> ho tho bamionic moan betwi cn A B and BC 

10 In tho fig Luc VI 13 DB is tho guniotnc miun bctwiin AB 
and BC, and if AC ho biscetcd in E, AE or EC is tho Anlhmetic mean 

Tho next is tho sumo as'-To find tho segments of tho hj potenose of a 
nhgt>angled tnanglo mado by a porpcnoicular from tho nght angle. 
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having given the difTerence between half the hypotenuse and the 
perpendicular 

20 Let the line DF drawn from D the bisection of the base of the 
triangle ABC, meet AB in E, and CA produced in F Also let AG 
drawn pnrallel to BC from the vertex A, meet DF in G Then bv means 
of the similar triangles , DF, FE, FG may bo sheiiui to be in harmonic 
progression 

21 If a triangle be constructed on AB so that the vertical angle is 

bisected by the line draivn to the pomt C By Euc vn A, the pomt 
required may be determined | 

22 Let DB, DE, DCA be the three straight Imes, fig Euc m 87. 
let the pomts of contact B, E be joined by the straight luic BC cutting 
DA in G Then BDE is an isosceles tnanglc, and DG is aline from the 
vertex to a point G in the base And two values of the square on BO 
may be found, one from Iheo 37, p 118 Euc in 36, ii 2, and 
another from Euc lu 36 , u 1 from these may be deduced, that 
the rectangle DC, GA, is equal to the rectangle AD, CG Whence 
the, &o 

23 Let ABCD be a square and AC its diimonal On AC take AE 
equal to the side BC or AB J^om BE and at E draw EF perpendicular 
to AC and meeting BC m F Then EC, the difl'erence between the 
diagonal AC and the side AB of the square, is less than AB and CE, 
EF, FB mav be proi ed to be equal to one another also CE, EF are the 
adjacent sides of a square whose diagonal is FC On FC take FG equal 
to CE and join EG Then, as m the first square, the difference CG 
between the diiasonal FC and the side EC or EF, is less than the side EC. 
Hence EC, the difference between the diagonal and the side of the 
square, is contained twice in the side BC with a remainder CG and CG 
18 the difference beiw een the side CE and the diagonal CF of another 
square B> proceeding in a similar way, CG, the difference between the 
diagonal CF and the side CE is contain^ twice in the side CE With a 
remainder and the same relations may be shewn to exist betw een the 
difference of the diagonal and the side of every square of the senes which 
is so constructed Hence, thereibre, as the difference of the side and 
diagonal of every square of the senes u contamed twice in the stde with 
a remainder, it follows that there is no hne wduch exactly measures the 
side and the diagonal of a square 

24 Let the given line AB be divided in C, D On AD desenbe & 
semicircle, and on CB desenbe another semicircle interscctmg the former 
m P , draw PE perpendicular to AB , then E ii the pomt retmired 

26 Let AB be equal to a side ol the given square On AB desenbe 
a semicircle , at A draw AC perpendicular to AH and equal to a fourth 
proportional to AB and the two sides of the given rectangle Draw CD 
parcel to AB meeting the circumference m D Jora AD, BD, which 
are the required hues 

26 Let the two given lines meet when produced in A At A draw 
AD perpendicular to AB, and AL to AC, and such that AB is to A£ in 
the given ratio Through D, E, draw DF, EF, respectively parall^^to 
AB, AC and meeting each other m F Join AF and produce it, Wtd 
the perpendiculars drewm from any pomt of this Ime on the two given 
Imes will always be m the given ratio 

27 Tlie angles made by the four lines at the pomt of their divergence, 
xemom constant. See Note on Euo vi A, p 206 

28 Let AB be the gii en line from which it is required to cut off « 
part BC such that BC shall be a mean proportioned between tlie 
'•■emamder AC and another given Ime Produce AB to D, making BD 
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cqnnl to thr other given line On AO describe n sonucirde, fit B draw 
BE perpendicular to AD Bisect BD in (), and mth center O and 
radius OB di"*inbc n semicircle, join OE cutting the se nicircle on BD 
m F, at F drau FC perpendicular to OE and meeting AB in C C is 
the point of diMsion, such tliat BC u a mean pcuporuonol between 
AC and BD 

29 Find two squares in the given ratio, and if BF be the pven line 
f<lgurc, Euc VI 4) dmu BE at right aiiglis to BF, and take BC, CE 
'tcteupl'ctivtiv equal to the sides of the squares which arc in the given ratio 
Join EF, and draw CA parallel to CF then BF is ditided in A os 
required 

10 Produce one side of the triangle through the vertex and make 
the part produced equid to the other side Bisect this line, and with 
the vertex of the tnimglc ns center and radius equal to half the stun of 
the Bides, desenbe a circle cutting the base of the tnnngle 

31 If a circle he di scribed about the gi%»n triangle, and another 
circle upon the radius drawn from the vertex of the triangle to the center 
of the circle, ns a diameter, this circle mil rut the base in two points, and 
give two solutions of the problem Give the Analysis 

32 This Problem is annlogomi to the preceding 

33 Apply Euc vi 8, Cor , 17 

34 Describe a circle about the triangle, and draw the diameter 
through the \crtcv A, draw a line touching the circle at A, and meetup 
the base BC produced in D Chen AD shall be a mean proportional 
between DC and DB Euc in 3G 

•15 In BC produced take CE a third proportional to BC and AC , 
on CE desenbe a circle, tlie ctiitcr being O , draw the tangent EF at 
£ equal to AC , draw FO cutting the circle m T and 1 , and Instlv 
draw tangents at T, T mccung BC m P and P These points fulGl the 
eondiBons of the problem 

Bv combining the proirortion in the construction with that from the 
smiiiiir tnmgics ABC, DBP, and Enc m 30, 37 it may be proved 
that CA, PD “ CP* 'Ilic demonstration is similar for P'D' 

36 This property may be immediately deduced fmm Enc. vi 8, Cor 

37 Let ABO be the tnanglc, ngltt>nnglcil at C, and lit AE on AB 
be eqiml to AC, also let the line biMxitin" the angle A, meet BC in D 
Join DL Then the tnangics ACD, AEI) are cqnnl, and tlie trmiigles 
ACB, DEBeqmiiigulnr 

33 The faegniciits out olT from tlio sides are to be measured from fho 
right angle, and by similar tnangics arc proved to be equal , also by 
similar mangles, either of them is proved to be a mean proportional 
between the rcmainiiig segments of the two sides 

First prove AC AD’ Bt ' BD then 2 AC AD* BC BD, 
whence 2 AC - AD* AD’ BC - BD 1 D, 

and since 2 AC - AD* = 2 AC - (AC ■+ DC^ = AC - CD*, 
the property is immediately deduced 

40 ITie construction is suggested by Euc i 47, and Euc vi 31 

41 See VoU Euc vi A p 295 T'he bases of the tnangics CBD, 
xCD, ABC, CDE may be shewn to be rcspLcuvcly equal to DB, 2,BD, 

3 BD, 4 BD 

42 (1) Let ABC be the tnanglc which is to be bisected by a line 
drawn paraikl to tin base BC Desenbe a semicircle on AB, from the 
center D draw DE pi.rpcndiculnr to AB meeting the circumfercm.e m 
£, join EA, and witli center A and radius AE desenbe a circle cutting 
AB m F, the line drawn firon F parallel to BC, bisects the tnangle The 

S 2 
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proof depends on Euc VI 19,20, Coi 2 (2) I,et ABC be the triangle, 

BC being tlie base Draw AD at n^ht angles to BA meeting the base 
produced in D Bisect UC in E, and on ED describe a semicircle, trom 
B draw BP to touch the semicircle in P From BA cut off BP equal 
to BP, and from F draw FG perpendicular to BC Ihe line FG biscits 
the triangle Then it mav be proied that BFG BAD BE BD, 
and that BAD BAG BD BC , whence it follows that BFG BAG 

BE BC or as I 2 ' 

43 I et ABC be the given triangle which is to be diVidcd into twct' 
parts haviiig a giicn ratio, by a line parallel to BC Desr nbe a semi- 
circle on AB and diiide AB in D m the given ratio, at D draw D£ 
perpendicular to AB and meeting tlic circumrerciiCL inE, with center 
A and radius AE describe a circle cutting AB in F the line drawn 
through F parallel to BC is the line required In the same manner 

a triangle may be dii ided into three or more parts hai mg oiii given ratio 
to one another b} lines drawn parallel to one of the sides of the triangle 

44 Let these points be taken, one on each side, and straight lines be 
drawn to them , it may then be proved that these pomts 8e\ erally bisect 
the sides of the triangle 

4,5 Let ABC be anv triangle and D be the given point in BC, from 
which lines ore to be draivn which shall diiide the tnnnglo into any 
number (suppose five) equal parts Divide BC into five equal parts in 
E, F, G H, and draw AL, AF, AQ, AH, AD, and through E F, G, H 
draw EL, FM, GN, HO parallel to AD, and join DL, DM, DM, DO , ^ 
these lines 'lividc the tnangk into five equal parts 

By a similar process, a triangle may be divided into any number oE 
parts which hiie a given ratio to one another * ' 

46 Let ABC be the larger, abe the smaller triangle it is required to 
draw a hne DE parallel to AC cutting off the triangle DBE equal to the 
triangle abc On BC take BG equm to be, and on BG describe the 
triangle BGH equal to the tnangle abc Draw HK parallel to BC, jnm 
EG , then the triangle BGK is equal to the triangle abe On BA, BC 
take BD to BE in the ratio of BA to BC, and such that the rectangle 
contained by BD, BE shall be equal to the rectangle contained by Bl£, 
BG Join DE, then DE is poj^el to AC, and the tnangle BDE is 
equal to abe 

47 Let ABCD be any rectangle, contained by AB, BC, 

Then AB* AB BC AB BC, 
andAB BC BC' AB BC, 
whence AB* AB BC AB BC BC*, 
or the rectanele contained by two adjacent sides of a rectangle, is a mean 
proportional between their squares 

48 In a straight line nt any pomt A, make Ae equal to Ad m the 
givep ratio At A draw AB perpendicular to cAd, and equal to a side 
of the given square On cd desenbe a semicircle cutting AB in b , and 
join be, bd, fromB draw BC parallel to be, and BD pamTlel tq bd then 
AC, AD are the adjacent sides of the rectangle For, CA ts to AD \ 
as cA to Aji, Euc vi 2 , and CA AD = AB', GBD bemg a nght-angtld 
tnangle 

49 From one of the given points tw o straight lines are to be drawn 

perpendicular, one to each of any two adjacent sides of the parallelogram , 
and from the other point, two lines perpendicular in the same manner to 
each of the two remaining sides When these four hnes are drawn to 
mtcrsect one another, the figure so formed may be shewn to be eqiP' 
angular to the given parallmogram. , 
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60 Itls raamfest that this IS the general case of Prop 4, p 197 

If the rectangle to becut offbetwo thirds ofthegiscn rectangle ABCD 

Produce ItC to E so that 13 h may be equal to a side of tiiat square 
nhich iR equal to the rectangle reqniretl to be cut off, in this case equal 
to two- thirds of the rectangle VBLD On AB take AF equal to AD or 
BC, bisect FB in O and with center G and radius GE, de-cribe a 
semicircle meeting AB and AB produced, in U and K On CB take 
FL equal to All and draw IIM, LM parallel to the sides, and HBLM 
is two thirds of the rectangle ABCD 

ol Let ABCD be the parallelogram, and CD be cut ui P and BC 
produced in Q By means of the sumlar triangles formed, the property 
may be proved 

52 ITie intersection of the diagonals is the common vertex of two 
tnanglcs which has c the parallel sides of the trapenum for their bases 

53 Let AB be the giien straight line, and C the center ot the given 
circle, through C draw the diameter Dt'E perpendicular to AB Place 
in the circle a line FG which has to AB the giicn ratio, bisect FG in 
II, join ClI, and on the diameter DCE, take CK, CL each equal to 
CH , either of the lines drawn tliruugh K, L, and parallel to AB is 
the line required 

54 Let C be the center of the circle, CA, CB tw o radii at right angles 
to each other, and let DLtG be the line required which is trisected m 
‘he points £, F Draw CG perpendicular to Dll and produce it to meet 
die circumference in K , draw a tangent to the circle at 1C draw CG, 
ind produce CB, CO to meet the tangent in L, M, then MK ma} be 
jhew II to be trclile of LIC 

55 ITie triangles ACD, BCE are sumlar, and CF is a mean propor- 
tional betw cen AC and CB 

56 Let am tangent to the circle at E be terminated by AD, BC 
tangents at the extremitv of the diameter AB Take O the cunter of the 
:irclc and jo n OC, OD, OC , then 01)C is a right-angled triangle and 
0£ IS the perpendicular Irom the right angle upon the hi potLiiusc 

57 Ihis problem only differs from problem 59, mfro, in has mg the 
^ven point without the giicn circle 

58 Let A be the giien point in the circumference of the circle, C its 
zenter Draw the diameter ACB, and produce AB to 1), taking AB to 
BD m the given ratio from D draw a line to touch the circle in E, 
which is the point required From A draw AF perpendicular to DE, 
and cutting the circle in G 

59 Let A be the gucn point within the circle whose center is C, and 
let BAD be the line required, so that BA is to AD m the given ratio 
Jom AC and produce it to meet the circumference in Ijy»fc-—Thttn EF 
isadinmitcr Draw BG D 11 perpendicular on CF then the triangles 
BGA, Dll A arc equiangular Hence the construction 

CO Through h one extremity of the chord LF, let a line be drawn 
parallel to one diameter, and intersecting tlie other Tlicn the three 
angles of the two triangles mn} be shewn to be icspectiiel} equal to one 
(lothcr 

^ 61 Let AB be that diameter of the given circle which when produced 
is perpendicular to the giicn line CD, and let it meet that line m C , and 
let P be the given point it is required to find D in CD so that I)B 
maj be equal to the tangent DF Make BC CQ CQ CA, and join 
PQ , bisect PQ in E, and draw ED perpendicular to PQ meeting CD m 
D , then D is the point required Let 0 be the center of the ciiele, draw 
the tangent DF , and jom OF, OD, QD, PD Then QD maybe shewn 
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to lie e^uil to DF and to BP WheA P coincided with Q« any point D 
in OD fulfils the colidiaons of the problem, thut is, there ore innume- 
rable solutions 

62 It may be proved that the vertices of the two triangles which are 
Similar in the same se^ent of a circle, are m the extreinities of a chord 
parallel to the chord of thL given segment 

63 Por let the circle be described about thp triangle EAO, then by 
the converse to £uc iii 32 , the truth of the proposition is manifest 

64 Let the figure be constructed, and the similarity of the tuo tn-^ 
angles will be at once obi lous from Cue in 32 , Euc i 29 

65 In th6 are AB (fig Euc iv 2) let any point E be tahen, and 
from K lit KL, KM, KN be dmwn perjicndiculur to AB, AC, BU respec- 
tively, produced if necessary, also let Lil, LN be joined, then MLN may 
be slieun to be a straight line Draw AK, BK, cL, and bj Euc iii 31, 
2^ 21 , Luc. I 14 

66 Let AB a chord in a circle be bisected in C, and BE, FG two 
chords diuu n through C , also let their extrcmitiis BG, h L lie joined 
intersecting CB in H, and AC m R , then AK is equal to HB Through 
H draw MllL parallel to LF meeting FG in M, and BE produced in L 
Then by means of the equiangular tniiiiglcs, IIC may be proved to bb 
equal to CK, and hence A^ is equal to I IB 

67 Let A, B he the two gi\en pomts, and let P be a point m the 
locus so that PA, PB bemg joined, PA is to PB m the given ratio Jom 
AB and divide it m C In the given ratio, and join PC Then PC bisects 
the angle APB Euc vi 3 Again, in AB produced, take AB to AB. 
in the given ntio, jom PB and produce AP to b, then PB bisects thet 
angle B PE Euc vi A Whence CPB is a nght angle, and the point Pi 
lies m the circumference of a circle whose diameter is CB 

68 Let ABC be a triangle, and let the line AB bisecting the vertical 
angle A be divided in E, so that UC BA + AC AB EB By Euc 
VI 3, may be deduced BC BA + AC AC AB Whence may be 
proved that CE bisects the angle ACB, and by Euc iv 4, that E is th6 
center of the inscribed circle 

69 By means of Euc iv 4, and Euc vi C this theorem may hi 
shewm to be true 

70 Bivide the given base BC in B, so that BB may be to DC in thi 
ratio of the sides At B, D draw B B , DD perpendicular to BC and 
equal to BB BC respectively Join "BB and produce it to meetBC 
produced m 0 With center O and radius OB, describe a circle Prom 
A any point m the circumference join AB, AC, AO Prove that AB is 
to AC as BB to DC Or thus If ABC be one of the triangles Divide 
the base BC in D so that BA is to AC as BB to DC Produce BC and 
take DO to OC us BA to AC ther is the center of the circle 

71 1 et ABC be any triangle and from A, B let the pcrjicndiciilarb 
AD BE on the opposite sidis intersect in P and let AF, BG diawn to 
P, Q the bisections ol the opposite sides, intersect in Q Also let FR, 
GR be drawn pcrpi ndiciiliir toBC, AC, and meet in R then K is th\ 
center of the circumscribed cucle Jom PQ, QR, these are m tiW 
same line 

Join FG, and by the equiangular triangles, GRF, APB, AP Is 
proved double of FR And AQ is double of QP, and the alternate 
tagles PAQ, QFR are equal Renee the tnang’es APQ, RFQ ard 
Equiangular 

72 Let C, C" be the centers of the two circles, and let CC* ihehne 
Joinmg the centers mtcrsect the edmmon tangent PP m T Let thd 
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line joining the centers cut the circles In Q, Q', and let PQ, FQ' b« 
joined , then PQ is parallel to P Q Join CP, CT , and then the angh 
QPl mn^ be proved to be equal to the nltcmutc angle Q P T 

73 Let ABC lie the triangle, and BC its base , lot the circles AFB 
AFC be deoenbed mtersi cuug the base in the point F, and then 
diameters AD, AE, be drawi , then DA AE BA AC Forioii 
DB, DF, £F, EC, the triangles DAB, EAC may be proved to be simUar 

74 if the extremities of the diameters of the two circles be joined 
by two straight lines, these lines may be proved to intersect at tht 
point of contact of the tw o circles , and the tw u right angled tnonglet 
tints formed niaj be shcwti to be similar bj £uc itt 34 

76 This follow s diri'Cth from the similar triangles 

76 Let the figure be constructed ns in I'licorcm 4, p 162, the tn 
angle BAD being right nngli d at A, and let the circle inscribed in the 
tnanglc ADE touch AD, AE, DE in the points K, L, M respectively 
Then AK is ctpial to AL each being equal to the radius of the inscribed 
circle AI'O AB is equal to GC, and AB is half the perimeter of the tri 
angle ABD 

AKo if GA be joined, the triangle ADE is obviouslj equal to the 
diirtrencc of AGDB and the tnanglc GDE, and this difference may be 
proved equal to tlic rectangle contained bj the radii of the other two 
circles 

77 From the centers of the two circles let straight lines be drawn 
to the extremities of the sides which arc opposite to the right, angles 
in each tnanglc, and to the puuits where the circles touch these sides 

f Euc vt 4 

78 Let A B be the two given points, and C a point in the circum- 
ference of the given circle Let a circle be dt scribed through the pomts 
A, B, 0 and cutting the circle in another point D Join CD, AB, and 
produce them to meet in E Let EF be drawn touchmg the given 
circle in F , the circle desenbed through the points A, B, F, will be 
the cirdc required Joining AD and CB, ^ Euc. iii 21, the tn- 
anglcs CEB, A£D arc equiangular, and bj Euc vi 4, 16, iii 36, 87, 
the given circle and the required circle each touch the line EF in the 
same point, and therefore touch one another AVhen docs tlus solution 
fail? 

Various cases will arise accordmg to the relative position of the two 
pomts and the circle 

79 Let A be the given point, BC the given straight line, and D the 
center of the given circle Tlirough D draw CD perpendicular to BC, 
meeting the circumference m E, F Join AF, and take FG to the 
diameter FE, os FC is to FA. ITic circle desenbed passing through the 
two points A, G and touching the line BC in B is the circle required 
Let II be the center of this circle , ^oin HB, and BF cutting the 
circumference of the given circle m K, and join EK Then the tn- 
anglcs FBC, FKE being equiangular, bj Euc vi 4, 16, ond the con- 
/itructiun, 1C is proved to be a point in the circumference ot the circle 
Amassing through the points A, G, B And ifDK, ICH be joined, DIvH 

may be proved to be a straight Ijic — the strai,>iit line which joins the 
centers of the two circles, and posses through a common pouit in their 
circumferences 

80 Let A be the given point, B, C the centers of the two given 
circles Let a line drawn through B, C meet the circumferfnccs of 
the circles m G, F, E, D, respectively In GD produced, take the 
pomt II, so Uiat BQ is to CH as the radius of the circle whose center 
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IS B to the radius of the circle -whose center is C Join AH, and take 
KH to DU ns OH to Alt through A, K describe a circle ALK touch- 
uiL ihe cirolc whose center is B, in L Then M may be proted to be a 
point in the circumference of the circle whose center is C For by jom 
ing HL and producing it to meet the cirLuniference of the circle whose 
center is B in N , and joining BN, BL, and drawing CO parallel to BL, 
and CM purnllel to I3N, the line IIN is proied to cut the circumference 
of the circle whose center is B m M, 0 , and CO, CM are radii By 
joining Gl., DM M may be pro^ed to be a point in the circumference 
of the circle ALK And by producing BL, CM to meet in P, P is 
proved to be the center of ALK, and BP joinmg the centers of the two 
circles passes through L the point of contact. Hence also is shewn that 
PMC parses through M, the pomt where the circles whose centers are P 
and C touch each other 

N oTE If the given point be in the circumference of one of the circles, 
tile construction may be more simply effected thus 

Let A be in the circumference ot the circle whose center is B Join 
BA, and in AP produced, li necessarj, take AD equal to the radius of the 
jircle whose center is C , join DC, and at C make the angle DCE equal to 
the angle CDE the point E determined by the uiterscction of DA pro 
duced and CL is the center of the circle 

81 Let AB AC be the given lines and P the giien point Then if 
O be the center of the required circle touching AB, AC, in B., S, the line 
AO wdl bisect the giien ansle BAG Let the tangent from P meet the 
circle in Q and dnw O^, OS, OP AP Ihen there are given AP and 
the angle OAP Also auice OQP is a right angle, we haie OP*-QO* 
= OP*— Ob’jsPQ' a given magnitude. Moreoier the right-angled tri- 
angle AOS IS giien in species or OS to OA is a given ratio Whence 
in the triangle AOP there is given, the angle AOP, the side AP, 
and the c\ccss of OP‘ above the square of a lino havnng a given 
ratio to OA, to determine OA IVlience the construction is obvious 

82 Let the two given lines AB, BD meet in B, and let C be the cen- 
ter of the given circle, and let the required circle touch the line -VB, and 
hav e Its center m B U Draw CPE pi rpcndiculnr to HB intersecting the 
circumference of the given circle in P, and produce CE, making EF 
equal to the radius CF Through G draw VjK parallel to AB, and 
meeting DB in K Jom CE and througn B, draw BL parallel to KC, 
meeting the circumference of the circle whose center is 0 in L , join 
CL and produce CL to meet BD in 0 Then O is the center of the 
circle required Draw OM perpendicular to AB, and produce EC to 
meet BD m N Then by the similar triangles, OL may be proved 
equal to OM 

83 (1) In every right-angled triangle when its three sides are in 
Arithmetical progression they may be shewn to be os the numbers 5, 4, 
3 On the given line AC describe a triangle having its sides AC, AD, 
DC in this proportion, bisect the angles at A, C by AE, CE meeting m E, 
and through E draw EF, EG parallel to AD, DC mettmg m F and G 

(2) iKjt AC be the sum of the sides of the triangle, hg Euc vi 
Upon AC describe a triangle ADC whose sides shall be m continuetr 
proportion. Bisect the angles at A and C by two lines meetmg m 
E From E draw EF, EG parallel to DA, DC respectiv ely 

84 Describe a circle with any radius and draw withm it the straight 
line MN cutting off a segment containing an angle equal to the given 
angle, Euc iii 34 Divide MN in the given ratio in P and at P draw 

"FA Dorpendioular to MN and meeting the circumference m A. Join 
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AM ax atid brt VP or AP prnducpil take AD cqiia! td the ^iven per- 
pcndimlor, nnd through D draw 1*C parallel to MV meeting AM, AN, 
or thesi lim< prodiucd Then ABC -hall he the triangle rcqiiind 

>>5 let PVQbotlip gi\i 1 angle, bisect the angle A bt All, in 
AB ilnd D the ctiuir of the inscribed cirtle, and draw DC perpen- 
dicubiT to AP In DU take D1 mdi tliat tlic rectangle DL DO la 
equal to the giteii reetangle Dc*«ciibe a circle on DC as diameter 
nu'iting VP III P, 0, and AQ tn P, O Join FO, and A1 O will 
hi tin trundle Dnu Dll perpi ndieitlar to FG and join GD 
B\ Luc ^ I C the reel in gle 1 D, DG u equal to the rbbuiiigic ED, 
Die or CD DE 

81* On niiv ln«o BC de>ienbo a segment of a circle BAG containing 
an angle equal to the gi\cn itiiglc From D the middle point of BC dniw 
D V to make the' gneii ingle ADC uitli the bise Produce AD to E so 
that AP 14 equal to the gixon bisecting line and through E draw FG 
paralli 1 to BC Jmn AU VC and produce them to meet TO in F and G 

87 Erntdo} I'lieorcm 70, p 310, and the construction becomes 
ob\ lous 

88 L«t AB he the giten base, ACB the negmcnt containing tho 
vcrtienl nn„ic , draw tin dmiiuter VB of the circle, mid diiidc it in E, 
in the gi\ cn ratio on VE ns a diameter, deacribt a cirelc AFE , and w ith 
ccntir B and aradiii>i equal tn the gneii line, deaeribc a circle cutting 
A I E in r ihcii VF b,.ing drawn and produced to meet the cireiim- 
seribiiig circle in C, and CB being joined, ABC is the triangle required 
J or VF Is to FC III the giaen ratio 

89 llie line CD la not necessanh parallel to \B Diaidc the base 
AB in C, so that VC is to CB in the ratio of the side® of tho triangle 

Ihen if a pnmt L in CD tan be detennmed such that when AE CB, 
EB, are joined, the angle VEB la binceted b\ Cb tho probleln is solved 

90 I^t VUC bi nin irniigk having the base BC On the same 
base dcscriljc an isosceles iritngle DBG equal to the given triangle 
Bisect BC ill r, iind join Dl , also upon liC desenbe an equilnteml 
triangle On 1 1), FB, iiiko 1 (* to Lit ns EE to FB also take EK 
equal to I H a~d join GII, (ik, then GlIIv is an cquailateinl tnanglo 
equal to the inaiioli A PC 

91 l*et AB*^ be the nqiilitd triangle, BC the hvpotcnilsp, and 
FHKG the iiisi nl>eil aqu m. tin snle Hlv bung on BC 'then BC may 
bo proud to la div ideal lu 11 and k, bo tint IlK is a mean propoitiouiu 
between BIJ, and KC 

92 Imt ABC be tho given triangle On BC take BD equal to ono 
of tho given lines through A draw AL parallel to BC From B draw 
BL to meet AL m E mid sueli that BE is a fourth proportional to BC 
BD and the other given line Join LC produce BE to F, making BF 
cqu il to the oUier given line, and join FL) tlicn FBD is ilie triuiiglo 
required 

9 1 Bv ini ans of Puc v i C, the ratio of tho diagonals AC to BD 
may be foimd to be as AB AD + BC CD to AB BE + AD DC, 
trurc, Euc vi I) 

'^91 Till' property follows directlj from Euc vi C 

96 Let AIK be niv trniii^le, and DEI the given triangle to which 
the iiisenbed in ingle is required to be similar Driw an^ line de 
tenr mated bv AB AC, and on d** towards AC describe the triangle def 
similar to DLl , join B/, and produce it to meet AC in F Ihrough F' 
draw F D parallel to fd, b E parallel to ft, and join D E , then the 
triNiglu D L E 18 similar to DEI 

B 6 
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96 The square jusenbed in a nght-angled triangle which has one 
of its sides coinciding ivith the hypotenuse, may be sheuTi to be less than 
that which h cs tw o of its sides coinciding with the base and perpendicular 

97 I et BCUE be the square on the side BC of the isosceles triangle 
ABC Ihen bi liuc vi 2, EG is proted parallel to ED or BC 

08 Let A& be the base of the scement ABD, fig Due lit SO 
Bisect AB in C, take any J[n>int E in AC end make CF equal to CE 
upon EF describe a square uFGH from C draw CG and produce it tb 
meet the arc of the segment in K 

90 Take two points on the radii equidistant from the center, and 
on the line lomiiig tlicse points, describe a square, the lines drawn from 
the center through the oppoMte angles of the square to meet the circular 
arc, w til determine tw o points of the square inscribed in the sector 

100 Let ABODE be the given pentagon On AB, AE take etpial 
distances AF, AG, join FG, ana on FG describe a square FGKH 
Join AH and produce it to meet a side of the pentagon m L Draw 
LM parallel to FH meeting A£ m M Then LM is a side of the 
msenbed square 

101 Let ABC be the given tnangle Draw AD making with the 
base BC an angle equal to one of the given angles of the parallelogram. 
Draw AE parallel to BC and take AD to AE Ui the given ratio ol the 
Bides Join BE cutting AC in F 

102 Ihe locus of the intersections of the diagonals of all the 
rectangles inscribed m a scalene triangle, is a straight line drawn from the 
bisecuon of Uic base to the bisection of the shorter side of the tnangle 

103 This parallelogram w one half ot the square m the circle 

104 Analysis Let AJ3CD be the gnen rectangle, and EbGH that 

to be constructed Then the diagonals of EFGH are equal and bisect 
each other in P the center of the given rectangle About EPF de«cnbe 
a circle meeting BD in K, and join KE, KF Then since the rectangle 
EFGH is given in species, the an^e EPF formed by its dinmnals is 
given , and hence also the opposite nnj^e EEF of the msenbed quadn* 
bterol PEKF is given Also smee ICP bisects that angle, the angle 
PEE IS given, and its supplement BEE is given And in the same way, 
EF IS parolled to another given line , and hence EF is parallel to a third 
given line Again, the angle EPF of the isosceles tnangle EPF is given, 
and hence the quadnlateml EPFk is giv eii in species ^ 

105 In the figure Euc. in 30 , from C dmvr CE, CF making with 
CD, the angles DCE, DCF each equal to the angle (.’DA or CDB, and 
meeting the arc ADB ui E and F Join EF, the segment of the ciiule 
desenbed upon EF and which posses through C, will be similar to ADB, 

106 1 he square insenbed in the circle may be shewn to be equal to 

twice the square on the radius , and five times the square msenbed 
the semicircle to four times the square on the radius '' 

107 The three tnangles formed bv three sides of the square with 
Bcpncnta of the sides of the given mangle, may be proved to be similar 
Whence by Euc v i 4, the truth of the property 

108 Bv O' n'tructiiig the figure, it may be shewn that twice th6| 
square msenbed m the quadrant is equal to the square on the radiusp 
and that fiv c times the square msenbed in the semicircle is equal to four 
tunes the square on the radius Whence it follows that, Ac 

109 Bv Euc 1 47, and Euc. vi 4, it may be shewn, that four times 
the square on the radius is equal to fiiteen times the square on one of the 
^ual sides of the tnangle 

'110 Constructing me figure, the nght-angled mangles SCT, ACB 
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be proved to have n cerwm ntio, nnd the tnongl.**! ACB, CPJI in 
the snme wnv nia^ be provctl to ha\e the niime ratio 

ni Let B V AC 1)0 the houiiding radii, iiiid D n jioitit m the nre of 
h qiindrant. Bi-. ct 11 \C b\ AH, imd dnui ihrmiKh 1), tne luit H])OP 

K nilicuhr to AC ni G nnd rnttUiig All AC, produced m ll P 
II dri)\ II M to toneh the ctult of whith IIC in a qua 'rantni arc, 
P^*t*vAU making 111. equal to IIM, nt<tu on 11 A takt liK eijimi to 
HM TTien K, I, arc thi p<uut« of contact of two circles throu,.h I) 
which touch the iinundint; radn, AB, AC 

Jinn DA I hen *inri HAC n right angle, \K is equal to the 
mlius of the circK whuh tonclun IJA, BC in K K and *iiiinlarh ■VL 
i«the radius of tin. cinlc whuh touches thim in L L ANo, Il^P 
burg an iscisciles tnanglc nnd AD drawn to the boae, AD* is shewn 
to be rqiin] to AK KI. Eiic iii IC, ii 5, Cor 

112 I et E, F. G he the centers of the cirrlts msenhed In the triangles 
ABC, \DB, ACD Draw EH, FK, Q I, perpendiculars on BC, BA. AC 
re^pcemch, imdjotn CE IB, BF, bA, CG, GA Tlien the relation 
betwem U, r, r, or Ell, FK, Gl,mn\ be found from tlic similar triangles, 
and the projicrty of right angled triangles 

113 The two hexagons consist each of sit equilateral tnnnglc«, and 
the ratio of the hexogens is the same as the ratio of their equilateral 
Uinncics 

1 It Tlie area of the inscribed equilateral tnangle may be proved to 
be coin! to half of the ia<cribed hexagon, rnd the circumscribed triangle 
equil to four limes the inscrilKil triangle 

1 tS i he pi ntagons art simihr figures, nnd can be dmded into the 
same number of sinnlnr tnnnglcs Tut vi lO 

1 1C Lot the sides AB BC, C k of the equilateral tnangle ABC touch 
the circle in the pnmte D, E b, rtspccinclv Draw AE cutung the 
circurofi rence in (S , anil take 0 iht ttii.cr of the circle and draw OD 
draw b1«o UGh tmiehing the circle m G 'flic property maj then be 
shewn by the similar mangles AUG, AUD 
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3 Let AD, BE be two parallel straight lines, nnd let two planes 
ADFC BI re pass through AD, BE, nnd let CF be their common 
iritciscction, lig Euc xi, 10 ITicn CF may be proved parallel to BE 
and AD 

4. ’ITiis theorem is annlogous to Euc xi 8 Tgit two parallel lines 
AC BD meet a plane in the points A, B Take AC equal to BD 
, and draw ( F DP, perpendieulnrs on t* c plnne, nnd join AE, BF mien 
lithe nngUti CAF DBF, arc the inclinations of AC, BD to the plane, 
Ene XI def A, ntid thc«c angle* mas Iw proMd to no equal 

d I/rt AB, CD be pinlkl straight lines and lit perpendirnlnrs be 
drawn from the ixtn»iitie< of AH, CD on nn\ plnne and meet it in 
thi point- A' B' O', D' Draw A'B', (I'D' thi -e an the projections of 
AB CD on thi plnne, nnd mm be proud to ht piridlel 
6 Ilrnw till ligiire, t}i» proul lifrem no ddHinltr 
7. Let AB, Al* 'Irawn from the point A, and A'B', A'C' drawn from 
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the point A', in two parallel planes, make equal angles vnth a plane ET 
pisbing through A A', and perpendicular to the plants BAf, B'A'C' 
Let AB in the plant ABC he parulltl to A'B' in the plane A'B'C' then 
AC mill bt proted to be paralkl to A'C^ 

8 'Jhc plane must bo drawn through the gi\on line so that the 
plane and the other given line niaj bo equally intlincd to a third plane 

9 'I'he required plane must be drawn through the guen point so as 

to have the same incliuatiun to a tlurd plane, os tlic plane whith posses 
through the two given hues , 

1 0 From the point A lot AB be drawn perpendicular to a plane, 
and AC ptrpLiuliciihir to a given line CD in a plane pun BC then BC 
is at right angles to CD For AB, BC, CD may be toiisidirLd as three 
coiisecutiv e cdgch of a rectangular paralklopipcd, and AC the diagonal of 
one face 

11 In the triangle BCD in which BE is dmw*n from the vertex to a 
point E in the base f D , it may he proved that the difference of the 
snuares on the sides BC, BD is equal to thd dilkrtnco of the squares on 
the segments CE, ED of the basO By the converse of Theo 149, n 83 

12 Let BC be the common intersection of the two planes ABCD, 
EFGH which are inclined to each other at any angle From K at any 
point in the plane AB( D, let KL be drawn pcrptndleular to the plane 
EFGIl, and KM perpendicular to BC, the line of intersection of the two 
planes Join LM, and prove that the plane which passes through hX, 
KM IS perpendicular to the line BC 

13 About the given hue let a plane be made to revolve, till it passes 

through the given point 1 he perpendicular drawn in this plane from, 
the given point upon the given line is the distance required ^ 

14 1 hrough anv point in the Rrst line draw a line parallel to tl ^ 
second , the plane tlirough these is parallel to the second lino Through 
the second line draw a plant pcrpciuln ular to the fnrc>nnnicd plane cut- 
ting tlie first line in a point Through this point draw a perpendicular In 
the second plane to the first, and it will be perpendicular to both lines 

16 Ihrougli anv point dravvptriiendiculars to both planes , theplane 
passing through these two lines will fulhl the conditions required 

16 From the points where the lines meet the planes, draw two lines 
perpendicular to the intersection of the planes 

1 7 Let AB, AC in one of the planes make equal angles with D£ the 
line of the intersection of the planes Let AB be equal to AC Draw 
liF, CG perpendiculars on the other plone, and draw FA, GA in that 
plane, and prove the angle BAF equal to the angle CAG 

18 If the intersecting plane be perpendicular to the three stroight 
Imes , by joining the points ot their intersection w ith the plane, the figure 
formed will be nn equilateral triangle If tlie plane be not perpendicular, 
the triangle will be isosceles 

19 Let the straight lines intersect in A, and let a plane be drawn 
cutting the three given lines in the poinu B, C, D, and tlie fourth m E. 

20 1 his will appear from Luc i 19 

21 Let S be the proposed solid angle, in which the three plane anc 
ASB, ASC, BSC are known it is required to find the angle coniaincd bp 
two of these planes, such ns ASB, A''C On a plane make thd angles 

"SA, ASC, B"‘^C equal tothennglcs BSA, ASC, HbCin the solid hj.urc, 

2 B'S and B''S eacl* equal to BS in the solid figure , from the points 

and B" at right anodes to SA and SC draw B'A and B"C, which will 
-ect each other at the point O From O as a center, with radius 
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AB' describe the semictrcle B'iE . at the point O. erect Oi pe^endicular 
to B'E and meeting the circumference in A, join Aft the angle hAft wiU 
be the reqiur^-d inclination of the twoplane^* ASC, ASBim the aolid angle 
fLegcndre'B Geoiiictrv. trnnslated bt Sir Daiid Browner, pp 125 &.c ) 

22 Let A SC, A&B (same hgure as in 21) be the two gntn plane 
angles , and suppose lor a moment that CSB"t8 the third angle required , 
then employing the same coiietrucUon as in the forcgbing problem the 
angle included between the planes of the two fiist, the inclination of 
the«e planes would he EA6 Now ns EAA can be determined hN means 
of CSB", the other tw o being gi \ cn, so hkew ise ma> C SB" be determined 
b\ means of EAA, which is just w hat the problem requires 

Hai mg taken SB' at pUasitrc, upon SA lot Inll the indefinite perpen- 
dicular B'E, make the angle LA5 equal to the inclination of ihc two 
given planes , from the point h, where the side A5 meets the circle des- 
cribed from the center A with the radius AB', draw 60 porjienditulnr to 
AL, from the point 0, at right angles to SC draw the mdehiiite line 
OCB", make oB" equal to SB' , the angle CSB" will be the third plane 
angle required (lAgendro’s Gcomeirj, translated bj fait Datid 
Brewster, pp 127, Ac ) 

23 Let the three lines meet in the point A and let a plane intersect 
them m the points B, C. D, so that AB, AC, AD are equal to one 
another Describe a circle about the triangle B( D and let O be the 
center , the line AO is perpendicular to the jdane BCD 

24 This maj he rcidilv proved by fuc vi 17 

25 Construct the figure, and it will be found that the angle between 
the diagonal and one side of the cube measures the uiclinauon ol the 

1 tW'o planes 

2n I he diogonnl plane of a cube is at right angles to two of the faces 
of the cube, and mokes angles, each equal to half a right angle with the 
other four faces 

27 Let a rectangular parallelogram ABCD, be formed bv four 
squares, each equal to a face of the given cube and let Eh, GlI, IvL be 
the lines of division of the four squares I^t BD the diagonal of ABC’D, 
cut EF in M the square on BM to the square on AJJ is as 17 to 16 
Let BG the diagonal of ABllG cut EF in N , the ■<quare on BN w to 
the square on AB, ns 20 is to IG , hence there is some square between Uiat 
on BM and BN which bears to the square on AB, the ratio of 18 to 16, 
or of 9 to 8 

ITie following addition may he easily proved If six edges of a cube 
taken m order round the figure, be bisected, and the points of bisection 
be joined m succession, tliese six lines will form n regular hexagon 

28 From the six points out of the perpendicular, draw perpendiculars 
to the plane, and Join the points where the perpendiculars meet the piano 

29 This IS to shew that the Kqunrc on the diagonal of a rectangular 
parallcl^ipcd is equal to the sum of the squares on its three edges 

30 1 hiB theorciii is analogous to the corresponding thcorcm"rc8pect- 
ing a rectangular pariillclo^ram 

TTie axis of o paralliloniped must not be confounded w ith its diagonal 
r ^ 31 Let the figure bo described in a similar manner to that of J hcorem 
2, page 317 bj cmplojing Luc i 12, 13, instead of Euc i. 47, the 
truth of the theorem niov be proved 

32 Describe a circle passing through the three given poinU, and 
iom the center draw a line perpendicular to its plane Then every 
jomt in this perpendicular fulfils the conditions required " 
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33 Bisect the base hy a line drawn in the given direction, whether 

parallel to a giien lino, or tending to a given point ihc plain drawn 
through the bisecting hne and the vertex of the pjranud, gives the 
solution of the probhui ^ 

34 llirnugh each line draw a plane parallel to the other, these ' 

planes will be parallel, and obvioiislv form two of the faces of the 
paral’elopiped Ihrnugh each line aind one extremity of the other, 
draw a plane , and a second plane parallel to it througti the rLmaiinng 
extremity 'Xhis wall complete the h^rc, but there vviU be fourJ 
varieties of cases according as the extremities are situatid \ 

3a From the vertex A draw a line to any point B in the base of the 
pyramid and meeting the given section m From the angular points 
of the base draw lines to the point B , also from the angular points of the 
given section to the point B' Then any tnangle in the section, ma} be 
shewai to be similar to the corresponding triangle in the base Euc vi 20 

36 Let AB be at right onglcs to the plane BChD, and let the per* 
pencliculars from AB intersect the plane OEKL in the Ime MN, and let 
HNK be the common intersection of the planes CBDB, OUKL Join 
AM, BN, and prove Ml!f to be a straight hne perpendicular to UK 

37 Draw the necessary lines and by Euc t 47 

38 Let AB meet the straight lines BE, DE, in the plane BFD, 
fig Euc XI (I, and let the angle AhB measure the inclination of AE to 
the plane BDE, then the angle AEB is less than the angle VED 
Draw AB perpendicular to the plane, make ED equal to EB and jum 
BD AD Euc I 18, 19 

39 Let HMbethe common section of the two planes MN,'MQ, 
and let AB be drawn from a point Am HM perpendicular to the plane 
MN then, if planes be drawn through AB to out the planes MN, MQ ' 
in lines which make the angles UAD, EAF with each other, and that 
the plane BAUD is perpendicular both to MN and MQ , the angle CAD 
will be greater than EAF Shew that the angle BaD is less than the 
angle BAJF, and it follows that CAD is greater than EAF 

40 Let G II be the edge of the wall, A, B the two points, and let 
the line joining A, B meet the edge of the wall Gil in E If the points 
AE, BE make equal angles with GU, then AE, EB may be proved to 
be less than any other two Imes drawn from A, B, to meet GH m any 
other point E' 

41 Let A B, be the given points, and GH the given straight line , 
draw AC, BD, perpendicular on G 1, and in the plane AOU produced, 
draw DB' perpendicular to GU, and equal to DB, Join AB, meeting 
GH inE, and draw EB Then AE + EB is the minimum For the 
triangles EDB, EB'O are equal, being nght-anglcd at D, and havung one 
side common, and the others cq lal Whence the angle BEU is equal 
to GEA, each being equd to B'EU The condusion follows from the 
demonstration of the preceding theorem 

42 Let AB, A'B' be any portions of the two straight lines At B* 
draw B'Cy parallel to AB, and B'C perpendicular to the plane passing, £ 
through A'B'C' Let the plane passing through A'B'C inters ct the hn^r 
AB 111 the point A In the plane A'B'C, from A dnw AA' perpendicular^ 
*•- * 'B' and AC perpendicular to AA' Then the plane CAB pa«iim 

*"h the line AB mav be t.howii to be parallel to the plane A'B'C' 

^ through the line A'B', and that no other parallel planes can be 
through AB, A'B' Also A A' is the perpendicular distance 
I the two planes, and that A A' is less than any other bne "which 
drawn betw cen the two planes 
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6. AppIvTuc XII 2 

6 First, to bisi ct x circle br a concentnc circle. Let C be Its center, 
AC anv mdius On AC describe a stmicirrlc bisect AG in B draw BD 
perpendicular to AC, nn>l meeting the somii.ircle in D , join CD, and 
Tilth center 0, and radius Cl), ciescnbc a circle , its circumference shall 
bisect the given circle Join AD Then by Euc vi 20, Cor 2, the 
square on AC is to the square on CD a« AC is to CB , and Euc xii 2 
In the same Tva\, if the radius AC be trisected, and perpendiculars be 
draun from the points of tnsection'to meet the SLinicirclc in D, E, the 
two circles described from C with radii CD, CE shall trisect the circle 
And generallv, a circle mxr be dnided into any number of equal parts 

Note Bi a similar process a circle may be divided Into any number 
of parts which shall have to caih other anv given ratios 

7 To divide the circle into tivo cquiu pirts Let any diameter 
ACB be drawn, and two semicircles be dcHCnhcd, one on each side of the 
two radii AC, CB these semicircles divide the circle into two equal 
parts which have their perimeters equal In a similar wav a circle may 
be diT idcil into three equal parts bj An iding the diameter into three equal 
parts, AB, BC, CD and JcEcnliing*emicirck8 upon AB, AC on one side 
of the diameter, and then scmiarclcs upon DC, DB on the other side of 
the dnmetir 

8 B} Euc \ii 2, the area of the quadrant ADBEA is equal to the 
area of the semicircle ABCA 

9 By Luc Til 2, Tlic squares on the radii of the two circles may 
be shewn to be in tJio ratio of 3 to 1 

10 By reference to Theorem 2, p 340 and Euc xii 2, the parts of 
the diameter may be proved to bear to each other tlie ratio of 1 to 2 

11 Ajiplv Euc Ml 2 

12 II the circles whose centeis are B and C touch each other in S, 
the problem may mean —to find the point 11, so that the figure between 
-he three circlis {see fig Tlico 2, p 340) may be bise-cied bv the line 
RS, or It mav mean, if two chords be drawn from P, Q, to R, the 
portions of the luncs bounded by parts of these chords and portions of 
the circles may be equal 

13 This will be found by Theorem 1, p 340 

14 Produce CD to meet the arc of the quadrant in E Then the 
sector ACE is half of the quadrant also the semicircle CD A raav be 
shewn lo be equal to half the quadrant The segments on CD and DA 
'are similar and equal, if the figure b >undcd bv DA, AC, and the arc CD 
'be added to each, the remaining part of the seniieirclc on AC is equal to 
the triangle A( D whiih is a nght*aiif,led isnseilcs triangle 

16 I he area of the circle of which the quadrant is given, is to the 
area of the circle wIiIlIi touches the three circ cs os 40 is to I And the 
quadrant is onc-fourth of the area of the circle Hence the quadrant is 
to the circle as 9 to 1 
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16 The circles on BA, AC are ns the squares on BA. AC, Eu& 

F xtt 2 and the square on BA is equal to the rectangle BC BD also the 
^ square on AC is equal to the rectangle CB, CD , uhcncc it folldns that 
F the cirfclps are as Bb, CD 

® 17 Let ABC be the nght-Bn_led tninple BC being the hvpotenuse, 

and let stmicirclcs be discribcd on AB AC as diameters Bisect AU, 

“ AC, BC m E, F G , from G draw perpendiculars on AB, AC, meeting 
the semicircles in 11, K, and shew that GH is equal to GK. Bj Euc. 
XII 2 the diflcrcncc is found I 

18 Let AB, A'B' be arcs of concentric circles whose center is C and 
F radii CA, CA', and such that the accior ACB is equal to the sebtor 
® A CB' Assuming that the area of a sector is equal to half the rectangle 
F contained by the radius and the included arc the arc AB i« to the arc 
^ A'B' a> the radiua A'C is to the radius AC Let the radii AC, BC be 
^ cut bv the Ulterior circle in A', D Then the arc A D is to the arc ABt 
^ as A'C IS to Ac , because the sectors A'LD, ACB arc similar and the 
^ arc AB is to the arc AD as the angle ACB is to the angle ACD or the 
angle ACB Euc ti 33 From these proportions may be deduced the 
^ proportion —os the angle ACfi is to the angle A CB , so is the square 
^ on the radius A'C to the square on the radius AC And by Euc xii 2, 
the propi.rt's is manliest 

'' 19 Let AB A'B be arcs of tno concentric circles, whose center is 

’ C ACB A'OU two sectors such that the angle ACB is to the angle 
^ ACB', as A C® 18 to AC* If AC, BC be cut b\ the interior circle in A', 

' D, then the arc A B is to the arc A D as the angle A CB is to the angle 
* A CD or ACB Euc 'yi* 3 1 And the are A D is to the arc AB, as uie 
radius A'C is to the radius AC, by similar sectors By means of these 
1 two proportions and the ciycn proportion, the rectangle contained bj the 
arc AB and the radius AC, maj be prosed equal to the rectangle 'con* 

' tamed bv the arc A B' and the rudius A C 

' 20 Let the arc of a semicircle on the diameter AB be trisected in 

the points D, E, C being the center, join AD, A£, CD, CE, then the 
difiercnce of the se',.incnts on AD and AE, maj be ptos ed to be equal to 
the sector ACD or DLE 

21 Assuming that the area of a sector of a circle is equal to half 
the rectangle contained b> the radtbs and the arc, the sector AOC is 
shewn to be equal to AOB 

22 Let PUQ be any quadrant, O being the center of the circle, and 
letBG, DH be drawn perpendicular to the radius EO, and OB, OD be 
joined 1 he triangle GBO IS equal to DliO 

23 The radu of the circles may be proved to be proportional to the 
two sides of the original tnungle Then by Euc xii 2 , vi 19 

24 1 he triangles CE A CEB are equal, and the difference of the two 
segments a equal to the difference of the parts of the semicircle made by 
CE Ihe difference of the same parts may also be shewn to be equal to 
double the sec or DEC 

25 Let AB be the hypotenuse of the right-angled triangle ABC, 
and let the semicircle^ described upon the sides AC, BC iiitcrscet tlieu 
h} puteniue in D Join AD AD is p.rpendicular to AB llie scg^i 
meets on AC, AD, and on one side of CD are similar, and the segments 
on AC ma\ be shewn to be equal to the segments on AD CD Also 
thfjjcgment on BC mai be shew n to be equal to the segments on BD, 

he other side of CD If Euc vi 31 be true for all itmtiar ^wea, 
•sions above stated follow at once ' 
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26 The area of the triangle ABC is equal to the quadrant ABD 
From these equals take the R^ure AhDB 

27 Ihe segments on BC, BA, AC maybe shewn to be similar And 
similar scgiiionts of circles niiy be proied to be proportional to the 
squares on thoir radii, Luc xii 2, and to the squares on the chords on 
'nlitch they stand, Euc. \i 6 

11 Euc VI 31 be extended to any similar figures, the equality follows 
dirtctlj ' 

28 This IS shewn from Euc xn 2, i 47, t 18 

29 1 he sum of the squares on the segments of the diagonals, is equal 
to the sum of the squares on each pair ot opposite sides of the quadrila- 
teral hgure lleticc by Euc xii 2,i 47, v 18, the property is proved 

30 The squares on the four segments, are together equal to the 
square on the diameter Theorem 6, p 163 Then by Euc xu 2, 

31 I'his IS shewn bv Euc i 47 , xn 2 , v 18 

32 Applv Theorem I, p 346 

33 Is analogous to Euc in 14 

34 The arc of a circle being considered os the measure of an angle 
which the arc subtends , tne angle betw cen the planes of two great 
circles can be shewn to be equal to the angle betueen the two radu of 
that great circle uhieh bisects the two planes at right angles 

35 First, shew that aU the lines draw n in the plane of the section, 
from that point where the diameter of the sphere meets the section, 
to the surface of the sphere, arc equal The second part is analogous to 
Euc in 14 

36 This may be proved indirectly ns in Euc in 18 

37 Let D be the giAcn point, and from D let DA be drawn through 
the center E, and mccluig tW surface in C, A Let DB be a line from 
D touching the sphere at B Join BE. Then the triangle DBE (hg 
Euc III 36} IS in a plane passing through D, and E the centre of the 
sphere, and the distances DE, EB are always the same Hence it folloirs 
that BD IS always of the same length Euc. i 47 

I he sphere w hich touches the six edges of any tetrahedron, has four 
circular sections touching the sides of the four triangles which form the 
surface of it 

38 Let the circle ADB cut the circle ABB in the diameter AB at 

any angle, C being their common center Next let the plane perpen- 
dicular to AB cut the circumference of the circle ADB in D, F, and the 
circumference of ALB in E, G Then E, D, G, F may be proved to be 
in the circumference of a circle ^ 

39 ‘ Let AB, CD, EF be three hnes meeting the surface and inter- 
secting each other at right angles in the point O within a sphere whose 
centre is O Join OG and produce it to meet the surface of the sphere 
in H, K , then HK is a diameter From O draw OL, O M, ON perpen- 
dicular on AB, CD, EF respectively, then these three lines are bisected 
m L, M, N Next draw OP perpendicular to the plane of AB, EF and 
iqin PL , PL IS perpendicular to the hnd AB , also in the same plane 
Sm PN , PN IS also perpendicular to EF Jom also OA, OC, OF, 
Then Euc ii 9, the squares on AG, BG, are equal lo double the squares 
AL, LG Similarly for the hnes CD and EF , and bv Euc t 48, ii 6 
Cor It mav be proved that the squares on AG, GB, CG, GD, EG GF, 
are together equal to the square on HK and twice tlie rectangle HG, GK. 

40 Take a point A on the spherical surface ot the Iragmeiit os a center, 
and with any radius AB describe a circle upon it. lake two other 
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points 0, D in the circumference of this circle, and describe a plane tri> 
angle A'S'Cy having its sides equal to the distances AB, BC CA, re< 
spectuely Describe a circle about the tnnngle A'B O', and draw the 
diumetir A D' , with centers A', D' and the rndiut. equal to AB dc«icribe 
circles intersecting each other in E', and through the points A , D', E' 
describe a circle , the diameter of th s circle will be equal to that of the 
sphere ot which the traginent is given «. 

41 All the sections may be proved to he equilateral triangles 

42 From the vertex A draw the line AE perpendicular on BCD the 
base of the tetrahedron, and from E draw the line £F perpendicular on 
the plane ABC, the angle between the perpendiculars is equal to the 
inclination of two planes of the tetrahedron It will be found that in the 
triangle AEF, the side AE is three times EF The mclmation may also 
be found as in Prob 21, p 339 

43 The tvro lines drawn from two angles to bisect the opposite 
sides of the base of the tetrahedron, are at right angles to the sides oi 
the tnanjular base 

44 Draw BO and produce it to meet DC in E Then Euc i 47 

46 First lit ABCD be a tetrahedron, bisect the opposite edges, 
AB in E, and CD in F , jorn EF, and prove EF perpendicular to AB, 
CD I hen conv ersely 

46 If FE be the shortest distance of the opposite sides AB, CD , join 
C£, DE, and shew that the square on EF is oni -iourth of the square on CD 

47 First prove the direct proposition, tlien the converse of it 

48 Let ABID be a tetrahraron and let the line LF joining the 
bisections E, F of the two opposite sides AB, CD, be bisected in G , the 
line AO drawn from the vertex A to the plane of the base BCD passes 
through G Draw the neces'iary lines Euc vi 4 

49 The joinmg lines in the theore , are the hnes joining the centers 
of the circles inscribed in the four faces of the given tetrahidron. 

60 From the v ertex A of a tetrahedron draw AO to the point O, the 
center of the circle whiih circumscribes the face BCD, and prove AO 
perpendicular to the plane B( D , then conversely 

61, Let ABfD be a regular tetrahidron From A in the plane 
ABC draw AE perpendicular to BC, and join DE in the plane Bt D, also 
from A draw AG perpendicular to the line DE' Then the angle AEG 
18 the inclination of the two faces ABC, DBC of the tetrahedron, and 
the base EG is oiie«tliud of the hvpotenuse AE in the nght-angled 
triangle AGE 

Let a 6 o <2 e/ be a regular octahedron whose faces are equal to those of 
the tetrahedron Jorn a f, two opposite vertices Draw agm the plane 
ad c perpendicular to 6 o, and g e perpendicular to af Hnxifg in the 
plane/ h o, and from/ draw/ A perpendicular U> a g produced. 

Tlien agf is the inclination of two faces of the octahedron Also in 
the nght angled tnangle/A g,gd mav bo proved to be one third of/ g, and 
fg is equol to AE Hence the triangles/^ A, AEF are equal in all respects 
Therefore the angle/y A is equal to the angle AEB Hence the angle A EH 
18 the supplement of the angle agf, or the inilination of two contiguuiA, 
faces of a tetrabcilrun, is the supplement of the mclmation of two contiguous 
faces of an octahedron 

V 62 It may be shewn that the diameter of the sphere which oircura* 

ibes a regular octahedron will be to an edge as the diagonal is to th» 

I" of a square 



ON BOOK KII. 


403 


6S Let AB, CD, EF be three diameters of & sphere each at right 
angles to the other two, and intersecting each other in O the center of the 
sphere, the extremities of the lines meeting the surface of the sphere. 
Join AC, CB, BD, DA, then these four edges of the Ggure may be proved 
equal to one another by the right angled tnaugks In the same way 
the other edges may be proved equal Having proved all the edges equal, 
the faces of the figure arc equUatei'al triangles Lastly prove the inch* 
1 nations of every two faces to be equaL 

T It mav also easily be shewn that if lines be drawn joining the centers 
of the faces of a cube , these will he the edges and diagonals of a regular 
octahedron 
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